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Preface 

The first conference on Logic and Computer Science was held in Novi Sad in 1987. The 
following conferences were held respectively in Ohrid, Kragujevac, Dubrovnik, Cavtat, and 
Novi Sad (twice.) The aim of the conferences was to gather logicians and computer scientists 
and to encourage their joint work and the interchange of ideas. 

The Vlli conference on Logic and Computer Science LIRI1 97 is taking place at the Institute of 
Mathematics, Faculty of Science, University ofNovi Sad, Novi Sad, Yugoslavia, September I -
4, 1997. The conference is intemational and its intention is to explore all fields related to 
theoretical and mathematical foundations of computer science. 

The conference features four preliminary and invited lectures and presentations of 31 papers. 
29 papers are printed in this volume, while the rest will be included in the accompanying 
booklet (due to strict printer' s deadline.) All papers were reviewed by at least two members of 
the program committee and/or by other competent speciali sts. 

We use this opportunity to express our thanks to the conference organizers, all members of the 
program committee, referees, and linally to the conference sponsor NIS - Novi Sad. 

Ratko To~1c and l..orun Budimac, ed1tors 
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Von Neumann Regularity in Applied Algebra, 
Computing and Logic 

Sam L. Blyu111in 

LSTU 
ao Moskovskaya, Lipets k 398 05.5, Russia. 

e-m ail : sam(Olblyumi n.lip e tsk.su 

Ahstract. 1. Von Neumann regul ar elrment , first ly clefln ed in ring R [1], i. 
natura ll y defined in sem igroup ,C..,' [2] : {a E ,'-,' is regular ) <==> {_q E ,'-)exist such 

t.IHtt a· _q · n. = rr} ;rt is ca ii Pd t.lw grnrralized inverse for rt [:3] ; any such _q is 
drnot.t>cl hy r,-. 

:2. lnvP~t. i gat. i o n and so l11t.ion o f rq uat. ion a · a; = u i11 groupoid (,' is t.hr 
irnport.ant. arra for appli cat ion of rPgularit.y [:3]: (i) if(,' is ,'-·/ and a is regul ar , 

t.hrn {n. · J; = u is so lva.h lr}<==>{a ·a- · u = b for SO JJH' a-; so r1JP so lutio n is 
J' = (L-. u} ; ( ii) if(,' is H. a.n< l (!is r<'gnl ;-tr , t. hen t.hr sarn r hold , grneral so lll t.ion 

is r =a- · b + .11 - a- · o · y, any y E {( (J'(' Iat.NI t.opic [iJ]). 
:1. In SO IIH' app li cations (r .g. usual and fuzzy set. Llwory, usual and fuzzy 

log ic , d cision t.hC'ory a..o.[5]) S<' Jllirin g~ .'·/H arC' w-;C'd, i.C'. algebraic st.ructurrs wit. h 
t.wo dist.ribut.ively conncct.<>d a.ssociat.iV<' operation~> (dist.rihuLive bis<>rnigroups); 

rc•gtdarit.y l<'ads t.o notions of gt'll<'ralilwd invPrs<' as w1•1l a.-; grnerali zr>d opposilr 

PIPIIH'IIfs; iiiV<•st igal.ion and so luti on of <'quat. ions in such (rnorr p;r• rwr ;-d t.han in 

nngs) sit.nat ion ar<' disnrs~wd in t.hP l<'rt IJr(' (n•lat.<•d topic: [fi]). 
-1 In snnH' app li rat.io11s llona.o.;sor ialivP aii-(P inair slrncLur<':-;, P.J.(. arbitrary 

p;roupords ( ,' , arP usPd , t lwn tiH• notro11 of n•gularrty hifurrat<•s, P.p;. t lw r< gularity 

oft il <' first or t.hr sr•rnnd krnd ((I · !f) · rr rr or r1 (rt · a) r1, lllVPst Jl!,al io11 a11d 

sn lutio11 of Pq uaLions in such (1110r<' 1-(C' Jll'ral than i11 S<' Jlllp;ro ups) srt.1r alioll an· 

rllsrussPd in llw IPr t tlr<' (rc•latPd t.op!C [7]). 
1 Sonw anot lwr JdPnt it J< 's than assCJrr;Lt rvrty 1d<•ntity rrmy hold 111 p;roupord , 

••.p; J' ; · .r (ld<'rllpotPncy) , (.r y) .r J' · (y .r) (Piasticrty) , J' (y (.r · "- )) 
((J' y) J') ;; (lllmrfang) ao ' lhns prohl• 111 arrsc·s nfrdPntrll<'!-i and rorrcspond1np; 

p;runpords' 111anrfolds p;<•ru•mlron and ri;Lo.;srfiralron wrlh sParrh of nollrsonrorphrr 

rla .. -..--ws and til<•rr r<'IH<'s<'ni;LIIV<·s iL'i 111 [X] for tlw ca.'><' ofsr'IIIIJ.(rollps, lhrs prohiPJll 
n• •r·ds 11s<' of ro11rpnt< r rr•a lrzalron Snnw n·sulls an' prc·~<'nl< · d in [!J] a11cl an 

d isru. <·d 111 t h• krill rc• 
li \- rei• • arc•a nf alp;• hr;L appl1rat in11s 111 gt·r11r11 try and phy. ir .... dr als With 

( 'lifforcl n l ~~;• hra ..... (111 wrd< s< liM , r11rluding C:ras.'illrallll alp,('hra .... ); sirnpl< st M< 

llw C<Hilpkx lllllllhr r fir ld - {u + b · i, (.!=-I}, ilw dual " rnrmlwr'' alp,r bra V 

1- 1 



I-2 SAM L. BLYUMIN 

= {a.+ b · E, c; 2 = 0} , and the double "number" algebra U = {a.+ b. c , e" 1} 
(a. , bE R), because of any Clifford algebra A is the skew tensor product of some 
copies of C,V,U (10). Regularity in V,U is considered in (4). Thus problem arises 
of expression of skew tensor product element generalized inverse via generalized 
inverses of factors. Some results are presented in (ll) and are discussed in the 
lecture. 

7. Clifford algebras are Z"- graduated algebras, or superalgebras ( 1 OJ. Some 
resu1ts on invertibility of such algebra elements are presented in (12) and are 
discussed in the lecture . 

8. If criterion of solvability of equation (see item 2 above) doesn't hold then 
exact solution of equation doesn't exist ; it is possible however in some cases 
to find approximatf' (in SOITJf' sense) solution using corresponding special type 
of generalized inverse. Classical type is thf' weighted pseudoinverse G = A:tfN 
for complex matrix A which is defined by the relations (:3) M · A · (; . A = 
NI ·A, N · G ·A· G = N · G, (M ·A G)* = M · A G, (N · U ·A)*= N · G A and 
defines the general weighted pseudosolution X= A:tfN · B + Y- A:tfN ·A· Y , 
any matrix Y, of matrix equation A ·X = B, minimizing the weighted Frobenius 
matrix norm of residual A· X-B. Some applications to optimal control problems 
are presented in (1:3) and are cliscussPd in the lecture. 

9. Optimizational aspects of generalized inversion outlined above are dis­
cussed in (14) and in the lecture. 

l 0. Computational aspects of generalized inversion are connected with elab­
oration of eft'ective algorithms. Classical Greville recurrent column-wise pseu­
doinversion algorithm is extended in (4] to recurrent column-wise algorithm for 
generalized inversion of a. matrix over an associative ring. In combination with 
its row-wise version it allows to give the constructive proof of cla.ssica.l theo­
rem: matrix ring over regular ring is regular ring too . Recurrent nature of such 
algorithms finds usefull applications in different areas. As an example, the su­
perpositional nonlinear regression is developed in (15) a.ncl is discussed in the 
lect ure. 

Some another related topics will be discussed in the lecture too. 
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On two counterfeit coins conjecture 
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e- rn~ il : ril.tusi c<<llu nsi 111 . im . ns.<tc.y 11 

Abstract. The purpose of t his p<tpcr is to survey lh e res ults co ncerning 
th e r ornbirr <ttorial s<·arch probl c llls , wilh special <tllc rrtion to two coull ­
l.e rfe it. coin s co rrj C'r t.urC'. 

Key Words and Phrases: s<·arcl r th eo ry, ~roup ll'sts , optima.! proce­

dur<· 

AMS Subject Classifkatinu (19!>1): ~JOB40 

1 Introduction 

Tlw d<·I.<' I'IIJinal.ion or "<1<-rl'r t.ivP" !' )!'ll l l'lll.s in a popula.t.ion or a s<>r irs or group 
t Ps i :-. ha.« rc•r<'i vNI ro nsidPmhlr> at.I.Pilt.ion iu n '\P ilt. ycars. Wh i I<· t.radi Lion a ll y 

).!,T!l llp I Psi in p; lit r> rat nn· <' llrpl oys pro lrahili st. i r IJHHiels, t.lw ro rllbill at.o rial mod l' l 

ha.« r 111 his ow n shar<' F11t.lwnllnrP , ro1nbinatorml p; ro11p l<•sting has LiPd it.s 

kll(lts w1t h 111 any ro ll!p111 <'r sn<' ll l<' s11h.wrts ro 111pi<'X1ly tlwo ry, 10111p11l at. ional 

).\<'0 111 <'1 ry and l<'rr11np; r!lodds anrong ot lwrs It ha.'i also hPf'll usf'd 111 nlllltJa.rC'css 

r•> lllllllllli ra t 10 11 and rod III).!, . 

llnlrk<' llrany o tlw r 1rr ;ttlwnral1r;d prnhl <' llls whirh ran lrar<' hark to Parlil'r 

C'I' IJI llrii'S and di v<' r j.!,<' ltl SO IITC<'S, till' OTip;lll o r p;ro11p l r>s l inp; is pr<'( l y lllllCh pi1111 1'd 

d<>IV Il I n a rarrl y f('('l' lll I'V!' III \Vo rld \Var II and IS llSIIally rr<'<IJIC'd to a 
sru p; IP pnson Ho lw rt Dn rr11r an ' ll w prolll<'llr p;rws har k t.o qll~>siinns ilTI!'llllp; in 

f<l llll l rt III II WII lr llll'dl ra l ( Xil llllll iliiOII clllrlll j.!, t lu \'\'orld War II , ror Mll llf' I'H rly 

papt rs .,,.,, «' ~, Dorrllt illl [:.17], Str rrPtl (HOJ or Solwl (7H] Kato na (!i I] givPs art 

<'Xri' IJ< Ill OVt fWII IV or 1}11' SIIIIJt rt 

( :onsrclr r t lw fnllowi n~ prnhl«'lll . Lo•l X = { 1·1, r2 . . . , r,. } lw a sct. of 11 ro i ns, 

indi~>t lll~llt:-.hahl<' t'xr«'pf f hat •·xartly 111 or I it Pill ar• slightly Jwavit •r I han till' rt sl 

(111 I In •·ns•• spr·rifi•·cl lwlow) ( :iv••n a halann· sral<•, w< want lo find an optunal 

\\'ork ~ IIJIJIUrtttl hy \1inrslrv of Sri· 1111 .urd 'I1C hllnlu~y ur :-;r·rhiOI. 
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l-8 RATKO TosJ(: 

weighing procedure , i .e. , a procedure which minimizes the maximum number of 
steps (weighings) which are required to identify all heavier coins. 

We suppose that all heavier coins are of equal weight, and so are all light 
coins . If). is the weight of a light coin , then the weight of a heavy coin is less than 
n~l >. ,so that the larger of two numerically unequal subsets of X is always the 
heavier. So it is clear that no information is gained by balancing two numerically 
unequal subsets of X . We also suppose that the scale reveals which, if either, of 
two subsets of X is heavier but not by how much. 

Step (A, B) will rnean the balancing of A agains B, where A and B are 
disjoint subsets of X of the same cardinality. The possible outcomes are: 

(a) A= B (the sets balance), 
(b) A # B (the sets do not balance). 
We use the notations A < B, A > B, where < and > between two sets mean 

" is lighter than" and " is heavier than" respectively. 
By flm ( n) we denote the number of steps (weighings) in an optimal procedure. 

It follows by information-theoretical reasonings that 

flm(n):::: 1log3 G!Jl 
2 One Counterfeit Coin 

T he question of finding a single counterfeit coin from a set of regular coins m 
the fewest number of weighings using just a balance beam has been a notorious 
problem. The regular coins are all of the same weight while the counterfeit coin 
is a different weight. A large number of ingenious solutions exist, some based on 
sequential procedure and some not. 

The problem was popular during World War II; see (:3:3,:H,40,41,42 ,.5 :3 ,64,74,90] 
for some history. Many authors gave the following general solution to the prob­
lem of underweight counterfeit coins: 

lf:3k-l:::; n < :3k, then k weighings suffice to show if there is (and to identify) 
a counterfeit coin among n coins. 

If it is known that a counterfeit coin exists , then k weighings will suffice to 
identify the coin from among n coins if :3k-l < n :::; ;3k In the case when it is 
not known if the counterfeit coin is heavy or light, Dyson (29] gave an elegant 
solution using ternary labels. In this case , k weighings suffice 

(a) if n :::; 3k; 3 and it is required to find if the counterfeit coin is heavy or 
light; 

(b) if n :::; 3k; 1 
, given an extra coin known to be good, and it is required to 

find if t.he counterfeit coin is heavy or light; 

(c) n :::; 3
k t if there is a good coin but the relative weight of of the counterfeit 

coin is not required. 
Blanche Descartes (26] gave an interpretation of these results in verse . 
All the solutions so far cosider coins to be distinguishable when in the balance 

pan. Guy and Nowakowski (44] show that if the coins in a scale pan are to be 
7 ·3k-2_ ] 

cosidered as a single set, then k weighings will find a coin amongst n ::; 
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Shapiro 's problem [76] ass u nJ es 11 co ins , n- l of weight a a nd one of weight b, 
wh ere a and bare kn own , and an acc urate scale. He asks for the least numb er of 
~wighings to determine which co in has wP ight b, whPre the weighing scheme must 
lw givJ' II in advance. Sod erb Prp; an d Sh ctp iro [79] ask the more general question 
of how 111 any weigh in gs a.re need ed to d<> tem1ine whi ch of n coins are of weight 
a a nd whi ch of weigh!. b if t.i1 <> nuJ11b er:-: of each a. re noL known in advance. They 
show that. 

(a) /LI(n) 2 l og 2 l~•+ l ) ; 
(h) fl. 1 ( :3 k- 1 ( :) + k)) :::;: :) k ; 

(c) f1 1(1ik - 1(:H: +5)) :::;: 5" ; 
(d) /11 (11) = 0(~). 
l<: rd bs <Lild H.r nyi [:Jo] show t.hal. 

11 11 In Inn 
I'· I (n) = -1 - + 0( (I )2 ). op;1 n n 11 

Li u [6 I], Cantor and M i li s [I 6] ::tnd Li nd:-:trom [1)6 ,57 ,58] p; i ve ex pi ic. i t weighing 
,.;c hJ' III <'" fo r 11 = '2k - l 1.: (also sc<' [1]) . 

T il! ' " LowC'I' Sl obb ovia.n C:oun tcrfc•ii.N:/' [1:3 ,47) and ApSimon's Mints prob­
IPIII [l'l] M J> J ' X <I.IIip l <'>'~ of Hll ol. hN va ri <wl. o f dcc iclin p; whi ch coins are irregul ar ouL 
of 11 roi 11 s wlw n t he• llllllilwr of weip; hings is fi x<' cl . 

3 Two Counterfeit Coins 

Oddl y <' I! Oi! p; il , t.h e co rr l'S JHl lldin g prohl <' lll for IIJ OI'J' l. h;w OIH' dr fc•c l.ive co in has 

;tt.t rac tl'd lit.t.i l' a t.t.ent.io11 . At. t.il 1' sup;g<'s l.i oll of H. Uelllltall , t.h<' pr bl r m for t.wo 
m itiS was in vc's ti ga t<'d for th e• firs t. ti111 <' hy ('a irns (HJ55 ). TIH' probi <> IIJ is of 
sJP, Itifi ca nrc' hc•ra!l s<' it rc• pr<'s<•nt s cliH' o f I.Jw si!lipl <'s t c•xaruples of a sequ ent.i a l 
ic's t i1t g prnhi <' lll rPp!Pt t· with t li t• difli r nlt.i t•s of ro rnbin at.o ri a ltr a t.ur<' it l!cl with t.lw 
diffi n rlti <'s rn!J prc• rtt i11 ti ll' ro ll <'P pl of "i nfom mti o11 ". A ro rntno n pl iPil OII WII OII iu 
ror tdl ill ato rr al sPa rrh t lwnr) rs t ha t wit ri P it 1s oft c> JJ s t r;ughlfo rwarcl to fiJJcl a n 
opt.unal pr< H'Pdnr c> sPa rchllt p; for <lll f' ob.wr t , rt is illtlllf' ll s<' ly more' dilfi culL t.o 
SPa rr h opfillt il il y for two ohj t•r ts lkJJJllilll il lld (;[IJ SS [JO) sfudi f' d t.J H' prohJc' JII Of 
id e 111 rfyin p; t 1\'0 rrr c>p; 11l a r rn in :-: i11 a sP t of 11 co ins wit It a ha la rl CP sca lP. Tlwy wrnt p; 
" A Sll la ll a iiH II IIII of ;ut alys rs dr sr losc's t lw c• rt or ltlo JJ s difl'c> rPII <"f' in ro rllpi PxiLy 
lwt \\'<'I ' ll t h• flll' roi 11 a JJcl t It •• t Wfl ro 111 s prohi f' IIJ •· 

l'osir [H'2] s lt fl\\ th a t 

II • a J ~., prm• • that an optinral ai)l,<lrit lnr t ra11 ht • ro JJ sl rur tf'cl for a ll 11 ' s hr lonl( lll !l; 
It 1 I l l<' ~~ I 

U~;~ 1 ([r:lk J1 ll, 1 · :1k] U [f:lk Jii + Jl , :1H 1] 

l. al••ly, thi . r• . nil w•n• itrtpr"l'ld ~·v•ml ti 11 w~ , ,.,. [ 11 ,7 G] ' lh t rPM ti t. arc• 

"'""'"' 111• d iu tit• · followin)l, I ahJ,•: 



I-10 RATKO Tosr{: 

f/·2(n) = 2k + 2 

[f:3kyf2 + Jl, 2 . :3k] [f:3k v6 + 11, :3k+1J Tosic [82] 
[f:3"v2 + 11,20. :3"- 2l [f:3k v'6 + ll' 4. :3k] Bosnjak, Tosic. [11] 
[f:3kv2 + 11 , 21. :3"- 2J [j:3kvf6 + ll' 4. :)k] Anping [7] 
[ j:3" V2 + ll) 64 . :3k - .1] [j:3"v'6 + ll J 4 :3!:] Tosic [86] 

In [44] Guy and Nowakowski ask: In which cases is JL2(n) = 1Jog3 (;)l +PIs 
n = 1:3 the first? The answer is: No. In what follows we give an algorithm which 
proves that 1d I 0) = 4. 

The first step is (A , B) wheT<" A= {J: 1 ,J:2,J:3,:~: 4 } and B = {:J:5,xr;, :cr ,:r:s}. 
(a) If A > B, the second step is (C:1 , C:2 ) , where (:1 = {:t1 , :c9 , .:r: 10 } and 

(,'2 = {X 2, :1:11, J>i 2} · 

(al) If C 1 > C2 , the third step is ({J: 9},{x10 }). It is easy to check that , 
independently of the answer , the space of solutions after this step will contain at 
most three elements and one aclclitionaJ step will suffice to find counterfeit coins. 

(a2) IfCr = C:2 , than the third step is ({J:l}, {:1:13}). After this step , the space 
of solutions contains at most threP elements, and again one additional weighmg 
is sufEcient. 

( a:3) The case C\ < c2 is symmetrical to ( al). NOW' the third step is 
( {xn}, {:r12}). 

(b) If A= B , tlw second step is (C:;,C4 ), where Ca = {x 1 ,J::,, :cr;,J:g, :I: liJ} 

and (.'4 = {x2,:r7,J:s,J:u,XJ2}· 
(bl) IfC;; > C4 , the third step is ({:~:5},{J: 6 }). The space of solutions after 

this step will contain at most three elements and one additional step will sufEce 
to find counterfeit coins. 

(b2) If C\ = C2 , than the third step is ( { :r.i}, { :t: 7 }). After this step, the space 
of solutions contains at most thn~e elenwnts , and again one additional weighing 
is sufficient. 

(b:3) The case cl < c2 is :oyrnmetrical to (b1). Now, the third step lS 

({J:7},{xs}). D 

The following conjecture in various forms can be found in several papers. 
Conjecture. 

There are many other variants in identifying two irregulars [ 1,17 ,2:3,62]. 
Forsythe , responding to [:3:3], seems to be the firsth to ask the question using 
a. spring balance, i.e. a weighing device that will return the exact weight; seE' 
also [72,76]. In [19] Christen investigates the case of 2 counterfeit coins but of 
complementary weights . 

Hwang [49] proposes and analyses many weighing schemes . While a balance 
scheme provides information about the irregulares by comparing the weights of 
two subsets of coins, the irregulars can be also detected by a spring scale which 
provides information by weighing a subset of coins. Instead of talking about the 
balance scale and the spring scale, the more general terms of the comparison­
type device and the test-type device can be used. Hwang [49] survey results 
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fro 111 v;u· iou,; liiOcl el,; of t. hr t.P::; t.- l.y p r dPvicP in id entify ing two irregulars (not 

ll f'C c',;,; ;ll'il y id Pnt.i cal) . 

A i ~ll<:' r (:2) ,;l.ud ies t.lw followin g nat. ural genr ralizati on t o graphs of model Q 
( H W<tll)!; (<19)). 

MRiu Prohl~mL (;ivPn a finif.P s irllplr grap h r: wif.h veriex- Het V and e(f.~e­
,,1'1 E. ;uul an unknown f•dp;e ' E E. ln order iu f-irJ<I r we choose a sequence 
uf' :.est sl'ts ;\ ~ V w hPre aff.er every t,cs t, we ar c i old whether c has ho ih end­

VPrt.icc •s in .1 , o ne errrl vPrf.ex, o r norw. Finc l t.hc minimum rwmher c((:) of tests 

/'N fllirrc l. 

Sin ce' WI' pc•rfo n11 <t Sl'(j ll l' ll cl' o f !. l'nHtry l.rs t.s, wr havP tlw usual info rmat ion 

t. lwo rc' t. i c lowPr hound fo r c(C:) : 

Tlu· following t. wo part.i clrl ar cil.sc•s o f 111 ain prohl crn havr rrcc ivr d partiwl ar 

a I t.c ' IILi ou 0. 
Prohlmu 1. (;ivcn it nnif.c S(' (, ,C.,' with lSI = 11 . We kn ow f.hai f.her c are 

prl'c isc>ly /.wo cl l'fc•d.ive c/enl l' llf.s .r•, y' E ,c.;. In o rrl r r f.o find Uw defr cf.ivr elenwni~;; 

IV<' d/Uww 11 sc•ctll r ncl' of l.l's l sl'l.s !\ ~ S. ;\ f I. he c• ncl o f' rvc r,y f.cs f !\ we rccr i vr 

a ... iLIISII 'c •r /10 11' lll illl.Y cll'fi·c f.ive f' ienu•nt.s J\ coninins. J)('f.c mJim• Uw rninimum 

111111li1Cr o f' f.ros l.s I'I 'IJilirec l f.o line/ .r • a ncl y' . 

Prohlmn 2. ( :onsic ler f.wo clisjo int sl'l.s ,<..,'and '/ ' w if,fl lSI = m anc/ITI = n . 
If is known f hill l' itlll'r sl'f mnf ili tJ .~ t>recise ly one cle/(•ct.ive r lelll l'nf .. We again 

/H'r/rm n il sr 'l flll ' lll'c ' uf' f l's fs ; \ (_ S U '/ ' iL'i jw.: f c/1'.-c ril> ed . \Nil a t. 1s f.h l' rninimurn 

111/IIliH •r of' l l's l s I'I'I JIIirl'c lul this s if11 a fio n ! 

It is c l l'<~ r !.hal l.hc• lwo prohl l' lll" llll ' lll.i o rwd above• ro rn'spolld t.o (,' ,,·,. 

(cn111p ll'll' p,ra ph ) ;111d (,' /\ ,, ,, (ro111p lr> l c> hiparlil1 • p,ra ph ) . 

t\,; '" c·cl lllllll >ll 111 :·war r h llwory WI ' drsllli).!;IW;Iw lwt wr>c' n sc•q JH'Ilf. ra l and prc>dc>-

1 c' l'llllll< 'd proc·c•d 11 r<'s (sc '<' <'. )!, . A h ls1V1 'dl' \Nq;<'lll'f (•1] or 1\;tfoll<l (!it!]) Tlw rasP of 

lll'<'cil•lc llllli ll'd prcH·c·clllr<',; lr as i ll'< '! I I hnllrnlll!,idy slndic d hy lll<lllY authors (:<<'1 ' 

Lilld ,; tn i rn pCi .- 11] . ('antnr ~ ldl ,; [lti] , Frdos He 11 )'1 (:lO] a11d I ill' illhlio)!,l'ilphy in 

[ ~>7]) 
A hruary V<~rlit lll of' s1 ·arr h prohlc •111 111 p;rap h '" tlw following . Aga111 WI' fH' I' ­

fllllll i1 SI'Cflll ' ll l'l' o f I I'Sl s ·\ ( \ ' ll ll I i ll' l!,iVI'II graph( ,' ( \ 1
, /~' )Wit h llllkltOWI\ 

~ · clp,1 ' , \fi<'r I'VI ry l<-,;1 we · !I ll\\' rc c1 ivl' as an <\IISWI ' r wlwl lwr r has al IPasl 

nil! ' , 11d \1 rl " x 111 I "' """' \J.vtin \Ill ' an• a.~k<'d In find tlw 111111111111111 1111111 
J,. ., r· ((,') of lc ·s l s rr • qllir~ · cl OhV!IIII sly, r•((,') :._ r((,') for Ill) p,r•tph (,' and th1 • 

irdit!lllitll<lll I h1nrc •lr r lnwl'r iHIIIIid is f lop, CJl 

,\ )', r:~ph ( ,· (I ', J; ) wtl h at lr • <~ s l I w" r•clw • • .; is cal !t-el "[111111111 { J "111111111/) if 
r•((,') (c((r' )) .tch!< ' \< 'S lhr • infnrJIIilllttll thl '<lll'li c loWI ' r lu l lltlcl 

,\1 1!, 111 r [:lJ. httwr•d rltal (a) any fnrr :. l wrlh lllaXillllllll clr gn ·1 $ '1. i "JIIIJIIal , 

;lltd ( l 1) a cy cl1 • ( ·,. (11 ~ :q rs nplirnal ill' 11 is nol a pn\\1 ' 1' ()f :1 
,\ ip,lll ' r ['1.] pron •d I hal art) f11r• . I i. '1. opt iur:d ' I " ic· artd ,\ 1a.s lllovi r [ Cij 

I'~'"" ' " lhat any plunar g raph is '1. o plirnal. 
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4 Many Counterfeit Coins 

The case m = 3 was the subj ect of a problem discussed by Collings [25] . Tosic 
[8.,] I t l t r 3"' ·>k ·>k - I I ., ·>k ·) provec 1a tor n = . , n = .) + ·> auc n = L- • ·> , 

In [12] Bosnjak proved t hat 

J.l2,10k) 2. :3k-l) ~ :3k- 1, k 2 1, 

and for each natural n, 

It is easy to see that for some natural numbers the information- theoretical 
lower bound cannot be achieved. For example, pog3 ( ~3°)1 = flog3(19600)l = 9, 
but. it is not difficult to verify t hat Jt:;(50) = 10 . 

For m = 4, it is known that p. 4 (:~k) ~ 4k - 1 (Uuy, Nowakowski [4:3]) , 
tt4(:3k + :3k-I) ~ 4k (Tosir [84]) , ancltt4(2 · :3"') ~ 4k + :2 (Tosic [84]) . For some 
natural numbers , the information-theoretical lower bound cannot he achieved. 
For example , tt4 (8) = 5; although (~) = 70 < :3 4

, it is not possible to make a 
weighing among 8 coins with 4 co unterfeit each of whose outcomes leave less than 
26 possibilities and while 26 < 33, they cannot be separated by three weighings. 

If m = 5, it is known that p.5(:3k) ~ 5k (Guy, Nowakowski [43]) , tt5(2 · 3"') - ~ 
5k + 1 (Tosir. [85]) . 

Pyber [68] showed t hat 

ftm(n) ~ flog3 (~Jl + 15m. 

T he constant. 15m can be much improved. The guess of Pyber is that 

Some interesting connections between counterfeit coins problem and many 
other combinatorial problems are established in [.5] and some other papers given 
at the and of this article. 
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Ahs trad. In t.hco ri rs o f ro ncurrenl. pror<,stws and in j oh :;chcduling th ere havP 

been 111 any aLLPmpt.s to introduce t.oo ls ori g i11 ating from algebrai c top o logy; no­
t ably, hom otopy or hom ology groups. lnl,uitivcl y, fund am ental ( or first. homo­
t opy ) group gives an account o f 1.lw nat11rr of " holes" in a Lopolog ic.al spacr. [n 

th r rralit1 o f prorrssrs, sur h hok s JJi itY co rrespond to forbidd en configurations; 

P.).!;. whNr JJIOI't' th an O JW prorrss is within t he :->cUll<' criti cal n'g ion . 
ll nwc•vr r , a nunibN o f' t opolog in d propr rti es, t.rr hni rally nccc»:;ary for th e 

co nstru cti on o f th e fund aJIH' ntal grOIIJl , havr 11 0 rount.rrp ar1.s, o r only artifi cial 
onrs, i11 ro nr urrr nt. pr ce:;ses. Th r rPfo rP, th r payo ut. fro JIJ th e hotnotopy ronsid­

<'J"Clti ons is ra1.h €'r limited . 

I put. forward Lo :;rLI.I r for hOJIIOtopy CllO-s, whi ch is IIlli ch less t han hOJIIOLopy 
groups. As will hr shown , tlw t. ransit.i on fro111 vec t.ors o f l)fO('c•ssc':; t.o l.heir hOIJJ O­
I.opy r po-s is fun cLor ial. prrsr r vPs infornJ at.ion <lhout. t.hr " IJ oiPs" and abst racts 

fro JJJ i nt•ssc•n t. ial drt.ail s. T his rPndns t. hc• approach a pot.C'nt.iall y us<'ful t.oo l fo r 

i n v<'s l.ig;t t i ng ronr urr<' ncy. 

In t.l w talk , I wi ll no t i1Ss llttl <' any fan1il iari ty o f LltP audirnrc> with algrbrair 

topo logy. I wi ll t>xp lain tnot i vai. ions and wi ll support. I lw const.rnrt.ion of ho tJIO 
lopy CJlO ·S by t'XiUIIJl]PS . 
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Abstract The presented framework provides some logic programming 
features in environment of traditional languages. Knowledge-based subsystem 
in Prolog is attached to an engineering software system written in a 
conventional programming language (typically in C). Control of t11e 
computational process of tl1c latter component is supported by the knowledge­
based subsystem. In an attempt (i) to bring the environment of !11e 
computational component together with the logic programming environment 
and (ii) to increase the intelligence of it, an instantiation of variables is 
registered also in the computational component. This contributes to an 
autonomous control of the computational process. The extended engineering 
software system represents now not only a user friend ly environment, but also 
an environment with an active and intelligent support of the user. Several 
practical applications were developed based on this framework . Two of them 
arc reviewed in the paper. 

1 Introduction 

A Prolog-onented knowledge-ba cd support of engineering computations is studied in 
the paper. Since most engineering computations arc reali1-ed in a conventional 
programming language (typtca ll) tn , for tnstancc), it was necessary to olve the 
problem of how the computational component ('>\'ritten in C. for example) should 
cooperate with the upportJng knowledge-based component, completed in Prolog. The 
developed framework sol es this problem (IJ A collection of built-in tools [71 
factlttate btlateraJ tran fers of both data and contro l, Introducing logic programmtng 
feature to computatiOnal component 

1'- I 
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The nature of both these components is different. In an effort to decrease these 
differences, as well as increase the intrinsic intelligence of the computational 
component, some important properties of Prolog were partially modelled in the 
environment of the conventional programming language (e.g., C language). The 
system can distinguish between instantiated and non-instantiated variables, for 
instance. So, a built-in selective mechanism can recognize potentially feasible 
procedures of the computational component at a given moment. In the next step, this 
selective mechanism compares all these potential candidates and selects the optimal one 
according to a given goal and several constraints. Since this decision-making process is 
substantially supported by the Prolog-oriented knowledge-based component, the 
decisions can be made mostly autonomously by the system. This is a typical feature of 
Prolog, and therefore, once it is modelled in the computational component and this 
component is supported by Prolog-oriented knowledge-based component, it can 
significantly contribute to a fundamental intelligence of the system. 

2 Prolog-oriented support an selective mechanism 

The task of the selective mechanism is to find a feasible and preferably optimum routine 
for a given goal, under given criteria and constraints. The principle of the mechanism 
is based on the inference process of knowledge-based systems. There are two steps used 
by the selective mechanism: Feasibility test and Selection. 

Feasibility test. 
Feasibility of the routines is tested and the feasible routines are inserted into the 
Conflict set for the time being. During the feasibility test, each input parameter of 
the tested routines is checked to determine whether an input value is known at that 
moment. A routine is feasible only if all input values have been defined and hence 
are instantiated in a given moment of computation. 

Selection. 
If the number of potential candidates in the Conflict set is two or higher, the 
optimum feasible routine of the Conflict set is selected according to the given 
selective conditions. These conditions are composed from the criteria and 
constraints (given by a user or left as default conditions). Maximizing the accuracy, 
or an upper limit of the machine time, can be chosen as conditions, for instance. 
During the selection the corresponding attributes of potential routines are compared 
with the given selective conditions and the best routine is chosen. The learning 
ability, employed by a case-based reasoning process [4], enables the utilization of 
experience gained from previous cases. 

3 Autonomous control of computing 

The Prolog-like selective mechanism can autonomously control a computing process, 
constructing an appropriate sequence of the called routines and other information 
sources, according to a given goal. In order to check the feasibility of routines, it is 
necessary to detect whether variables have already been instantiated; [1]. On the other 
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hand, it also opens up the possibility to define invertible programs integrating routines 
of different orientations [6]. 

Orientation 
Let the routine r be given as r(q 

1 
, q 

2
, •.. , q n ). The routine r can communicate 

with other objects by: 

e explicit (i.e. formaJ) parameterS q I, q 
2 

, • · • , q n ; 

• implicit parameters q , q , . .. , q , m l? n, which are global variables used 
n+ l n+2 m 

as input, output, or input/output variables; 
• function value, in the case where r is a function; for the purpose of the 

orientation issue, the nan1e of the function, r, is incorporated among the 
(output) parameters. 

The routine r models the (oriented) relationship of these parameters. The use of 
a parameter can be specified by its mode. There are three modes of parameters: 
input, output, and input/output. An assignment of the mode to each parameter 
defines the orientation 0 of this routine. 

A Prolog predicate can usuaJly correspond to several orientations. Such a predicate 
covering more than one orientation is called invertible. However, routines in 
conventional programming languages commonly arc not invertible. One way to model 
some invertible relations is as follows: 

(i) Collect several routines, modelling the same relationship among the same (or 
almost the same) parameters. They mostly (but not necessarily) correspond to 
different orientations. 

(ii) Encapsulate this collection of similar routines in a family. The most significant 
differences among these routines (a lso called members of the family) are usually 
their orientations, but they can differ also in other properties (e.g. accuracy, used 
algorithm, and others) . For a given purpose, the selective mechanism can select 
the appropriate member of the family, according to the needed orientation and 
other factors Thus. despite the fact that conventional languages do not support 
111 crt.Jbihty, the invcrt.Jblc rclations h1ps arc accomplished w1th the help of the 
families (collecting and encapsu lating routmes of various orientations) which are 
supported by the selective mechanism. 

Two mam features were mentioned above: 

(a) The sequence of proper rouunes IS composed autonomously This 1ncrease 
substanllall an mtnn 1c tntclhgcncc on a \Cry general, domrun-tndcpcndcnt 
level 

(b) S1milar routines. corrc pond1ng to dtffcrcnt orientations, arc cncap ulatcd 111 the 
famtl) , modehng an 1mert1blc relation h1p So, tht s Prolog-like feature is 
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implanted in the environment of conventional programming languages. In 
addition, this approach also enables the invertibility of arithmetical compu­
tations, which is not usually possible in Prolog, since this is restricted by the 
built-in-predicate "is". 

4 Example 
The features mentioned above are illustrated in the following application from 
mechanical engineering. 

Individual girder 

Suppose there exists an individual girder (Figure 1), with nvo defined relations: 

a f b 

r 

d 

Figure l: Individual girder 

(i) Let there be a family of routines, represented by the template 

force _relation ( f, a, b, l, r ), 

expressing a relationship among force f, reactions a, and b, and distances l, and r 
of the individual girder. As mentioned previously, the family collects several 
routines_ expressing the same relationship and among the same parameters, 
however each· of these routines can correspond to a different orientation. Each 
needed orientation is represented by one or more member routines. For instance, 
the call: force _relation (F, a, b, L, R) means an orientation, which for a given 
force F and both distance~ L, and R, will return both reactions a and b as results 
(lower-case identifiers indicate uninstantiated variables, capitals stand_ fQ.r 
instantiated objects). A different orientation could be represented by the call: 
force _relation (fA, B, L, r ). It will return forcefand right-hand distance r, fer 
given reactions A, and B, and for left distance L. Since the selective mechanism 
can choose the appropriate routine among all members of the family 
(corresponding to various orientations), the above family is invertible. 

(ii) Besides the relationship of forces and distances, also deformation of the strained 
girder is defined. Let the 
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deformation (I, E, G)d, x, F, A, B, Sa, Sb , I, r) 

be the routine expressing the girder deformation d in the point defined by 
distance x, E is Young's modulus of elasticity, G is the shear modulus, I is the 
section moment of inertia, Sa and Sb are shifts of the supports (it can be caused by 
a deformation of an underlying girder), other parameters have the same meaning 
as above. 

Set of girders 

Both force relation and deformation were defined corresponding to the indjvidual 
beam only. With the help of the selective mechanism, these defined relationships also 
represent a sufficient apparatus for a set of girders G 1, G2, G3, and G4 in Figure 2. For a 
given force/, the deformation (depression) of the whole set should be calculated. 

The software system uses the routine deformation and several orientations of the routine 
force relation (encapsulated in the family) , defining deformation and forces of one 
individual girder only. The system did not receive any knowledge about sequencing of 
these routines for sets of girders. However, despite this fact, the presented mechanism 
can solve the task autonomously and with only minimal domain-specific information. 

Calculation 
The following sequence was designed by the selective mechanism. 

where, e.g., symbol fr(G 1 ) means the cal l: 

and repre ents the ca lcul atton of the reactions a1 and b 1 for the gtrder G 1 • Similarly, 
S) mbol def(G J) means ca ll of the routine deformatiOn for calcula tion of a local 
depre ston on the girder (13. 

T hts achtcved rc ullts conststent wllh our tntutllon tt ts obvtou that ( I) force relation 
firstly hould be applied to the upper gtrder (11, then to G2, and only then to the 
rcma111t ng ones. to de line a ll force and reactions (2) Only afier that. rout me 

f 

G 

Ftgu11.: 2 Set of' gin.lct s 
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deformation can be applied, but in the reverse sequence, bottom-up, because of super­
position of the depressions. 

Recalculation 
Invertibility can enable a simple recalculation. Tllis recalculation is inevitable for an 
optimization of the design: Assume that all reactions were calculated, but the real 
maximum load weight of some actually used girder supports will probably be higher 
than previously calculated (in order to use only standardized supports, the girders of the 
same or next higher value will actually be used) . Therefore, it would be suitable to 
recalculate this task and the admissible value of force f, as well as new values of 
deformations under these modified conditions. The modified task would need a 
considerably modified sequence of the calculation. With the help of the selective 
mechanism, the new sequence for recalculation is designed: 

[ .fr(G3), def(G3),fr(G4), def(G4),fr(G"J), def(G"J),fr(GJ, def(GJ}. 

Notice that a different orientation of force _relation was used for the recalculation. The 
correct routine was (automatically) chosen inside the force _relation family. 
Even a task as simple as the presented one can demonstrate that the selective 
mechanism can support a user considerably. The task would at least require the user's 
basic knowledge of both mechanics and the software system (furthermore the user's 
time, energy, concentration, and others, if the user should "manually" call the correct 
routines, in the correct order, and with the correct parameters). On the other hand, the 
presented selective mechanism can autonomously control the computing process and 
without any specific knowledge about sequencing. The mechanism needs only the 
input/output mode of parameters of all routines and other sources of information. 

5 Implementation issue 

The selective mechanism was implemented and applied in several versions. The choice 
of programming language was influenced by the language of the application, however a 
host environment of the C language was used predominantly for the implementation. 

Implementing the presented concept, two issues are the most important: (i) how to 
register whether a variable is instantiated and (ii) how to implement invertible routines. 

Instantiated variables 
It was mentioned that the test of feasibility is based on the check whether or not all 
inputs are instantiated. This concept is very important for logic programming, but 
commonly not used in conventional languages. Notice that the concept of instantiated 
variables was adopted in a modified way for the purpose of the presented approach: the 
instantiated variable can arbitrarily change its value. Nevertheless, the instantiated and 
uninstantiated variables have to be distinguishable. How to recognise the instantiated 
variables is a considerable problem, especially when the host environment of some 
programming language is used. Several methods were used in an effort to solve this 
problem. 
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• One of the methods is based on the principle that a variable can be instantiated 
inside a procedure only. If this restriction is accepted, each variable returned by a 
procedure as an output parameter is instantiated. The list of all variables is 
maintained by each level of program, recording whether the variable was already 
instantiated. 

• Another method indicates uninstantiated variables with the help of a special 
value, which was specifically chosen for each type. This value is assigned to a 
variable during the initialisation phase. The method could seem risky . 
Nevertheless, for a sensibly chosen value, the risk of confusion is noticeably less 
then 10 -9 for tile four byte word. 

• Also ti1e tagged approach was studied, distinguishing the variable according to 
an attached tag to the data stmcture. 

• In addition, pre-processing of the source code of routines can be combined with 
the mentioned methods, especially the last one. 

6 Conclusions 

The presented concept is based mainly on the selective mechanism. Main features can 
be summarised as follows : 

• Routines serving a similar purpose arc grouped into f amilies. All important 
properties of routines are stored in the family shell. 

• The selective mechanism can choose the opt1mum routine in the family 
automatically. 

• This mechanism can be used for automatic control of the ca lculation (sequencing 
of routines). 

• The system can part ia lly lea rn fro m its own history 
• The issue of mverllhl11 ty was tntroduccd. supported by a selective mechanism 
• W1th the help of the presented concept. a con.\·lslent, autonomous, f n endly, 

supportll'e and mtell1gent em•1ronment can be bull t for a user 
• The concept ca n also contnbute to relwb11ltv and robustness of sofiware. (i) 

preventing undefined input parameters of rout1nes. and (1i) checking the 
incorrectly des1gned output parameters that cannot return values (value 
parameters) 

Reference 

I . Babka. 0. Cendelm J. & HaJSman. V. Automauca ll ) Controlled equenctng. 
1995. 111 Proceedmg1 of 2nd lntematumal II ork.1hop on /.earmnj( m In telligent 
\fanufncturmJ( .\:ntem.\, Apnl 20-2 1 1995. Budapest pp 549-565 

2 Gene. ercth . M R & Ketchpc1 S P oftware Agent , Commumcntum.\ nf the 
l C\1 Juh I 994, 37, ·l H-53 . 

3. I lannon P & Hall , C, Intelligent Software .~rstems !Je,·elopment, John Wile) & 
Oil S 1991 

4. Kolodner. J. ( 'o.1e-hmecl Rea.mmng, Morgan Ka ufman Pub! . an Mateo. A 
U A 1993 . 



P-8 OTAhAH. RABI<A 

5. Ras, Z.W. & Zemankova, M., Intelligent Systems: State of the Art and Future 
Directions, Ellis Honyood Limited, 1990. 

6. Sickel, S., lnvertibility of Logic programs. Technical Report No. 78-8-005. 
University of California, Santa Cruz, California, 1978. 

7. Zahradnik, Z., Prolog-oriented Knowledge-based Support of Engineering 
Activities, Master's Thesis, in Czech, Faculty of Science, University of West Bohe­
mia, Pilsen, 1990. 



p Fl.UCEED LNC:s OF Tl-ffi \1 [II CoNPEHENCE oN 

Loc:IC 1I ND C rJ MPI ITEH St ' IEN t:E //R!I 'cfl 
Novr SAo, Yu(:OSLAVIA, SicPTEMBEH 1- 4, l'l'l7 , PP. 9- IR 

LASS- A Language for Agent-Oriented Software 
Specification 

Mihal 13mljonski, Mitjana lvanovil: 
Institute or Mathematics, facttlty or Scic:nce, 

University oCNovi Sud, 
Trg Dositcjn Obradovil:a 4, 

21000 Novi Sad, Yugoslavia, 
e-mail: {mihal, mira f(aJun sim.ns.ac.yu 

Abstract: This paper presents a new agent-oriented progranu11ing 
language named !ASS. UISS is aimed for agent-oriented progranuning in 
multi-agent systems. It enables the programming using new, agent-oriented 
concepts. /\gents programmed with LISS ~.:an havc delibcr;Jlivc txoperties 
(p lans. intcnlions) as well as the reactive: OJtcs (belwvtors). /\gent <.:an 
c~eculc its plans and/or bdwviors simultanc:ously. It can communicate 
with othc:1 agents Some agc:nts mav be loca ted in the sa me computer while 
othe1 :1gents in the system muv be lo~.:u ted on thc other computers 
~.:o nnectcd 1\ith the lnlcmct. 

Introduction 

Multi-agent systems (1 2 1 I) arc a new and promising area in the field of distributed 
artificial llltclligcncc (DAI). as well as in the mainstrC<lm computer science. These 
systems arc compound or relative!) autonomous and intelligent part s, ca lled agents 

/\gcnt-on cn tcd programm1ng languages arc progra nuning languages 
developed for the programllllllg of :1gcnts. Agent-ori ented progranuning (AOP) can 
also be seen as a post-ObJcct-oncntcd pan1digm. 

An ad,antagc or the usage of agent<; 111 son,,arc clc\clopmcnt u1stead of 
obJects stems from tile prtnll t ivcs used for progra nmu ng AOP i nt roduccs nC\\ 
concepts such as n1cntal ca lcgo ncs. reactivity. pro-nctivcncs, concurrent C.\CCUtJOn 

ltiSJdc and between agents. CO illlllunicatJon. Jllcla-le\·el reasoning. etc. 
·1 h1s paper presents an AOP language named /. IS.\' Agent programmed 

'' 1th I i.'I'S possesses 111/ellflnn\ hel1ej.\ and pfw1s for 11s puh!IC. and 1ntemaf .\'£'1'11/Ce., 

l1cs1dcs dclibcrati\C properties agent 'ipec1ficd Wllh !. ISS can bcha\e reactJI'Ci\ as 
well / . 1.'1',\ Introduces the usage of heh(l\'lor., - progJantmJng pn111Jll\'CS cnabl1ng 
arent to react JllllllC(llatch when 1t IS neccssar, /. 1.\:\ · enables powerful 
com muntc.at Jon bet\\ccn agent s "lucil 1s based on agents' public scr, 1ces . cr, 1ccs 
arc ti'\Cd sJmdarh like remote p1occdurc ca ll s 

l ost of the co nc~.;p l s 1n I IS.\ arc :liread\ seen 111 other progrmun11ng 
languages I fO\\C\cr the usage of all of them rn one co1npute1 language I S un1que. 

I J.\S is llltcndcd for the pro •r<tllllntng of st<l!JC. agents 111 multt -agcnt 
s~stetn (MAS). but 11 C<lll be also used as a gencm l purpose progr:lln111111g Jangua •e 
In i<J I the most appropnatc domains fo1 1\0P ;1r~.; !' 1 \~.; n e1crtheless 111 C\CI) 
nonltl\'tal soflll<lle s~ . 1cm sc,·cr;ll cruCia l co Jll[)OilCJ1l s ma) be JdcntlrJcd ''hose 

l' !l 
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cooperative or competitive work determines the system's behavior. These 
components may be viewed as agents and the software system may be viewed as 
MAS. The examples of such systems are given in [1], (3) and [4]. Once the software 
system is identified as a MAS, LASS can be used for its implementation. Trivial 
software systems may be also programmed with LASS, using only one agent. 
However, the benefits that LASS provides are more evident when it is used for the 
programming of more complex systems. 

This paper is organized as follows. A definition and features of computer 
agent and multi-agent system are given in the next section. The programming 
language LASS is presented in the third section. The fourth section compares LASS 
with other AOP languages. A conclusion is given in the last section. 

2 Agents 

Even if we restrict ourselves to computer science, a word 'agent' has many meanings. 
In (21], agent is defined as:" ... a hardware or (more usually) software based 

computer system that enjoys the following properties: 
• autonomy: agents operate without the direct intervention of humans or others, and 
have some kind of control over their actions and internal state; 
• social_ability: agents interact with other agents (and possibly humans) via some 
kind of agent-communication language; 
• reactivity: agents perceive their environment (which may be the physical world, a 
user via a graphical user interface, a collection of other agents, the Internet, or 
perhaps all of these combined), and respond in a timely fashion to changes that occur 
in it; 
• pro-activeness: agents do not simply act in response to their environment, they are 
able to exhibit goal-directed behavior by taking the initiative." 

This definition does not specify the size of agents. They can be as big as 
expert system is and as small as the part of an application interface is. Agent can be 
static (permanently located in some computer) or mobile (moving across the 
computer network, such as Internet). The amount of agent's intelligence is also not 
specified. A collection of agent's definitions is given in [13]. 

Multi-agent system (MAS) is a system compound of at least two agents. An 
attractive feature of MAS is that alternative approach with one central programmable 
entity that controls and plans every action of every other entity is mostly much 
harder to use in the system's development. Sometimes, centralized approach is 
unachievable, while the MAS approach to system's development gives satisfying 
results. An example that demonstrates this feature is given in [14]. Suppose that all 
the citizens in some big city are without intelligence and are only able to execute the 
commands of the only one intelligent person in the city. It is hardly possible for that 
person to organize the arrival to work of every citizen in the city. If something goes 
wrong and some important street becomes closed for the traffic, the system will crash 
down. However, people do come to their work every day in every city. They do not 
use high-level intelligence to accomplish this task. 
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3LASS 

Every program written in LAS'S' is intended for the specification of exactly one agent. 
Tf there are n agents in MAS. n programs in LA,C.,'S will be written. 

The main part of the LJJ,C.,',C..,'s syntax and the description of the syntax 
categories are as follows. 

program = 
'AGENT' agent name ';' 
[known_agents_decl '; '] 
[fact types def ';'] 
[facts_decl-'; '1 
[publi c services decl ';'] 
[private services decl '; 'l 
[b e haviors_decl •;•] 
[init beliefs';'] 
[init=intentions '; '] 
'END' agent name 

Program tn LASS 
consists of eight 
optional parts. The 
agents that will 
communicate with the 
agent arc specified in 
the first part. The 
agent can ask services 
from each of these 
agents and tt can be 
asked for servtce by 
each one of them If 
the agent wtll not 
communicate. 
program will not contatn this part 

Fig 1. Agent programmed Wtlh /.-JSS 

The fact irnport<lnt to agent have to be declared Before that. thetr t) pes 
have to be defined 111 the second part of the program 

Bestdes publtc services. agent can perform tts O\\ n. pnvate ervtccs as well 
Agent can pos e s behavtors The) rnonttor the agent's belief: and u e them 

to actt\ate or deactl\ate them eiYe 
At the bcgtnntng of tt cxtstcnce rtgent c:ut haYC tntttal beliefs about the 

fact 111 tis em tronmcnt If agent docs not ha\C bcltcl about. omc fact. 11 believes that 
fact ha NKNOWN 'aluc It can also haYc tntttal uttcnttons 

known agen s decl = 
' KNOWIJ ' ' AGENT ' agen d cl { ' ; ' agen d cl I 
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agent decl = agent name ':' (internet adr I 'LOCAL') 

There are two types of agents from the viewpoint of an agent: the agents located on 
the same machine where the agent is located and tl1e agents located on the remote 
machines. 

fact types def = 'FACT' 'TYPE' ftype def { ';' ftype def} 

ftype def = ftype name '=' ftype 

ftype = prim_type I record_type I array_type 

Fact can be of a primitive type (standard type). a record or an array. 

facts_ decl = , 'FACTS' fdecl { ' ; ' fdecl} 

fdecl = fact names ' · ' ftype name 

fact names= fname { ',' fname} 

Facts are used as variables in traditional langmiges. Besides user-defined facts, rnetll­
level facts CDI5I5H1.L and CDI5I5BEH are also available. They contain infonnabon 
about current intentions and active behaviors. 

public_services_decl = 
'PUBLIC' 'SERVICES' serv decl { ';' serv de c l} 

serv decl = 
serv name ' (' [ par decl { ' ; ' par decl} 
('ALWAYS' I 'VJHEN' bool expr '; ' ) 
'PLAN' body 
' END' serv name 

I) I I. I 

' 

Service can contain parameters. Parameter can be of INPUT type or INTPUT­
OUTPUT type (V AR parameter). par_ decl represents the declaration of 
parameter(s). It consists of parameters' names optionally preceded with the word 
V AR and followed by the type of parameter(s). Service will not be performed if 
bool exp in WHEN condition is not satisfied. Eve1y service has its plan for Its 

execution. 

bool_expr 
'TRUE' I 
'FALSE' 

' KNOWN' ' ( ' fname ' ) ' 
' (' bool_ expr ') ' I 
test service I 
term relation term 



' NOT ' bool_expr 
bool expr ( ' AND' ' OR') bool expr 

test_ service is a special type of private seiYice that returns logical value 

TRUE or FALSE after its execution. 

body = action ( ';' action) 

action 
communicative action ! 
service action I 
l oop_action 
cond action I 
modify_fact_actionl 
input output action 

L /.\)'supports standard constructs from procedural programming languages such as 

loop_action. cond_action. Inodify_fact action and input_output action . In addition 
L ISS possesses special eommunicative primitives characteri sti c for the AOP 

languages. 

communicative action = ask servic~ wait I ask service 

ask service wait - -
' SENDWAIT ' serv name ' ( ' [params] ' ) ' 
' TO ' agen nam 
' RJ::PORT ' ' IN ' rep fact nam(~ 

c~sk service = 
' SEND ' serv _name ' ( ' [pararns] ') ' 
' TO ' agen· name 
' STATUS ' ' IN ' stat facl Ilttme 

Communica tion IS used 11 hen some sen ICC IS asked from a loca l or remote agent 

Agent that a ·ks othe1 agent's sen·1cc ma)" stop the e.\ecution of the aello ns' sequence 

'' hlle remote sen ·1ce IS be1ng perfo11ned or 11 ma1 continue to perform 11 act ions 
Agent ca n ha1 e seyera l Intentions and/o1 beha1 1ors acli\C Slmtiltancoush I r 11 uses 

remote sen1cc 111th wa1t. onl1 one plan/bcha110r 11111 be paused 11hde othe1 11lll 
continue to e.,ccutc. Report w n hm c va lues ' liC.lJE ' or ' I r:N I ED ' Statu '> ol th1.. 

sen ICC ca n be ' Df:ll r Er ' 'E1 ECUT WG' or ' DONE ' . 

S•~rvic nclion = s rvice wait I s rvice 

Agent llla\ C\CCUte liS 0\\11 SCn'ICC Ill l\\0 \\{1\S [he pl,lll 01 bchm IOf that imokcd 

the <;C n ICC 1\ltl\ CO llllllUC 10 1..\CCIIIC Sllllllltancoush \1 llh the IIC\\ sen ICC 01 ll lllil~ 

\\(ll[ until the SCn ICC li111sh liS C\CCUllOn l1k1.. \\ ith fClltOll.. Sl..n' ICCS, sen icc I'\ 

accompanied 11 ith report ( erv1c w.t · ) or status lllfonna tiOII (ser v1c ) 
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private servi ces decl = 
'PRIVATE' 'SERVICES ' pri serv_decl { ';' pri serv_decl} 

pri serv_decl = test serv_decl I serv de c l 

behavi ors decl = 'BEHAVIORS' beh decl { ';' beh decl} 

beh decl = 
beh name ';' 
[ 'PRIORITY' inte ger ';' ] 
'ACTIVE' 'WHILE' bool_expr 
'BEGIN' body 'END' beh_name 

Behavior's activation depends on the tmth value of bool_ expr defined in 
'ACTIVE ' 'WHILE' part of the declaration. When boo l _ expr is true, the 
behavior will be active. There can be several behaviors active at the same time. 
However, only the active behaviors with the highest priority (lowest intege r 
number) are executed, while other active behaviors are paused. By default, behavior 
has highest level priority. 

init beliefs = 'BELI EFS' 'INITIALI ZATION' body 

body should be used for the assignment of values to various facts. Facts that are not 
initialized have special value: UNKNOWN. 

init intentions = 
'INI TIAL' ' I NTENT I ONS' intention { ';' intent i on} 

intention = serv name ' (' [params] ' ) ' 

params =par { ' ,' par} 

Intentions are the list of services that have to be performed. 

All actions specific to all particular problem domains cannot be covered with any 
AOP language. Therefore LASS does not contain actions which would be used in 
services such as: "open_the_door", "pick_up_the_box" (robot's actions), 
"send_email_to_boss", "check_the_web_site", "get_the_headlines" (actions of the 
personal digital assistant), etc. 

In order to use LASS in every particular MAS domain, domain specific 
services should be grouped in the special agent named SYSTEM. ,')'YSTEJvf should be 
able to provide its services to every local LASS agent. From the viewpoint of any 
LASS' agent, it would act like LASS' agent. However. it would not be programmed 
with LASS. It would provide domain specific actions represented as LASS services. It 
would serve as an effector common to all local agents. 

To every hardware component in MAS is attached exactly one SYSTEM 
agent. 
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4. Related Work 

The first AOP lang1mge that uses mental categories is AGENTO (1161). 
Agents progranu11ed in AGENTO have their initiC11 beliefs Cine! capabilities to perform 
private and communicative actions. The main pat1 or AGENTO program arc the 
commitment m1es. Each commitment mle determines the new commitments and 
other mental changes that will occur if particular message is received. Types of 
messages are chosen from the speech acts theory ('inform'. 'request', and 'unrequest'). 
Agents programmed with AGENTO arc synchronized with a common clock. The 
language is loosely coupled with modal temporal logic. This logic is used for the 
specification of the language. 

Unlike AGENTO. /,.·/.)',)'is intended for practical usage. AGENTO's purpose 
was to introduce new concepts in an elegant manner. LASS is not bound to any logic. 
It uses some procedural constmcts and it s expressive power is greater than it is in 
AGENTO. Agents' communication in U ISS is iuspi rcd with remote procedure ca ll. 
while agents in AGENTO usc speech acts. Communica tion with speech acts reminds 
on human-like communica tion. but it is less effi cient and less convenient than the 
communica tion used in !..!ISS. Agents programmed in UJS,)' do not usc clocks and 
references to time points to synchronize thei r actions. a 5 k _ 5 e rvi ce _ wait ca n be 
used for synchronil'.at ion. While AGENTO possesses some clements of logic 
program ming. UJ,)',)' is more oriented to procedural constructs. 

PLACA (11 71. 11 81) is the descendant of AGENTO. PLACA introduces 
planning capabiliti es of agen ts. Agent in PLAC A uses plans to achieve the desired 
tate of the world. 

Agents in J....L'l'S al o u e plans. but piC1nS cannot be generated at nm-time as 
the) can be in PLACA. Whereas PLA A is descendant of AGENTO. its comparison 
with f.A,\'S IS similar to the comparison of AGENTO aud LJ .\S. 

In oncurrent MctateM (I I 11 . 11 21. 1201) MAS is speci!icd with the logic. 
The logic 1 modal and I! near temporal peci!icat1on of MA 1 d1rect1y executed 

oncurrent MetateM ts on l) u1 cxpcnmental tagc and so far it ha no 
common features wi th /.,. 1.\'S 

A di/Tercnt approach to MAS progranun111g is proposed in [15] . In 
II MA •. the language for agent pccl!icalion has two le\'els The lower level u e 
object of Java. ommon i p and +-1 in tcad of mental categones. Htghcr lc cl 
conta1n constmct for organi;.atJon of obJects from the lower le cl 11110 agent's 
program Agents lll J l MAG communicate and rcce1\'ed me age arc handled 
wi th rule imil<lr to those 111 A NTO and PLA A 

LJ.\'S doc not a ii 0\1 the use or other language . However. two type of 
pnn11t1ves 111 I 1.\X c:w be tdcnufied PrimJtl\1- that arc pcc1fic for A P langua •c 
(commun1catrve act10n Cr\ 1ccs. pl:tns. mtent1ons. bcha\lOr . etc) correspond to 
ht •her le,·cl 111 II MA Pnmtti\C. tnhcntcd from procedurnl language 
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(loop a c ti on, cond_a c ti on, modify_fact_a ction, 
input output a c tion , .. . ) correspond to lower level in HOMAGE. 

The AOP language with the greatest influence on our research is 
AgentSpeak (119]). Creators of AgentSpeak aimed to join object oriented 
programming and MAS concepts such as: mental categories. reac6ve and proactive 
properties. distribution over wide area network, real -time response, communication 
with speech acts. concurrent execution of plans in and between agents and meta-level 
reasoning. 

LA.s:c;,· is very similar to AgentSpeak. The main difference is in 
communication. We believe that LA.)'S introduces more powerful communicative 
primitives tJwn those existing in languages enlisted above. Speech acts can be easily 
implemented in LASS using services. Services act like remote procedure calls and 
enable more efficient and simpler transfer of information. 

None of the above languages possess such a powerf1il construct for agent's 
reactivity such as behaviors. Behavioral approach to artificial intelligence is 
developed at MIT Its creator. R Brooks ([5] . [7] . [8J). has developed many simple 
robots that are able to perform complex tasks. Brooks proposes Subsumption 
Architecture for the organization of behaviors. Behaviors in LASS are organized in 
the similar manner. 

The combination of deliberative agent architecture and behaviors is 
proposed in [I 0], for the progranuning of animated agents in computer <mimation . 

. Most of the concepts used in LASS are already seen in other programming 
languages. The significance of LAS'S is in the inclusion of all these concepts into one 
programming language. 

5. Conclusion 

This paper presents a new programming language called LASS. LAS,\' enables 
programming using agent-oriented concepts. Usage of these concepts in computer 
programming should make it more convenient and easier for wider population of 
people. 

Besides other concepts. LASS provide the usage of behaviors. Behaviors can 
be used for progr anuning of agent's reactive features. 

LASS ancVor ideas on which LAS:) is based were conceptually applied in the 
previous research of the authors. A multi-agent system in agricultmal domain is 
described in [I j and in [3]. Intelligent tutoring system compound of agents is 
described in [4] and [6] . Personal digital assistmlt programmed in LASS is given in 
[2]. 

LASS is not yet available for practical use. but authors are working on its 
implementation. LASS is being implemented in Java. The implementation will be 
done in three steps. The first step is aimed for the creation of the Java's objects, thai 
will be used for the implementation of some parts of L4S'i:.,'. This stage of L4.%' 
implementa6on as well as the use of the created objects in implementation of three 
MASs might be included in a master theses of the first author. In the second stage all 



remaining Java's objects that arc necessary for L /.\'S implementation will be created . 
Finally. in the third stage a translator rrom L /.\',\' to Java will be made. 

! .. ISS is suitable for agent-orient ed so ftware engineering. This approach to 

son\larc e11gineering has several aclva11tages. It facilitates the usage or diYiclc-allcl­
conquer strategy. Jt also enables the exploit ;ltioll or parallelism. Software system can 
be eas ily deployed on the wide area network and executed tln several machines 
simultaneously. Whereas agents arc encapsulated entities. the system behaves 
robustly when the additi on of new agents or the modification or removal of exi sting 
ones occurs. 

Acknowledgment 

A uthors arc grateful to proiCssor II;Hts-Dieter Burkhard lor hi s valuable help. 

References 

Ill M 13;tdjonsh M 1\':J itO\'JC. "An A pplicatio11 of M ultt -agent T heory in 
Agn cullure". Proceedings or IFU· ,.-,,.,\'( /n tem o//()1/(" ( 'o //f ere /1 ('(' Oil 11/ICI! ig cll/ 

l ' roce,,·,, " '.l!. .\ :t•ste111s (11'1'1-' f('ff>S). Beijing. (' luna, I'JlJ7. to appea r. 
121 M Badjonsk i. M 1\'anov ic. "Person:tl Di git ;tl Ass ista1tt Programmed in / .. ISS" 

l ' ruceetiiii ,I!,S o/' l ' oiiOII IW I . l f 'f ' I IC•tl l!otiiC' IIIII fl co l Mee/11 1,1!.-' (I '. IJ\ !t\1). Ba laton 
l lungan . I'JlJ7. to appea r 
111 M Bad.Jonsk l M h ar101rc. "Multr -agertt S~ s t cm lor Deternnnatr o r1 ofOpt11nal 
II ~ bll(l lor Seedi ng" . Procecdrngs of Ef-ITA 'IJ? - F1rst Europea n Confere nce fo r 
ln fo rmatr o11 Tcchno l og~ 111 Agti cultu rc. Copenhagen. Denmark Ju11e I ~ - I X. l lJ97 
to appear 
I-ll M BadJonsk r M hano1 rc I Buell mac "Poss rh rlr l\ ol us11tg M ul tr -Agent 
S~s t e n1 111 f·ducatlon" l 'ruceetllllgs of II· I· /· flltem otl oll rd ( 'rmfi'n' IICC' 011 Snlt' lll\ . 

lion 11111/ c ·1·lw m et1 n Orlando. I· !tHida lJ"A. Ot.tobcJ 12- 1 ~ I 'J IJ7 to appear 

1" 1 R A Brook<. " lntclllgem:c \llthout Reason " /'mn•erllllg ' of the lll 't'/fth 

flllt'I'I/UIInllol ./n /111 ( 'ul/f('/'('1/n' 0 11 l rll [icw l 111/(' lllgt' lln' (/.!(· II <J I ) pp 'i(,l)-'i 'J5. 
S~tlll c\ A ustiaha I 'J'JI 

1<,1 M Bad(o11sk1 M ha1101 1c. I Bud1111;u.:. "Poss1brl 1t1 of us11 1g Multr -agcnt " ' stcr11 
Ill I ducat lOll " Proccedrngs of I I· !- r l·/1'.\( llllt ' /'11 (/(/U // Id ( 'u ll /('/"('1/(( () // 111/(• 1/ig ('ll/ 

/'rnr c'"'".l' ,\ 1 ' tems r/1 ~·;. l · /('II'S! . BI.! IJIIl l! C' h11ra I')'J7 to appear 
171 I{ A Br oob " lllt l.! lllgcnc\! 111thout Rl!pr l.!scrlt :t tr on" l rf r/ic 111/ /ntelll.l!.(' l/n '. 

~ 7 . 1 11J- I 51J . IIJ \J I 

l XI R. A Brooks. "A robu.,t l:t)Cl \!U CO illr ol '-\ Stem I(H a lllnbrh.: robot". IF!:'!-' .luumul 

uf Huhu/1 ( ' lllllf , lu tumoflu/1 , 2( I) 1·1-21 . I ')XCJ . 

I 'l l II J) Burl..l1ar d, "A •ent -Or i\!111\:d Pr ngr:tnllttlll l! lor Opl.!n S~ stcrm". lll tc•lli.l!.t ' llf 

. Jgelll \, Lec tur e . otcs in A rtiliu:t l lllt c.:l lrgl! llcc. Vo l X'JO ~Jmllgc r -Yc rlag. I 'J'JI. pp 
2'J 1-1oc, 
I IC II 1\1 ( osta B FciJO. "Agent "i llr Emutr ons i 11 Bcha\ ior :1l A rurnatron" . 
( 'umputer,, c\ ( imtJ/IIc \ , Vol :w. , o 1. pp 177-1X- 1. l ')l)(, 



P-18 MTI-IAL BAD.JONSKI , MIRJANA IVANOYIC 

[11] M. Fisher, "Representing and Executing Agent-Based Systems", Intelligent 
Agents, Lecture Notes in Artificial Intelligence, Vol 890, Springer-Verlag, 1994, pp. 
307-323 . 
[12] M. Fisher, "A Survey of Concurrent MetateM - the language and its 
applications", Temporal Logic - Proceedings of the First International Conference 
(LNAI Volume 827), pp. 480-505, Springer-Verlag, July 1994. 
[13] S. Franklin, A. Graesser, "Is it and Agent, or just a Program?: A Taxonomy for 
Autonomous Agents", Working Notes of the Third International Workshop on Agent 
Theories, Architectures and Languages, ECAI '96, Budapest, Hungary, pp. 193-206. 
[14] L. Glicoes, R. Staats, M. Huhns, "A Multi-Agent Environment for Department 
of Defense Distribution", Adaptation and Learning in Multi-Agent Systems, Lecture 
Notes in Artificial Intelligence, Vol1042, Springer-Verlag, 1996, pp. 53-84. 
[15] A. Poggi, G. Adorni, "A Multi Language Environment to Develop Multi Agent 
Applications", Working Notes of the Third International Workshop on Agent 
Theories, Architectures and Languages, ECAI '96, Budapest, Hungary, pp. 249-261. 
[16] Y. Shoham, "Agent-Oriented Programming", Artificial Intelligence, 60(1):51-
92, 1993. 
[17] S. R. Thomas, "The PLACA Agent Programming Language", Intelligent 
Agents, Lecture Notes in Artificial Intelligence, Vol 890, Springer-Verlag, 1994, pp. 
356-370. 
[18] R. S. Thomas, "PLACA, an Agent Oriented Programming Language", Ph.D. 
thesis, Computer Science Department, Stanford University, Stanford, CA 94305, 
August 1993 . (Available as technical report STAN-CS-93-1487). 
[19] D. Weerasooriga, A. Rao, K.Ramamohanarao, "Design of a Concurrent Agent­
Oriented Language", Intelligent Agents, Lecture Notes in Artificial Intelligence, Vol 
890, Springer-Verlag, 1994, pp. 386-401. 
[20] M. Wooldridge, :A Knowledge-Theoretic Semantics for Concurrent MetateM", 
Working Notes of the Third International Workshop on Agent Theories, 
Architectures and Languages, ECAI '96, Budapest, Hungary, pp. 279-293. 
[21] M. Wooldridge, N. R. Jennings, "Agent Theories, Architectures, and 
Languages: A Survey", Intelligent Agents, Lecture Notes in Artificial Intelligence, 
Vol 890, Springer-Verlag, 1994, pp. 1-39. 



PROCEEDINGS OF' THE Vl [] CONFERENCE ON 

LOGIC AND COMPUTER SCIENCE 1./Rif 97 
Novr SAD , YUC:OSLAVIA, SEPTEMBER 1- 4 , 1997, PP. 19- 25 

THE CONCEPT OF LOGIC PROGRAMMING LANGUAGE 
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Abstract - The systems of automated reasoning are put into the base for 
development of the descriptive languages for logical programming in this paper. 
The determinate resolution system for automated theorem proving is especially put 
into the base of prolog-like language, as the surrogate for the concept of negation 
as definite failure. This logical complete deductive base is used for building a new 
descriptive logical programming language. The language enables eliminating the 
defects of PROLOG-system (the expansion concerning Horn clauses, escaping 
negation treatment as definite failure), keeping the main properties of PROLOG­
Ianguage and possibilities of its expansions. 

1. INTRODUCTION 

The methods and techniques of automated reasoning have a wide variety of its 
applications. The computer can be used to assist in various reasoning aspects, as 
well as it has been used to assist in certain numerical aspects of mathematics. In this 
sense, "automated reasoning is concerned with the discovery, formulation, and 
implementation of concepts and procedures that permit the computer to be used as a 
reasoning assistant", (Wos, [13]). 

The developing of automated reasoning results into the developing of logic 
programming languages. The advantages of changing one system for automated 
reasoning by the other are described in this paper. The determinate resolution 
system for automated theorem proving ADT (OL-rcsolution with marked literals) is 
especially put into the base of prolog-likc language, as the surrogate for the concept 
of the negation as definite failure (SLDNF resolution) in PROLOG. 

2. THE RULE OF ORDERED LINEAR RESOLUTION AS 
THE FOUNDATION OF AUTOMATIC THEOREM PROVING 

The most popular method for automatic theorem proving is the resolution method, 
which is discovered by J. A. Robinson in 1965 ([1] , [5) , 114]). Since 1965., many 
resolution forms and techniques arc developed because the pure resolution rule has 
been unable to handle complex problems, (!71) . 

The general automatic method for determining if a theorem (conclusion) A follows 
from a given set of premises (a.Xlorns) F 

F I A 
Each formula will be transformed to the clauses form The clauses have the form· 
Lr v L2 v ... v Lm, where L1 arc lrteral . The rnbol for diSJunction i · v 

I '- 1 !I 
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The literals Li have the form: P{b,h, ... , tn) or -,P(t1,t2, ... , tn), where P is 
predicate symbol, ti is term, -, is negation. The literal P{h,tz, ... , tn) is called 
positive literal, the literal -.P(b,t2, ... , tn) is called negative literal. 

Resolution method is a syntactic method of deduction. Reduction ad absurdum is in 
the basis of resolution method: 

F 1- A iff F v { -,A } 1- contradiction . 

Resolution rule will be applied on the set of clauses - axioms which was expanded 
by negating the desired conclusion in clause form. 

Ordered Linear (OL) resolution rule with marked literals ([6]) increases efficiency 
and doesn't disturb completeness of pure resolution rule. 

The generating process of OL-resolvent from central clause (dl) and auxiliary 
clause ( d2): 
1. Redesignate variables (without common variables in the clauses). 
2. Determine universal unificator E> for last literal of dl and k-literal (k=1,2, ... ) of 
d2 (if it exists for some k, else it is impossible to generate OL-resolvent for 
specification clauses). 
3. Create resolvent with marked last literal in dlE> and add the rest of clause d2E> 
without 1{-literal (dlE> and d2E> are clauses, which were formed by universal 
unificator E> applied on dl and d2, respectively). 
4. Eliminate identical non-marked literals and tautology examination (tautologies 
are not memorized). 
5. The Shortening Operation (delete all ending marked literals) 
6. The Compressing Operation (delete the last non-marked literal, which is 
complemented in relation to negation, with some marked literal for unificator A.). 
7. Repeat steps: 5 and 6 until the empty clause is got, or the Compressing Operation 
is not applied on the last non-marked literal. 

The rule of OL-resolution with marked literals is separated in two parts: in­
resolution and pre-resolution. The steps: 1 - 5 are represented in-resolution. The 
steps: 6 - 7 are represented pre-resolution. Mid-resolvents are the products of in­
resolution and without their memorizing, the completeness of the method can be 
lost. This modification of Ordered Linear resolution rule is served as the base for 
development of the system for automatic theorem proving ADT. 

3. THE SYSTEM FOR AUTOMATIC THEOREM PROVING ADT 

ADT is a system for automatic theorem proving ([2]), which is implemented on PC 
- computer by Pascal programming language. The ~stem ADT is based on the 
resolution rule. The rule of Ordered Linear Resolution with marked literals presents 
the system base. The system is developed at Technical Faculty "Mihajlo Pupin" in 
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Zrenjanin. ADT is projected for scientific - researching. teaching and practical 
purpose. 

The system ADT disposes three search strategies: breadth-first. depth-first and 
their combination. The first and the second strategy are common blind search 
procedures. The third blind search procedure is constmcted as their combination. 
The system ADT permits comparisons of strategies. Numerously expcdments with 
ADT system are shown that depth-first strategy has the most efficiency. In depth­
first search. a new node is generated at the next level. from the one current. and 
the search is continuing deeper and deeper in this way until it is forced to 
backtracking. 

The main characteristics of ADT system: 
- This system presents a complete logical deductive base: the clauses-set is 
unsati~fied (contradictorv) iff the empty clause is generated hy finite use of the 
resolution rule . So. the proof of conclusion A is completed ( F 1- A) when the 
empty clause is generated by the resolution from clauses-set F u {-,A} . 
- Be ides the theoretical completeness of the system. it has the satisfying practical 
efficiency limited by the space-time computer resources. 
-The first-order logic is the form of representation in ADT system (each formula is 
transformed into the clause form) . This deductive base has no restriction in Horn 
clause (expansions concerning Horn clauses) and it allows the logical treatment of 
ncgatton (escaping negation treatment as a definite failure) . 

Therefore. the system of automated reasoning ADT is put into the base for 
development of the descriptive language for logic programming. This logical 
complete deductive ba c IS used for building a new descriptive logical programming 
language. 

4. THE CONCEPT OF LOGIC PROGRAMMING LANGUAGE 
BA ED ON ADT Y TEM 

Man) log1c programm1ng languages have been unplemented. but PROLOG 1 the 
mo t populCJr langur1gc and u cful for olv111g man} problem 

PR LOG as a log•c-onentcd langua •c (14] . ]81 ]9] . Ill j) contatn a re olutlon­
ba ed theorem-prover (PR LOG- tcm) The theorem-pro cr 111_PR OG appears 
\\ 1th the depth-first earch approach It u e the pcctal re olut1on rule SLDNF 
(L1 ncar re olut1on \Hth clect1on functiOn for Dcfin1te ci<IU e and Negauon a 
Fatlure) 

he fir t-order pred1catc logtc IS the fonn of rcpre cntat1on 1n PROL PROLOG-
I of cntences \CI) ntencc 1 fint. hcd b) full top Program 111 

fact.) and a theorem to be pro\cd ( •oat ). The 
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Horn clauses ([9]), are clauses with at most one positive literal. 

The rules have the form: 
G :- Tt, Tz, ... , Tn. 

where G is positive literal and Tj G=1,2, ... ,n) are literals (positive or negative). The 
symbol for conjunction is: , . The element G is presented head of the rule. The 
elements Tj G=1,2, ... ,n) are presented body of the rule. The separator :­
corresponds to implication ( <= ). The symbol for negation is: not. 

The facts have the form: 
G. 

where G is positive literal. 

The goals (questions) have the form: 
?- Tt, Tz, ... , Tn. 

where Ti (i=1,2, ... ,n) are literals. 

Practically, programming in PROLOG is restrictive in a subset of first-order logic. 
Hom clauses are represented the first defect of PROLOG. The concept of negation 
as definite failure is represented the second defect of PROLOG. 

An other approach to logic programJning is implementation a new deductive 
concept. The determinate system ADT for automated theorem proving is especially 
put into the base of prolog-like language, as the surrogate for the concept of 
negation as definite failure. This logical complete deductive base is used for building 
a new descriptive logic programming language. 

The first-order logic is the form of representation in ADT system, too. But, this 
system has not restriction in Hom clauses. It appears with clauses. The program on 
logic language based on the ADT system is a set of sentences (clauses). There are 
three kinds of sentences: rules, facts and goals. Every sentence is finished by full 
stop. 

The rules have the form: 
Gt, Gz, •.. , Gm :- Tt, Tz, ... , Tn. 

where Gi (i=1,2, ••• ,m) and Tj G=1,2, ... ,n) are literals (positive or negative). The 
symbol for cm·yunction is: , . The elements Gi (i=1,2, •.. ,m) are presented head of the 
rule. The elements Tj G=1,2, ... ,n) are presented body of the rule. The separator :­
corresponds to implication ( <= ). The symbol for negation is: ~ . 

The facts have the form: 
G. 

where G is literal (positive or negative). 
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The goals (questions) have the form: 
?- Tt, T2, •.. , Tn. 

where Ti (i=l,2, ... ,n) are literals (positive or negative). 
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The rules and facts (axioms) are presented by auxiliary clauses. The goal (central 
clause) is negating the theorem to be proved. Symbol ?- in goal is the substitution 
for negation. The execution procedure is ADT system based on OL-resolution with 
marked literals. This formulation enables eliminating the defects of PROLOG­
system. 

The logic programming language PROLOG and the logic programming language 
based on ADT system are compared. 

PROLOG rules and facts do not allow the explicit statement of negative 
information. But, the declarative syntax of the logic prograrruning language based 
on ADT system allows the expression of negative information in rules and facts. 
Also, it is possible to construct the rule with more than one clement. 

ExamJ>Ic 1. 
The problem of trying to fommlatc sentence: 
II Alice likes whatever Queen dislikes, and dislikes whatever Queen likes. II into 
PROLOG form, ([ 10]). The representations 

likcs(alice,X l) :- notlikcs(queen,X l) . 
notlikes(alicc,XL) :-likes(quecn,Xl) . 

arc illegal in PROLOG because the second rule has a negation in head (it isn't Hom 
clause). It is possible to solve the problem by trick - using a modified predicate 
likes, and expressing the statement as · 

likes(alicc,X 1 ,true) :- likcs(qucen.X l.false) . 
likes(ahce.X l .false) :-likes(queen,Xl.true). 

The expansion conccmmg Hom clauses on the logtc programming language based 
on ADT system has the posstbthttes to express the statement as 

likcs(alice,X l) :- - hkes(queen,X l) . 
- ltkes(alice,X l) - likes(quccn,X l) . 

PROLOG-system has the negation defect. (17]) . This defect IS corrected in ADT 
system 1L can be illustrated by the followmg example 

Example 2. 
Program tn PROLOG 
vegctanan(tom) 
Yegctanan(l\an) . 
mokcr(tom). 

ltkcs(ana.X l) :-not ( mokcr(XL)), 'egctarian(XI). 

PRO LOG-S) tern gt,·e unconnected answers on the following qucstJons 
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?- likes(ana,Xl). 
no 
?- likes(ana,ivan). 
yes 

If the last clause is now: 

IVANA BERKOVJC:, PETAR E-J OTOMSKI 

likes(ana,Xl) :- vegetarian(Xl), not (smoker(Xl)). 

PROLOG-system gives wrong answers on the following questions: 
?- likes(ana,Xl). 
Xl=ivan 
?- likes(ana,ivan). 
yes 

These answers are incorrect because we have not data about Ivan and smoking. We 
don't know is Ivan a smoker or not. The correct answer will be: "I don't know". 

The program in logic programming language based on ADT system: 
vegetarian( tom). 
vegetarian( ivan). 
smoker( tom). 
likes(ana,Xl) :-- smoker(Xl), vegetarian(Xl). 

ADT -system gives answers on the following questions: 
?-likes(ana,Xl). 
Success=O 
The proof isn't completed 
?- likes(ana,ivan). 
Success=O 
The proof isn't completed 

When the last clause is: 
likes(ana,Xl) :- vegetarian(Xl), -smoker(Xl). 
ADT system also gives the correct answers: "Success=O, the proof isn't 
completed". 

In fact, ADT system generates resolvents, but can not complete the proof with 
depth-first strategy. In this system is escaped the treatment of negation as definite 
failure. 

The concept of logic programming language based on ADT system allows 
eliminating of endless branches, recursion using and works with structures and 
lists, as well as PROLOG. It is presented in some concrete examples, ([3]). 
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5. CONCLUSION 

Completeness and universality of the resolution method, as the base of ADT system, 
enables it to be applied as the deductive base of prolog-li.ke language. The 
relationship between programming language based on ADT system and 
programming language PROLOG are emphasized. The logic programming 
language based on ADT system enables eliminating the defects of PRO LOG-system 
(the expansion concerning Hom clauses, escaping negation treatment as definite 
failure, eliminating of endless branches), keeping the main properties of PROLOG-
language and possibilities of its expansions. ' 
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1.1 Finite automata 

Most of our automata-tlworetica l notations and definitions are adopted from [:3]. 
A (nondeterministie) finite automaton (NFA) is represented as a 5-tuple 

A= (Q, E , T, 1, F), where 

Q is the tini te set of states, 
E is the input a lpbahet , 
T: E ----;- P(Q x Q) is t.h(-' trans ition funct.i on , 
1 c;;; Q is the sd. of in itial states, 
F c;;; Q is t he seL of final states. 

Note that fo r each input. syrnboJ CJ E E , -c(CJ) is a binary J'(clation on Q, called 
the relation indnn~d hy CJ in thl'~ autmnaton A. We prefer the notation CJ A 

to 1(1T). VifhPn ·rt E E* is an inp111. word , "llA denotes the n~lation indueed by 
v. in A. 

The automaton A can h tc visnalized a::; a. cl1n~ r.t.tcd grn_ph with vertices Q, and 
edges la.lwled by input symbols ill E. Mot.iva.t.tcd by this point of view, we shall 
sometimes denote th e re lation 1LA by ~A . Then IJ ~A q' mtcans that. t.here is 
a directed u.- lahded path frotn vertex 11 to vertex q'-

The language L(A) recognized by A consists of those words u E E * for which 
there exists a u.-lahelecl path from some initial state to a fi.;1a.l state, formally 

L(A) = {u E E* J I ~A F} 

Wllf'n A is und erstood, wP ::;ornetimes oruit the suh::;cript in ~A a.ud 'ltA-

Wtc r.a.ll A a det<~rministic. finite automaton (DFA) if it has at most one 
initial st.ate , and (-~ach rrla.t .ion CJA (CJ E E) is a Jlart ia l function Q ~ Q. A 
deterministic automaton is call ed <~nmplete if it has a unique initial state, and 
each of its input sym bols inchtces a total function . T be automaton A is call ed 
a r<~set autmnaton if it has a.t. most. one initi al stat·.<' and each input sytnbol 
CJ E E ind11ces eit.lwr the identity functi on or a partial constant fun ction Q ~ Q. 
Note that each reset. automato n is dtcterrninisti c. 

A state rz of A is called accessible (respectively, eoaeeessible) if there exists 

some input word u E E* with 1 ~A {IJ} (respectively, {q} ~A F). Note that 
each initial state is accessible and each final state is coacctissible. A biaceessible 
state is one which is both accessible and coaccessible. T~o states lf , q' E Q are 
called equivalent , denoted q ~A q' , if 

for all input. words v. E E*. Suppose that A is a DFA. Then A is calltcdminimal 
if a ll of its states are biaccessible, and it has no different equiva lent states , and A 
is called aperiodic ifthertc tcxists an integer k 2:0 such th at (vk)A = (vk+l)A , 

for all v. E E*. ObserV<-~ that if A is a reset automaton then (u.2)A = (u:J)A , 
and if A is a. complete reset. automaton then llA = ( 1l 2)A ! for all words tt E E* . 
Thus, each reset automaton is an aperiodic DFA. 
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Remark. It is we]] known (see [:3]) th a t. a. deterministic a.uton1 at.on A i s aperiodic 
k - u 

if and only if i!. satisfi es th e i 111pli ca I. ion tj __::___...A If => If-A q, fo r all st at es (j , 

(non<' IIIpt.y ) input word s u il.nd intege rs /.; 2: 2. 

1. 2 '1\tring machines 

W e as~lllll e the r<>a.der is fa.lllili a. r wit.h Turin g nmr hines <tnd th r bas ic roncr pt.s o f 

CO illpi1' Xit.y theory , S11 ch as :;par('-C0111plex it.y and logs pace- redu r ihilit.y ( ~:>eP [1], fo r 

PX<u ItpiP) . N c•vert.hri Pss, we• hriPfl y n' vic' w sOIJtP has ic dPii ni ti ons and no tat.i o ns. 

A <l<~tcrmiuisti< : Turinp; maehitw (DTM) wit.h a sin g le om·- way infinite 

t.apP is a sy stem M = ((J , r, E , 5, lfo, IJJ ) , wherr 

Q is !.h e fini!.P :;<.> t of st.at.Ps , 

r is t,IH' t.apP a lph alw t. co ntaining t.lw spc>c i n l " hl a.nk" sy illho l b, 
~ ~ / ' i s th e input :1lphalw t. , b f/:. ~ . 
b: (J X / '- Q X r X { - 1, 0, I} is i.h <' parl.i a. ll.m n:; i!.i o n fult r l.i on , 

IJu E Q is t.lw initi al sl.al.r , 

'I f E Q i:-; l.hr filial st.a t.e. 

W<' say I.IH' Ji mchinP M is in t.h1' coutip;nratiou ( r1 , i , u ) fo r i l st. ;ii,P 11 E (J_ 
iiJi.l').\l' r i E w <tnd infinil.1' word 11 E / '"' if i11 sl. al.1' 11 il scans l.lw it.h l.<t (l l ' n •ll 

a11d i.l w cont.Pnl. of t.lw LapP is 11 . TIH' la11p;uap;<' L(M ) ~ ~,. r e l'oguizc d hy M 
ro nsi:- l s of I hos<' input words 11 E :..;• for w hi ch M rPach<•s t. lw fin al n lllfign ra t ion 

( IJJ . I .~w ) w lu•n it is sl art.c•d fro111 !. h1• inil.i:l l ronfigurat.ion {q11 , I , uliw ) 
Tl w lrt ll )!; ll <tp;<' cl a.~s PSPAC E consists of t. hmw lanp, tl ilJ.!,<'S w hi r l1 ar<' rc•cog 

ni h<' d l1y SO li I< ' Turing Jll arhitw M ha Vlll ).!; :-; p;t<"<'· ro tllpl <·x it.y 71. fo r SOJII <' po ly 

nn llJ ia l fnn ct 1011 11 · N - N S11p pnsl' /, ,uHI /,' i \1"( ' lang,Uil).\1 s In t In :-; p:q H•r , 

/ , < 1,._.1 / ,' sl rl!lds for " /, II' lngspan rl'dllr lh iP lo //" l' h<' lanp; tl il)!;P /, is r al ll'd 

P PACE-hard w Jtlt rl's pt•c t lo lo)!,sJlilCI'- rPdu r llons, wrtll l'n P P A 'E < l n_q / ,, 

if I' VPJ".Y la11p; 11 ap;P i n P P A 'E 1s lo)!,s ]lil <' l '- rPd II CI hiP I " L Lasll _y . /, is r al l1•d 

P PAC'E-compll' t l' with rt sp1 ·c l In l oJ.!,s p ;~cP · rt ·di t r lt o n s if L F PSPACE a nd 

P PA 'E · , .... , /, 

2 R ult 

v\'t • iiJ"t ' llllt •rt •s lf'd Ill il l!' 1"1J lll)llll al i11 11al !"ll llijll f'X I( y n f il11• fn llm\'111 )!, t] , ciSIII II 

prnhlt 111s: 

I . ' J iw iul I' J"SI"!" IIII Il prn hlt-111 " ' 1"1 '1'1 ' 1 aul n tuat a (I n ) 
1!': 1' 11'1 . 1\ toi' !Jlll ' ll l"t ,..1 1 11 ( 11 2: ~) o f r• · • I ;ull fl lll il l a WII It a rn iJIIJ II>Il 

III]HII alpltab1•1 

(~IJ hS I 10 • •• J) o('l"o n. , .. ]' ( ) I ~hold '' 

~ 1\ III Olll ll i fl ll hi Hrfn t' ll t , S( S ) 

L ' I ' il l : 1\ tH> IId• I • nu i ni"lt r ftntl • il lll •>lna l nll A 
(~1 11 : "'110 !'1 : l>nt'S A r t rop;niz• a sl ;tr- froo• lanp; nag• '! 
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:3. Regular t>xpress ion star-freeness (RSF): 
IN PUT: A regular PXJHPss ion E. 
QUESTION: Does E den ott> a star-free language? 

Assuming some efficient encoding of automata. and regular expressions with 
words over a. fixed finite a.lpha.bt>t. (see [4]) , all these problems can be considered 
a.s languages. 

Our first lemma shows that for each reset automaton A there exists a ''short" 
regula r expression denoting the cornplement of the language recogniztecl by A. 
This fact plays a key role in proving that l.lw problem RSF is PSPACE-hcml. 

Leunna 1. .)'uppose lh.a.l A = ( Q, E , T , I , P) is a. reset automaton . Then th en: 
e1:ists a. regular f.J;pression F) of lFnqth. O(IQI·IEI) such. that L(E) = L(A) 

Proof. We may assunH' thai. A has a unique initial state q0 . Let 

Xy = {O" E EiQO"A = {q}} 

Yq = {O" E EiqO"A = {q}} 

Zq = {O" E EiqO"A = 0} 

E _ { 5:;* Xq Yq* if q -::f. qo 
"- 5:;* XqYq* U Y.t if q =go , 

for all q E Q. Lastly, let 

E = ( U E") U ( U EqZqE*) . 
qEq\F qEQ 

One can show that 'II E L(Eq) ==::} qou <;;; {q} and qo·u = {q} ==::} tt E L(Eq) , 
for all q E Q, tt E E*. Then L( E) = L( A) follows since the clefini tion of E 
expresses the fact that an input word v. E 5:;* is reject;ed by the automaton A 
either if q0 v. = {q} for some non-fi.na.l state r1 , or rJoV. = 0. 0 

Our main result is the following . 

Theorem 2. The problems IPR, ASF and RSF are PSPACE-complete with 
resper;t to logspace reductions. 

Proof. We show 

PSPACE '5: tog IPR '5:tug RSF '5:t og ASF E PSPACE, 

wherP IPR is the complement of the problem IPR. It is easy to see that 
RSF '5: tog ASF: givt>n a regular expression E , alogspac.e- bouncled Turing ma­
chine can construct a nondeterministic automaton A such that L( E) = L(A). 

Proof of PSPACE '5:tug IPR: Suppose that L <;;; E* is a language in PSPACE. 
Then also L E PSPACE, and thus there exist a polynomial function p : N ---+ N 
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aud a deLPI'Illini ,.; t.i c T tl ring II lac hine' M = (Q, r. ~. b, ljn , 1/.f) o f :;p acP-COluplexily 

11 w i t.h L(M) = T Supp ose' !.hat. 11 E :..;" j,.; a n inpul. word, for :;O LIH' 11 > 
[), VVe co n,.;LrnrL a ,.;Pqtl c> n rc' S .T' ,A 1 , ...• A 11 , llf re,.;e l. a.utO IIl ilL<~. wh er P 111 = 
lllit X [l,{n) , If , ,.; uc lt !.haL 

w II<' r• · 

u E L(M) <===> L(S) n L(T') n n L(Ai) i-_!!· 
iE[tll] 

s = ( CJ , , I , Ts . { 11o } , frl.r f ) 
'f' = {[111], /I,Tr, [lf , {l }) , 

A, = (/ ', t l , T;, {(u ~ui); f , { ~ f) , 

:\ = {(q , .\·, 1) jr, E CJ , .\· E [1n], l' E / ' f 

It I Ill tlw I l'il lt s it itt II l'tlll l' l i c111 ,.; r_.;;, Tr , T1, ... , T11 , Hl'l' dt•lil w d il>' fo l lows. 

StipptlSt ' I h ;d 11 - (rt , k , 1) i,; <Ill <' lt' lll l' lll o f . \. lf h{lf , /) i ,; 1111d l'ii l l< 'd t.IH' Il 

T_.;;( u ) ~ rr(u) - T1(11 ) - · · · = T111 (11) 0, 

{('! · r)f 

Tr(u) 
f [ ( k , .\· I I) f i 1'/.- I I F' [ 111 J. 
l 0 II .\· I I rf [ 111 J. 

T,(u) 
f [(')' . /1

) f If,\· i 
l {(IT. IT) IIT r / ' f 11· .\·f. i 

( l) 

l'lll llllllllltlll IS th;d tlw lllll•lllllllli s r .A, A, lll~tllltr ',; illitdatt •" tlw 

t'llll ljliii ,Jtill ll 11f .\If Oil lilt • i11p11l \\'!lid II Sll< h th;Jt S kiiCIWS til<' I 111'1'1 ' 111 stall' nf 
.Vf r l\11111\'S till Jlllslt IIIII .. r I Itt r< ·;td \\'lilt ''' ''"' itlld t•arlt .A , (1 r: [111]) knnws 

tilt • t'lllllt 111 ,f tl11 • itl1 t ;q)l • 1'1 II \ 11 lllllltl S~ lldHJI (If . A' ,)) E A <·nrn •s pntltl s tr• 

tlw sl :ilt ' lllt nt tlw 1' 11111 ' 111 s tat• ,f .'vi'"'/ tl11 pnsit1n11 11f till' 1'1 ad wntr ilt •Jt d 

,., .1- l tlitltlw ,.""'''ltl "I' til• • .\·til t;q" n ill s.., 

It, .. , :u-~ '" ~'-"' t!Jat 1 :tt ·l, 11111 .. r S. /1,...-11, A,, IS I I rt':il'l IIIJIOIIIillllll ( il l 

\lttlt"ls 11 ~ 1 \ tlw I PI:tltnlt !.wt 1i11 y :til 1 It' ll lllllit ' ro .· trio · t~ · d li11· all ilq111t 

lllflll n· ,J J,~ I I Ill I :wil IIIII' 11J till' .tlJIIIJIIOII l i S r . .A1 

a o.;i n)-!.11 11111 "' t lw id1 nt it.\ lnnl'l inn .) 

l 1ro"f'(lf' IPH 1, 11 HSF "i11pp11s1 that H1,. 

s;,y H, - (CJ, ~ r,, I I ) I ir:-;1 w1 1'1111st Till ' I 

H (11 :!?. :2) ar•• ro •s..t aulot11ata 1 

1 I )j \ C snch I hat 

n /.(l,,) \11 <:-:- /,(() I " :; tar !11 1 (:2) 

tf(rt) 
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(The very same construction was used by Cho and Huynh in [2].) 
We may assume that. each automaton B; has a. unique initial state s;, so 

that, L(B;) -::f f/J , for a.IJ i E [n]. Let 1' be the least prime number with p 2: n. 

It is well known (set' [5]) that p < 2n. For integers i E { n + 1, n + 2, ... , p} 
let 8; = (Q; , E,T;,{.~;},F;) be the minima.! DFA recognizing the language E*. 
Then let C be the DFA depicted on Figure 1. See [2] for a proof of (2). Note that 

# 

Fig. 1. Tb e ant.oma.ton C 

C is a DFA with 

It follows that a word v = v< 0l # v(1! #···v(k-l)#v(k) (k 2: 0, vC 0l, . .. , v(kJ E 
E * ) belongs to L( C) if and only if vCkl = f, k is a multiple of p , and vCi) E 
L(B(imodJ') +l ), for a U i < k with i mod p < n. The languages denoted by th e 
regular expressions 

Fl=(EU#)*E 

F2 = ((E*#)I')* ( U (E*#);) E* 
iE[p- 1] 

F1 = ((E* #)P)* ( U (E*#)i-l E;#) (E u #)* 
iE [n] 

consist of those words v = vC 0l#v(ll# · · · v(k - l)#v(k) for which 

1. v(k) -::f t , 

2. k is not a multiple of p , 

:3. v(i ) rf. L(B(imod 1,)+ 1 ) for some i < k with i mod p < n , 

respectively. It follows tha t the regular expression E := F1 U F2 U F3 denotes the 
,complement of the language L(C). (Note that E has star-height 2.) Then we see 

L(E) is star-free ¢::::::} L(C) is star-free ¢::::::} n L(B;) = f/J . 
iE [n ] 
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l 'muf' uf' ASF E PSPACE: St tp pos<' !.hat. A = (Q , ~. T, I, P) is a n Nfi'A. By 
Srh iit.zt'nlwrg•'r ·s t.lwore1n , L(A) is sl.ar- fr<'P if' a.ud o ul y if t.be lttiniwaJ OFA 
nocog nizing qA) i,.: ap<'ri odir. Rl'rall t.h ;d t. h C' powN aut OI II at.o n o f A is t.lw OFA 
P(A) = ( P(Q ), ~. T 1

, { f} , P'), w lwn' 

T
1(rr) 

[S E I'(Q)i.'>'nP=j:0 f , 

{(S,.'>'ITA)ISE l'(CJ )f, 

f'nr ;Ill rr E ;__' _ Tlw lltiniltta l DF'A n 'mgni ;~, in p; L(A) is n hLa in <'d frot u P(A) hy 

dl' l<'l. itl i!, i. hos<' st.al.cs w hi ch an' not. hinrrcssi iJI<', a 11d t.lw n id cnt.ify in p; t. he PlJltiv­

:tl l' iil. stal.t's. It fo l low,.: t.hat. /,(A) is ,.:1.;11'- fr C'C' i f a nd o nl y if t.hcrl' cx ist.s so '' " ' 

itt put word 11 E ~· , arT< .~stb!r sl.at<' S of P(A) <1 11d i11t eg••r ~· ~ :2 su ch t. hal. 

S :::::: ,' tAl S(IIA)k and S ~ l'tAl -"'"A· 
It i ~< <'il>'Y l.n giv<' :1 !lnl!d <' LI'I'IItinist.ic Tnrinp, l!t achitw M 11 of lin <'ar spar<'­

Cil ll tJli<'X it.y fnr d<' r idi11 p, if ,<...,' ~I'( A) S' ho ld ,.; for l.wo st.al.<'l< S, S' o f P(A) : if 

I' Xilct. ly lll\1' of t. lw t.wo ,.:1'1.,.; sn /•' i lltd S' n"' i,.: <' I IIJlL.v t.l l<'n Mo h:lib , ol. ll <' r w is<' 

it i!,ll< 'ss< ' s ''" inpttl. >'.Y IItl l<> l IT E= ;__· , :tiid n'Jl<' :tts LIH · Jli'I' Vio tl s 1• •,.: 1. for t. h c sl' l,,.: 

.'->' .'>'ITA il i lll .'->'' : .'>''ITA l l:-- S:tvllc lt ·,., tl\l'ol'< ' lll IV< ' <> lll ai ll il d< ' L<' I'IIIilli slic 

lltil l' ltitll .VI 1 of q nadral i r span· l'oll tJ>i< 'X il .v w hi rlt d< 'c id<•s if' t.wo sl.al.<'s of I' (A) 
ar• · <'IJ III V: Ii <' JII . I ~< ill!!, .VI 1 w• · c:11t hn il d a lllltlll• •t ••rtllillt >'l.tc Tnri11p, t llill'hi tll ' .VI :1 

of' <JII :td ntl.i r >' J>ill'< '·l'<l iiiJl i<'X tt.y w lti r lt dPcid<•s tf' 1.111' laii ).!, ll il)!;<' n •rop, ni %<'d hy a 

t\ <Hili<-l< ' rlltilli sli c :lltlolltatnn ,..\ ((J ,;__', T, I , /•' ) ts not sl.ar- fr< '<' . M~ worb as 

[o]]III\'S. lirst II Sl l l'l'I'SS IV<'J.\ )!,lll'SSI'S I ill' ]PI.I<'rs of' ill! IIIJ>III IVOI'd II ( ;__" :tiid 

r:d ct il :li<'» tlw r• lat 11111 IIA ( (j • (j ('l' l11 s IS d<>ii< ' h.1 s t<>l'lll).!, u11l1J t.lw n •laltoll 

II .A <HI I ill' lap• ·. wl1irh I'< ' 'JIIIr<'s < ptadr<~l ic spar<' I f' lit<' ll< 'X t i l't.tl'l' ).';li<'Ss!'d i :-. IT, 

1111 III 'X t n •i;tli<tll (111T)A IS raJcn Jai<•d ll,V lakinp, t. J11 • C'I IIIIJ>Oslti oll of th<• C'l iiT<' III.J_v 

st .. nd l <' l:tii<>ll ti.A with ITA Aft,., <M h si<'p .VI ·! lll.t.)' d<ndt• In stop or I'OIII IIIIil ' 

).!, III 'S» ill).!.till 111\iltlt<l )'l'lt<iiil ).!,II<'SSI'Silllilri'I·S;.dlJI S(i!(l •,'>'( (jof(]!l Jllll\'1 ' 1 

:ll tl<tllt:ttnll 1'( .~ 1) (~lliid:trly ;1s l"•f<>l'< ', liti s IS dn111 h,\ SIII'I'I 'SS IV< I~ ).!,III'SSIII)!. IIi• 

l• •tl• ·r s ttl' il word r 1\lllt ,'-. '' 'A.) In tlw •·nd tlw d<'l< ' rlllllti s tic lltadllilf .VI, 1s 

ll~··d It • ,.,.,. tf' .'->' ~ l' tJI ) S11;1 and.'->' ~ I' IA) ,'-.(IIA)k lt .. Jd f'or Sll lll< ' k ~ '2 
lit• 11 :t)!,;\111 h1 '-, ;! \ tt •· h tit• ·" ''"' w•• .. htaill :t d..t• l'lllilltslir ' liirlll ).!, lll:t cllltll' 

.VI ol p i ll '< <'tllll]li• \Ill ()(n 1
) will< It ,J, cidt•s if' il ll<>l!d<'t<' l'lltilltslic a!ltntllaloll 

0 

:~ Co 11 rlusi on and o p c• ll pro hIP nts 

\\• • !till• pr,,·,·d tlt :t t tlw 1111• l s•·•·li<~ll JH"J,J, .I II ,.f li1111• n•,;••l allt<~lltilla ts cntn­

pl••lf' 111 Pt;;P C'E whtrlt 1~" "tr•'lt).!. tlwuin g "f ], ,.,,I t 's nngin•d r• ':- lllt [!i] iu 

\'<th·iug trllltr;tr d••l<'rlllilllf;ll<' H lll<~ll l!l tH . (It IS :d .11 ptt.. iJ,j,. In :s ilo\\ that I< '· 

"II'ICI!IIi!, lh• llilf'rl;<'t'IIOII pr(IJ,J!III t<tllllllilll:tf r•.t•t illlt<~lll<tl:t d 111, IJ(II dtr'l'<':t"'' 

11:-. .Jtcllt·<fllil]!l•·.-,t~.) l l:;ill)!, tin. r••sttll \It', how•·d I !tal tlw prnl>l•·ln of d•·nd-

111 • "h<1 lt<r a rt•gnlnr • XJH•. ion uf :;tnr II• igltt '2 d••nnl•. a • tar- fr. r htllj.\llil).!,t' 

1. 1''-.P ('J•, <tllll]ll<'l ,. Sn11tlarh , s 111 ['2], •lllf' filii ::.It"" I h<~t I h• s11 111• ' fli'•Ji>l••ln 

, , It IIIII PSPJ\. ' I;: r<~ lll)'i• l c if' w•• rPlil n•·l it t" r• J.\ll lnr PXp r t>:-;...,l<• ll s nfstn r-lwtght 

'1. O\' r t 1 .. 1 "" '], 111• 111 alpltai>rl { 0, I f. 
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These results suggest that the following questions may be interesting. 

l. What is the complexity of deciding whether nE[nJ L(A) -f. 0 holds for com­
plete reset automata At, ... , An? 

2. What is the complexity of deciding whether a. regular expression of star­
height l denotes a star-free language? 

We conjecture that the answer for the first question is "NP-complete". The 
second question seems to be harder. However, it is our conjecture that restricting 
the problem RSF to regular expressions of star-height 1 substantially decreases 
its space-complexity. This would prove that, in some sense, our results are tight. 
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Ah;; tract. Au approach is presented to implen1 entati on o f disc ret e tim e 

in i>ro1111:da, a hi p, h leve l III Oci ellin p, lanp,n ap;e fo r specifi cation of co ncur­

rent. sys t.c' nl s. Di sc rete tinH' fc;ttnr<,s Me introduced on user level , usin g 

un ly i.h<' ··x ist ing hwp,nagc ro nst.rn cl.s and without any ch;Lilp;e in Spin , 

it.s a.~~uc i >tt l'd so ftware p>lckitp,c· fo r ;tntomated analys is and validation. 

It is s l1 ow n how th e new time fmm l'wo rk c>tn lw nsc·d for simul atio n 

>tnd v;dicl atio n of sys t c• n• ~ w hich co rr('c t fnn ct ionin p, depends n uciall y 0 11 

tin1i11 g. 

1 Introduction 

f'mwr Ia 1s a hip;h IPvc•l IIIOdPII inp; ~lnp;uap;c• for s1wrifiral.ion of ronrurr<'nt. sys­

IPIIIS. Tlw IIHHIPis (progr;t111s) wnt l.1·n 111 l'rollwla arc• usPd a.-; an input for ,<.,'71111 

softwa rl' parkap;t' for llwir anlollliliPd SlllllllatiOII and validation. 

()np,in;d ly , Prollwla and Sp11 1 havl' lwc•n dPvPiopPd for analysis and v;dida.t.io n 

nf C<llll lllllllicalloll prnlornls TIH• lall ).!,l lil).!,<' syntax is dPrivPd for111 C , hut also 

usc·s tl1< dcnotatinns for r<llllllllllllrallnlls fron1 ll oarc•\ ('SI' and contro l fl ow 

slatl ' lll<'nl s ha.'iPd on l)uk ~ lra 's ).!,llardPd C"ll lllllliiiHis. 

Tlw f11ll IHI'S<'nfat 1011 nf llw lall).!;lla).\1' and tlw validalor is lwyond t lw sro1H' 

.. r I hi:-: papl'r and w1 Sll).!,)!,l'sf [f>] a:-; a rt fPrPnrP to I h,, intPn·stPd rc•adt•r 

I n l 'rn11wla, I hc systc 111 C"IIII'IHIIWnls arl' IIHJCh•IPd a .. -; Jlmrr \.~f.\ that ran rom 

lltllllll al• v1a rhaJ/1/c 1\ 1 1ll11 r hv huffc rt d nwssap;<' Pxrhan).!;I'S or rc•ndPz VOIIS np 

1 rat Inns ,uJCI alsn I roll).!;h shan•d 1111 tllory rPprt 'ic'lli Pel as global l'llnl!bln. Tlw 

PXI'I'IItion of artinns Is nmsidc rc ·d as\nrhronolls and inlc rlt·avl'cl, whtrh lllf'ilns 

that in I' VI'I") slc•p only ll lll , llflhiul artiou is p1 ·rfnr1111'd and wtlhottl any aclcli -

1 loll a I a. "llillfll ions nf I h1 • rc lall\< pc 1·d of 1111' prnr1·ss c x• r11l 11111 

( :iwu as au input a l'rnnula 111odc I Spin ran do rando111 or inlt•ra.riiVP 111111 

l.tlion>- or to ).!;•'llf'ratl a(' pro).!;rl\111 that JH' rfortns a validation oftlw ~yslc·n1 hy 

sc·anning t lw ~I at, . pan•. 

I' · :~~~ 
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Xspin is a graph ical interfau~ for Spin. It provides an integrated windowing 
environment for writing Promela models and carrying out virtually all Spin 
functions in a user friendly manner. The outputs are displayed in various ways , 
among which are Message Sequence Charts. 

The time ordering of the actions in Promela is implicit and is given by the 
sequential composition (concatenation) of statements, like in the ordinary proce­
dural programming languages . The tirne relations are only q1talitative, meaning 
that we only know that a.n action will eventually b e executed after another, but 
we do not know tlw P.Xact time interval that will elapse between the two events. 

This can be a significant shortcoming when the systems which correct func­
tioning closely dep end on the timing parameters are to be simulated or verified 
(e.g. communication protocols which have to deal with unreliable transport me­
dia , where the duration of timeout intervals cou ld lw of utmost importance). 

To overcome this problem we extend Promela with thP. concept of discrete 
time. In the discrete t ime concept used in this paper time is divided in slices 
indexed by natural numbers. The actions are then framed into those slices , ob­
taining in that way a good quantitative est imation for the intervals between the 
events belonging to different slices. Within a slice however , we can only have the 
qualitative relation between the events , as in the time fr ee case . 

To the best of author's knowledge , there are three other attempts ([9 , 7, 2)) 
to introduce timing in Promela a.ud Spin. Th e concept of [9] which uses real 
(dense) time has certain problems with the urgent actions which impose lirn.its 
to its app li cations. The ongoing research of [7] is also based on real time, but it. 
is still in its early phase. T he common carachter istic of those two approadws is 
that, nnlikP. our app roach , they irnplement the time features on the level of Spin, 
by changing its source code. The approach of [2] that uses discrete time a.ncl is 
the most similar to the one presP.ntecl here, suffered from the very big memory 
requirements. It irnplernenLs discrete time on user level too. 

2 Implementation of Discrete Time in Promela 

For simulation purposes discrete time can be implemented in a straightforward 
way by introducing one global integer variable and a special process as in the 
following segment 

int TMaster; 

proctype MasterClock() 
{ 

do :: timeout->TMaster=TMaster+1; od 
} 

The variable TMaster is acting as a master clock on which all the processes are 
then synchronized, by forcing therp to wait for the next clock ticks to continue 
their · execution. 

For instance, we can implement a delay of one tick with the following se­
quence: 
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T=TMaster ; TMaster==T+1 - > other_sta tements 

w lw r<' T i,.; <I local in i.t'P/' 1' va.ri a.bl t>. A process conLa.ininp; t his SPcp w n ce w ill hanp; 

o n t. IH' hoo lPa ll conditi o n nnt.il TMaster is incrPnt Pni.<'d hy o nf'. In Lh etl. wa.y i. hP 

<'XPC III.i on o f other_statements wi ll be postp o ned fo r t.h P next t.iuw ~ li e<' . 

T he va lnP o f TMaster ca n lw in n easc' d only by !. l iP procr,.;s MasterClo ck , 
whi ch ro n ~ i ,.; t,.; o f a.n <' lid lc•,.;,.; do loo p . An i n,.; l. etnl.i a Li o n o f MasterClock , ~ L a r i. f' cl 

fll riii init procc·ss , is 1'1111 cnncnJ-rc•ni.l y w it.h Llw o i.h er proce,.;se,.; o f l.lw sysLE'JII . 

ThP k•·y id Po. o f t.h c• conr ••pl. is t. hc• n,.; ap;<' o f timeout - a pr<'dPiined P ro nw l a. 

s t. ;d.PIII! ' IIi. i.h ;t.l. IH'COIII <'>' t.n w w lw n no o t. lwr st.a.1.<' 11 w nt. withi n t.h<' sys t.elll is 

<' XPCI II.<th lf' . li.s nsag<' i,.; il ll ow<> d onl y i11 Clocks prnc<'ss. 

ll.v guardin g i.h P in n<' ll lc' nt.;tl .io n o f i.h <' c lock w il.h timeout WI' c> n>' lll' <' i. ha.l. 

11!1 proc<'>'s w ill lli'OCc'c' d w ii.h an ar l.i o n frn 111 i.lw III' Xi. Lilli <' s li ce' nni.il a ll i. lw 
o ii :N prncPs,.;c•,.; ha w c' XI'c lli.<'d a ll a.r t.i o ns fro 111 !. he r 11rrr• nt. t,ifll <' ~ li re•. (W ii.hin 

t.lw >'<I II II' Lilli <' ,.; li e<' i.l w ac l.i o ns 0 111 lw ini.n l<'av c· d in '"' <Irhit.r a ry way, o f ro nrsP.) 

l 1 111.t.ing timeout al. t.hc lwp; innin g o f c•ar l1 it.<' rat.i o n c;ul sc' >' Mas terClo ck l.o have 

I he !Past. pri n ril.y o f a ll prnc<'ssc•s. Thil s, il. ha.<; l.n wa i l. for a. ll o f i. h <' lll t.o filli >' il 

t. hc• <' X<'Cll t. ion o f t.lw ir ac ti o ns for i.I JI • ct iiTc' nl. sli ce', il lld l.li <' n i t. ca n in crc' lll l' ll i. 

TMaster . Tl1 is w illtr ip;gc•r t.IJ <' l iilll l!, in ).!, lli'll C<'Ssl's ;1nd in f:1rl r<l li S<' t. IJ P syst.c 111 t.o 

pa,.;s i nt.o" III' W Lilli e' ,.; li cP . 

It is wo rl .l1 11 o l.in g t. ha i. t imeout Wils inl.ro dn rc•d in l'ro lll <' i a t.u lll ilkc· 11p l.lw 

l ii r k of qn a 111 it ii l.i vc • l.re;il,llll ' nl o f I i 111i11 )!, ill lCI it W01 Iid have• !w e' ll nse lc•ss i11 il 

t i 11 11 ' sc•ll.i ng . ill sl<' ilcl. i n ll llr Co ll r< ' pl it is p;ivc' ll IIIII' of t lw r <' ll l.r ;d 1·o lc•s. l !y 

ll >' ill p, timeout we• C<> lll.i llll l' l o liS<' t. h<' h 11 i lt i11 Sp i n procPss sclwdn l inp, and sy n 

r h rc 111 i~. ii l io n . I n I h;ll way we• avoi d ti ll' i 111 rod 11 cl io n of ad d i t.io na l " hn ll sl' kc •c•pi np; " 

pr•I r< 'ssc•,.: and Vii r ia hl c•s. For i n,.; l.a n r c>, c•lc•IIJ I' III.s l i kP procPss sr hcd 1IIPr , s<' l llaphn rP 

varliihln. "~' Sll ill< ' ollw r s~ 11 r hro11i zal 11 111 III <'C hiilli siiiS, nn p; hl lw IJ<'c' cl c·d II IS vc ·ry 

l1kc ly thai II'<' II'Iillo,.;!' IIi I he• r lanl ;, o f the stwr i l i cai Jo ll s a11d J!, rowlh o fllw sl ;ti P 

spill'! ' Ji ;Jil o f il l<' lll il l' !' lilljll <' lll! ' lli <•cJ !I ll IISI ' I' lt' VI' J 

\\' lw 11 ll slll ).!. 'l. sp111 11 11 <' ca ll add :111 ;, ppro pr ia l c• pr 1ntf sl ii l <' ll l! 11 1 i11 Master 
Clock "" I h;\1 I he r ha np;• ·s o f TMas t er ca n he· displ ayc d o 11 I he 11 11 ssil)!,< sc ·q11 < Ill'• ' 

r i H~ rl s 11 111 p11l 

\ ltll <> ll l!, li 11 I'H II lw lllljll'<l\('( l in so•vc ral ways , Ill!' dc•srr1hc d sl r a r).!, l\1 fo i'II'Md 

' 'i>l'~'""c li wcllild still 11 11 1 ho ac lc-qn al• fo r va lulalltlll o f I hi' tli sr rl'l c 111111 lli <H I 

c· ls I \I ' ll If II'' so l ve th e pro hlc 111 o f !' lock <>vc· rflm l ..; , fo1 Jll si ;UJ !'< th e V lriii ; JiJ ~ 

IIIII HII IIid •·cl i 11 rr• .ts lll l!, ,,r· tl u lll iJsl t r clcu k w dl 1111 Vll ahl y lt·:Jd I n il sia l •• sp ;1c• • 

t ' X I.[, t: IIl ii 

l lu r<'lll t ely is 111 list • ll ll ill ip lc• dnrks ll ls l t•acl 11fj 11 sl fl ll t' lll i\...; l t•r -rltl(' k \\'1 1 h 

a c·;u ,>f'llill lil l lil)!,i ll l!, of th ei r " I' ' r ;, t iflll Wt • wi ll i ll' ithl c• l o •·l i tll i ll a i P a ]fl l " f ll ll ll t·f 

••s:<iiry 1 ra ll slll" l l s a11 cl shr i 11 k t i lt' sl al • s p ;lr• • sig llifl <'il llll ~ ' I h is III'W app roac·h IS 

~.;i\• ' 11 I I.) li lt' (i ,JI " II' Ill ).!, :. ll i l •· nl' l 1 1' fl ll ll' l ii IIJ ilC'f'" ddi rll lln ll s 

#def1ne clock s hort 
#def1ne OFF ( - 1 ) 

#def1ne TI MEOUT (0) 

#def1ne set(x ,y ) ( x =y ) 
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#define shut(x) set(x,OFF) 
#define on(x) (xi=OFF) 
#define tick(x) if :: on(x)->x=x-1; : : else; fi 
#define tmout(x) (x==TIMEOUT) /*timeout*/ 
#define delay(x,y) set(x,y); tmout(x); 

to which we add the process Clocks , which is a modification of MasterClock 
a.dapt.ed to tbe new concepts. If we assnrne only two clocks in the model, sc and 
rc, it could look like 

proctype Clocks() 
{ 

do 

od; 
} 

timeout-> atomic{tick(sc); tick(rc);} 
if 
:: lon(sc) && lon(rc) -> break; 
:: else; 
fi; 

ThE' first macro defines clock as a synonym for the short type . We could have 
as well used any other integer type- the choice of short is motivated merely by 
practical reasons . The special constants OFF and TIMEOUT determine two special 
states of the dock - the inactive and timeout state, respectively, that will be 
described in a while. The next five definitions that follow reflect thE' work of 
clocks as countdown timers . All docks are shut off in the beginning of ini t 
process by initializing them to OFF using shut. shut is only a variant of set 
trough which a dock can be set to an arbitrary value . If the clock has be1cn shut 
off, setting it to a positive value will switch it on. Although all the clocks can 
be set to by any process, they can be decreased only by execution of a tick in 
the Clocks . Moreover , a. clock value can be decreased only if it is not OFF , i .e. 
only if the clock is active. The tmout macro indicates a timeout, a moment of 
timer expiration when it reaches the timeout value. delay can be regarded as 
a "higher level" macro that uses set and tmout and is used to postpone the 
execution of a statement for a. fixed number of time slices. 

There are some new features in Clocks that were not present in MasterClock. 
Clocks is usually decreasing multiple docks, instead of one and the docks are 
decremented only if they are not shut off. In case all clocks are switched off then 
the loop is broken and this leads to a. deadlock of the system . This feature was 
necessary in t.he new time setting, because having timeout at the beginning of 
the endless loop we loose the possibility to detect a. deadlock. Now there is a. 
process that is always active - namely the Clocks itself' And this is of course 
artificial, because we have introduced Clocks as a mere modelling convenience 
and it is not a. component of the original system. Allowing for loop to be broken , 
we restore the important capability of deadlock detection. 
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The 11 say;e o f atomic sequ ence is to avo id th e standard les t and se t problem, 
1. <-'. t.hC' int.Prferf'nre of other procPSSf'S w hi ch otherwise co uld have been act ivated 
hy t.hc in cremenLaLion of some of t.hf' clocks. Such an unwanted awakening of 

proressf's between two Licks in t he Clocks process could lead to in consistencies 

in Uw sy nchronizat ion . 

3 Validation in Promela with Discrete Time 

111 this sl'r t.i on WI' show how cli scr!'k t.i111 C' can bP usC'CI for spec ifi cati on and vali da­

ti on o f sys t.e111 s in Pror11Pia and Spin on the exa111plc o f Paralle l Acknowledgment 

wit.h Hpt. ransn1i ssion (Pi\ H.) prot.oco l [H]. 
Tlw r ho icP of Pi\ I{ was rnot.ivat.Pd by t.lw fact that it is relat ively simple 

prot.oco l for w hi ch a i111 0s l. con1pll' t.P 111 ock l can hP given in t he paper, but it is 
yPt. co 1n piPx <~ 11 0 11 p; h t. hat. it.s co rrec t. f11nrt.ioning depPnds on the durat.ion o f time 

int.Prvals i11 a nont. ri vial way. i\not.hPr <tdvant.ap;P o f PAR is that it. orc11rs o ften 

in t.ht• lit.Pral. llr<' on spc•rilirat.ion <liHI wrifirat. ion (<•.g. (10 , 6]), so it. is we' ll- known 

and itlso t.hc• rl'strlt.s obt.ai 11 Pd wit. h disrrc•t.c• t.i111 C' l 'ro lll <' la 0 1.11 I)(' r iH·ckecl against. 

t.lu• r·xist.ing OII <'S. 

l11fununl /)rsrTl]lfum of thr fl m lorul. PAll is O il< ' way (si111p lc•x) dat. ;t- lin k l<' ve l 

prot.oro l i11LI'11d l'd t.o lw ll s<'d owr llllrr' li ah lc• l.nt11S111iss ion r han nPis wh ich nmy 

rmrnpt. 111' los<' dal.;t. Tlu•rf' an· four C'o 111po11<' nt.s in our inlpiPIIH' III.;tt,ion a srnrlr1', 
a n n wr 7', rlalrL fr 'rt11S1111S .,,!I1f r-f11L11111'1 ,,. ;tnd arJ.:uowlrrlgmn!l lnmswtsSI011 r ha1l-

11r I /,. 
T lu• sPndr•r n •cP ivc•s dat.a fro111 t.hc• uppc•r ll'v<' l and S<'nds t.h<'lll l ;th<' ll ecl wit.IJ 

a ~;r• qJH' nrr • lllllnh<'r ovc•r t.lw llllr<'liahl<' rhan rw l K Til<' sc•q uc•nrc• alt.Prnates lw 

t WPI'n () and I sonl <'l II Ill 'S I' A H is rla.-.;sific•d a:-; a variant. of All<'rliitl in~ Bit. 

l'rnt orol i\ft.c• r that 11 w;11ls for an arknow l<'dJ,!; IIIl 'nt , whrch should he• rr•n•ivPd 

'via (lllr'lial>lr•) rhallll<'l L. fro111 tlw rt 'C'I' IVN IH•for<' ;t II<'W dat11111 is translllit.tl'd . If 

an arknnwl< d)!,llll ' lll dews 1101 ornrr afl••r SO li I<' Jl< ' riod oft 1111<' , t.h<' sr>11dn tirtii 'S 
111 11 and n ·sr'11ds tlw old data Tlw rl'r< IVI'r rc•<'<'IV<'s d;\t.a frorn thl' rhan nr l K 
•11111 1ft lw data Ml' llnclalllil).\l'd and lalll'lll'd will1 t lw <'X JWft<'d sc•quc•nrc• nurnhc•r 

rt d• ·IIV< 'I's t 111'111 to tIll UJIJH r l1 ·vr I and s1•nds an arknnw lr •dJ,!;IIII 'nl trough t.hr • 

rhan11< I L tot II< ' rr ·r•·iv1 1 

Of cnrnal 1111porl;um· lwrt 1s tlw duration of tlw 111111 '-o ut JWrHHI whirh 

should l11 lonw·r than t lu s11111 of t lw cl• •la.r s trough till rh;wne Is and ltll'ss.t)!;! 

prllr< ·ss lll)!, t IIIII' hv tIll r• 'CI' IV< r ot h• rwi sr· I l11 prr 111;11 urr • t llllf 'll UI ran cause tIll' 

ln.·s of a fra111f' . 

1\ ,\(or/./ of / 1, \ /( /'rolrn ul 111 f'nnll./11 11 rlh /Jr"·rdr /1111t lkratl. r• qf 1lw spar• · 

lilllililtions WI' J;IVt' nnl~ tlu 11\ f'll llljlll I • l1 1111).\ of til< III<HIII of l 'i\ l l (without 

ll 1•n iv1•r pro<'l'h.'>), whir·h ran hnpr·f11ly giv<' a flavo11r of th1 • way tiH Ill'\\ disrr••tr · 

ti1111 fr.JIIII'\\ork can lu II~• d. 
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#define clock short 
1* . . . the same as in the text above*/ 
#define delay(x,y) set(x,y); tmout(x); 

/*PAR time parameters*/ 
#define dK 3 /*delay along the channel 
#define dL 3 /*delay along the channel 
#define dR 1 /*delay along the channel 
#define To 9 /*timeout interval*/ 

K*l 
L*/ 
R*l 

#define MAX 8 /*max number of different message 

/*channels*/ 
chan K [1] of {byte, bit} 
chan L = [1] of {bit} 

/*clocking*/ 
clock sc, rc; 

proctype Clocks() 
{ 

1* .. . the sprocess is given in the text above*/ 
} 

proctype Sender(chan in, out) 
{ 

byte mt; I* message data *I 
bit sn=O; I* sequence number*/ 

contents*/ 

R_h: /*unbounded start delay - sending of a new message 
can start in any time slice*/ 

} 

do 
:: delay(sc , 1); 
: : mt = (mt+1)'l.MAX; break; 
od; 

S_f: delay(sc,dK); out 1mt,sn; /*sand and delay in channel K*/ 
set(sc~To-dK); 

/*modelling peculiarity - the delay along the 
channel K should be subtracted from the timeout period*/ 

W_s : do 
:: in7 _ - > 

if 

fi; 

atomic{skip; delay(sc, 1); sn=1-sn; goto R_h;}; 
l*ack is OK*/ 

atomic{printf("MSC: ACKerr\n"); goto S_f}; 

: : tmout(sc) -> goto S_f; /*timeout*/ 
od; 

proctype Receiver(chan in, out) { 1* .. . not given . . . */} 
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init { atomi c{shut(sc ) ; shut (r c); 
run Clocks(); 
run Sender( L, K); 
r un Rece iver(K, L) ; } } 

P-4 .I 

C:i w n ""' an i np 11 (. l.o i. hc• Spi n va li d it l.o r ( ve r::; io 11 2.9 .11) nln ning o n SPARC: 
sl. al.iu rr !i w i l. h (j-j M Hy l.c •,; c>f 1111' 111 0\'.Y, i. lw I 'A R 111 0 dc' l res nl l.ed in <~ r<,so urcc 

C llll ~ lllli pl. i o n show n i n !. he l. cth lc, h <' low. 

/ irn r' pm·aml'!.e·r s 1'( '80 11.1 '( '(' 1/ .H/ [! (' 

dK dL dR To /.mnsi l io 11.s ll lf' /1/,o·ry (M IJ] (,' fO i l /.im r (sec] 

:I :! I 9 7()'1 2.4 O.H 
;lf) :w 10 !ill 211 07 ~}) 1.11 

:wo :)( Il l l llO !l llO '2:1'2:!7 ''·" 3.4 

:woo :woo I IIIlO !!IIIlO 227:i:n 2 1.7 25.!1 

Spi 11 wa,; vP rify i 11 p; i. h<• sa fr• l.y PI'O IH' rl.i l'>' ( l ik<• ahsi' II CI ' o f dNt.d lor k , a nd 1111-

" lwc i l ic' d r<' C<' pl.i n l l>' ) . ;tfld also i.IH' nssN I.i o 11 !.h a l. a l w;tys !.h e• <'X jl l'(' i.l' d nwssap;<' 

1\' i \ S I'I ' C<' i V<'d . h.v i\ 11 I'Xhi\IJ SI.i vc' S<' ilrr h o f i. IH' sl. rt t l' SJl iiC<'. 

I I is i rrl. l ' r • ·s l. irr ~; t ha t i.IH• rc·,;o rrr <'t' 11 :-iii).!;P for Slll <li l l.irrrirr ~; inl.<' r va.l s, l ik <' 1.!1<' 
<Ji ll's i11 1.1 1(' lir,.; l. row i11 1.1 1(' l.ah l<·, i ,.; v ir·l rr a ll y Llw :-iiU II<' as for !.l r<' Liruc fn'<' 

JJJ <HIP I . W i l. h l. lw p;rowt. h o f 1.1 1<' t. irr lt' p i! r rt ll H' Ins t.l w sl.ai.P spar<' in cr<'a.<ws l il rN trl y. 

l l nfo ri.IJI\ a i.Piy , il is tJ J!I y il r hil rar l.l •ri sl .i cs o f sirrr p iPr prn t oco ls li k<• PAIL Fo r JIIOr<' 

l' ll lllpiPx pml.oro ls Ill II ' sho 1rl d <'X Jll 'r l. an <'Xpn rr <·rrl i :tl ~;rowl. l r. 

\1\' l wr r ~;iv< ' ll n I 'A H pn>~;nurr II' II h JIIC<>ITI 'rl I i1111' p;u·:\l l ll'l<·rs · w h t' JI To 
dK + dR-l dL Sp1 11 was :thiP In lind llr1 • SCI ' IIitrl<> I hal IP:H is I<> II JPssagP loss. T l1 is 

1:-. an"l lwr JJ:-.<'1'11 1 i'< •;tiJJrl' . lwr;tiiS< ', <'VI'II for l lw sysi<'IIIS for whrrlt llw ro rrrplt'IP 

valrdal ion of l lw Jllndt•l 1:-. 1111possrhl• ·. rl ran lwlp 111 dis<'O\d' l'illg sl'qlll'llrl's of 

'Vt 111:-. II rat lt ·ad I n i lll JIICill'rt 'r l syslc 111 ht haVIIlllr (d. t lr• •y orCIIr i11 t IJ<• ••arly 
piJa,.c • of I hc "I :tl <' sparP sl'iii'Cil . of co1 1 rs") 

4 C uclu s ions a nd Fu ture Work 

\\ t Jill "' llit'd i lll llilpl< 1111 lllalroll or drscn •l p I Jill<' Ill l 'rollll'lil and Spill , 11"111~ 

llJir ·gc •r varrahlr ·:-. as stop w:tl r lws (•·loc k :-.) lo Sl.lliljl llw 111111 slrn •s ' l he con· 1dr•a 

was lo 11,.., . l 'r"llll'iil t1meout pr• dr lrrwd ... lalr ·rrwnl as a IJWrliani slll fnr pror< ss 

(1 <'. d<~ck) sy n c lironitaiJ<~II 

' [ Jr, 11< ' 11' I irrlt ' larr)!.llil)!.t ' •·•111"1 rue I s w• ·r• llilJdc ·ur• •llit-d a l'rollwla ruarro dt •f 

111ilio11s and llu ir II Sil)!.<' wa,, .J, rrrrm ~ lralc · d o11 ilic• :-.p•·ci fir ;liJo JJ and valrdation of 

I'A I{ prot11rol. 

' I Ii• nrai11 frrlrrr•' la.'k wrll n•rtainly lu lo I• . I t lu appr<>;~rh .u1d an'l lllllri ;tlc 

'XI" Jl< ' lll'< ' J,~ dorrrg 11< '1\' '' nliralloJJI" !lfs~-.1•'111~ knol\' 11 in llr•· lil• r alrrr• or ~IIIII<' 

11• 11 I~ d• ,, ., .. ,,..d iudnsl r.\ ""· • wlrrcl1 d, [" nd orr 11111illg par .llrr• l"r" 
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So far we have applied the Discrete Time Promela. on several concurrent 
systems with various complexity among which we would like to emphasize the 
Bounded Retransmission Protocol [:3, 4), a "real-world" industry protocol used 
by Phillips. Following the lines from [:3] we have been able to obtain all the 
verification results presented there . Moreover, our approach ha.s an advantage 
that Spin treats data more naturally than lJ ppa.al, a tool for symbolic model­
checking of real-time systems, used in [:3]. We live the full presentation of the 
results for a forthcoming paper. 

It. would be very interesting to incorporate the ideas about data and t.ime 
abstraction of [2] in the existing models in order to obtain verifications that are 
independent of the concrete parameter values, and to see how general is their 
applicability. Another open question is to abstract the number of processes, so 
that the verifications will not depend on this parameter too. 

One of the main goals for further research will be to establish the relation 
of discrete time extensions of Promela and Spin with " more formal" formal 
methods, like, for example, some version of timed Biichi automata with discrete 
time or algebra for c.ommunicat.iong processes with descrete timing [1]. 

Acknowledgments: The author would like to thank for the help during the work 
on this paper : Dennis Dams, Stavros Tripakis, Rob Gerth, Jos Baeten, Michel 
Reniers, Sjouke Mauw and Bart Knaack. 
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e- lll itil : di c hi (Oics. uni-s b.dc 

Ahstract. We p, ive a precise definition of evolvinp, a lp,ehras a.~ nond e t e rmin ­
is tic , llln.th emati c;tl machin es. All proo fs i11 t.h e p;qw r a.re based on this d Pfi ­
nition . Firs!. we· defin e cu nsl.a.nt propap,ati o n. We· l'Xknd t•vo lvinp, :tlp,ehras hy 

tll a.cros and dd1n <· foldin ,t; and unfoldiuf!, t.ran s fonnal.ion s. Ncxl. W<' introduce 
n. si mpl e t.ran s fornt ;tt io n to fl atte n transition rul es. l ~ in a ll y it pass separa.t.ion 
tr ;wsforltlittion for !'volvin p, ;ti f!,l'hr:ts is prese nted. it. n tn he us<'d t.o cl<-rive a 
co tltpil er ;tnd a.h~l.ra c l lna cltin <· fro111 '"' inf.t,rprl'l.c r. 1\ 11 tmn s forrnation s itr<· 
provt•tt CO IT<·c t. Jcin :tll .v a co tnp:tri so u lo ot hc•r work is p, ivl' ll. 

1 Introduction 
Evolvilt).\ ;dp;ehras (l•: vAs) h:wc• hc'<' ll proposr•d hy C1m•vicl1 i11 [C11dll ] a 11d ll sl'd hy 

( :11rc' vich and o t.lwrs l.o J!,iV<' t.IH' Oj)('ral ional s<' lll itlll.i cs o f l a ii J!, II ill!,<'s Iii«• ( ', Mod11la 

<! , l'roluJ!, a nd O rca111 . Bii r)!,t 'l' ;wd H.os<' ll i:II'Pip, 's proo f o fl.lw co rrc•c i.II <'Ss oft.hr• Wml'l ' ll 

1\hslra cl Macliillt' is ha.-;, •d 011 :1 sli)!,lil v; triat.ion ,,r· r•vo lvir1 p; ;Jl p;l'i >r ;ls ([I!H!l<!]) . An 

t' Vo lvin p, ;Jlp,r ·hra llliiY ht • t.ailorPd lo Ill!' iil>slraci.H>II IPVI' I ll t' C'< 'ssa ry l'o r llw irrl.< ' lltl <·d 

applicat.ior1 t~!'llw S< ' lll ill il i rs , ,. p, W< ' rrri J!, Iil hav< · il hi Prarc hy o f r•vr ,IVIII J!, a lp;t •hra.-; , t•ar h 

IH' IIl J!, 1111 >1'1 ' co nn<' l I ' will1 rPs pr·rl lo r<·rl a1 11 il.'iJll ' l'l.s of till' sPIIIill ill c·s lr1 I h1 s papt •r wr · 

o nl y d 1sr 11 ss sy nl arl 1r su~ar fr<'< ' <'Vo l v Ill,(!, iil)!,Ph ra:-; As a rr ·s1 II I rPad 111 ~ dt ·sn l p lloll!'i of 

a n l•: vl\ IISIII,(!, ll1is uolallolll~' hardr ·r I han n •ad1np, rksnrpl1o11s . whrrh lrlak<' PXIc •llsiV< ' 

liSP of sylltilrl l r s1 1p;ar ' ll11 adVilllla~· of r<lll s!dr •lln)!, 1111 synlarl1r sll)!, ill frc ·r l•,v ,\ s 

is r l r ar ly , lltal Wr havr I" dr •a l will1 lr·ss r " nsl rurl · whr 11 wr • dr lir1 • l•,vl\ s and a 

Vill'lr l ] "f transl'onllall"lls "·" '' "II a.-; , w l lt'll wr• pr"'' " JH' r<iiiOIIalr ·qiii Va lr•ll rt· ii llcl 

"' ht 1 propt •rlll's 

Syulat:lic·-sn~ar fn 't' EvAs I 111 rill I p11rp""' s hr n \\'< ' II< ·Pd a prt f l'il ' dc ·finil1or1 of 

w lt al <1111 vi\ 1s iilltl what" rtlllljllll .ill"li"f ;ul I v \ lrtnblik' Ant•volviu~al~< · hra 

1/1 i :- a rpradllljl lr 11 , ,C.,', '/'. / 11 11 h• 11 1 
11 1 01 '"flltll/11! , 1 • a lr11il• ,, I 11] 1'11111 I l<tll 

lliliiii'S with <1 , '"I iii I'd ill ity ,<..,' is a llllllt ' llljlly • I r·; tl]r •d lhr 'IIlii 7117111 '1 7" '/' I S a 

fillll< ' s••l of' lriiiiSIIIOII rulr s aud f o 11 -· u .. >u (S" • S ) is 1111 llllllalllllr rprl'lalloll 

of fliiii'IIO II '- 11111 1 II [ 11 III :I]JS t' \.t ' l )' fllll l' liOII 1101111!' j of arily II l11 a11 llllt rprt •lati<tll 

f1 111 cl ion fu{f) S" S 
' J ra11Sif 1011 rulc os arl' t'lllll'r fn11diou updalt •s [111 c r~J wlwr" f, rr , 11 :::_ 0 

15 till arrl\ off and tlw / 1 aft • f• ' l'lll 'i 11 1 ~nanl t• d npclai •·.., ['J brl'"' r·
1
, wh•r• ' /,I s 

1 \\', . wdl ,, su111t {hut , ful <t ) ~,c.,·. 
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a te rm and(,' is a set of t ransiti on ru les . A term ti s either of the form .f(t 1 , ••• , t11 ) , 

where f E (} , n 2 0 is the ari t.y of f and the l ; are terms, or I. E 8. 
A function npdat.e changes the interpretation of a funct ion .f for the arguments 
t'1 , ... , t~ to the value t;1, where t; is the valu e of the term 1.; in th e current inter­
pretat ion. [n a guarded update the upd ates in(; are on ly executed , if th e guard b is 
t rue in th e current int.erprd .ation. 

We will use the not.ation I !... I' to indi cate, that I' is the result of applying the 
transiti on rules of I[/ to I. vVe will call thi s a step of the evolving algebra. Before we 
can define a step of an EvA, we have to in tro duce some notation. First we define the 
value of a terrn t in an in t erpretation I and t lw evaluated form of a function update: 
eval(f(tJ , ... ,t 11 ), I) = T(f)(eva l(tl,I ), ... ,eval(t 11 , I)) for n 2 0 
eval(f(t1 , ... , l , ) := l. o, I) = .f( eval(l.t , I) , ... , ~~ v ul(t. ,, I)) := cval(tu , I) fo1· n 2 U 
Let T be a set of tr ansit ion ndes and I be an in t erpretation , then those function 
npdates oc.curring in T can be executed, which either depen d on guards evalu at­
ing to true in the interpretation or on no guard at all . We defin e ttpdates(T, I) = 
{eval(tt , I): u E T 1\11 is a funcl .ion update} U ttpdatcs(U, I) where U is th e union 
of a.l l C: , such that I i.f b th ,en 1: IE T an d r.va. l(b ,I) = il"ue. 
T here can be severa l conJlicting fun ct ion upd ates in ·upda.t es(T, I) , i .e. evaluated 
funct ion updates, which change th e interpretat ion of a function For the same ar­
guments to different values. Let. M be a set of evaluated function updates, then 
M denotes the set of a ll greatest subsets A of M , such that if l.r(t 1 , , t,) :=to I in 

A then th ere is no npd atP l.tr t 1 , ... ,t,. ) :=tbl in A when~ t 0 -:f. t0. T he relati on"' 

1s delin ecl as follows: I !.. I' {:::} 3U E ·updates(T, I) \:fa E S*, s E S', f E (} 

if l .f(<'L) ="IE {! 

I'(f)(a.) = {; 
I(.f)(a) 

i f f is r1.n eJ:lc1'11.al fu.ncti on (.fo1· some i E .)') 
ot hrTwise 

--..,---=~:-:-

Note, that if ·updat r.s(T, I ) is not a singleton , then from every set of confli cting 
updates onl y one m ember is chosen non deterministically. 
A terminating comp'llta.tion of an evolving algebra if/ is a sequence < I 0 , I 1 , ... , Ik >, 
such that I 0 !... I 1 !... ... !... Tk and 'Ltpdates(T, I~c) = 0. Sometimes we will use 

the notation I 0 .'!.... I k to refer to a computation. Furthermore the set 1'e a.ch(I0 ) is 

oJ! "' "' defined as { Im : 3I o ---> I 1 ---+ ... --> I ,,.}. 

Proof M e thod Let I[/ and 1[/
1 be Ev As ancl :.F be a partial mapping of interpreta­

tions in I[;' to those in l]i. T hen l[f' is eorre et wrt. I[/ iff I 0 = :F(I~) and for every 

terminating computation Ib ~I£ there is a terminating computation I 0 .'!.... :.F(Ii.J. 

Furthermore l])' is eomplete wrt. if/ , iff for every terminating computation I 0 P. , Ik 
'.[! ' 

there is a terminating computation I b -. I;_, such that h = :F(I;,). If if/' is both 
correct and complete wrt. 1{f , then if/1 ancll[/ are operational equivalent. The proof 
method is discussed in more detail in [BR92]. 

2 Transformations 
Constant Propagation In evolving algebras functions are classified as intern al 
or extern al. External functions mimic input to th e evolving algebra, i. e. how tlwir 
interpret a tion changes at each step of the evolving alge bra. c.an not be foreseen . 
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A n int. <> rn a l fnn ct ion f i s ca ii Pd sl. ;tl. i c, if' t.IH' I'<' i;; no f'<l <<c l.i o << <tpd at <' l.o I in LIH-' 

l.ra nsi t.i o n nil es. W <' wi 11 f'XI.end t.h is r las;; ifi caL ion hy a I low in g cx t.nnal fnn cl.i o n s to 
lw >' Ln t.i c or dyna111ic. W<' will call a.n <' XL<' rn a l fun cti o n stati c , if W<' know its va l<l f' o n 

;dl a rg uJJi t' IJb a pri o ri. We a ci.<Ht ll y L11rn a 11 <'X I. <' rn a l h<n ct. io n iut.o ;u t in l.<' l'llal ;;l.at. i c 

ow ' . Now we w i ll ;;how , how a. g i v<> ll 8v/\ ra n ll<' partiall y PV<t.i<< al.ed w iLI1 I'<'SJWCI. 

l.u i b ,.; l. at. i r fun rt. in n,.; . F'ir,.;l. we> ddirw t.l w r<>,.; <dl. of ru 11 ,.;L ;tnl. Jli'O JHIJ.';i!L io << 1r( /.) u f' 

' l ie' rl l l / . If I = f(IJ , ... , I ,) and I i ,.; ,.;I.;JI. i c IJ1<' 1l 1r(/) = I(f)(7r( / J) , .. . , 7r(l,)) <' Is<' 

rr(t) = f(7r(tl ) , .. ,1r(/,)) . A l.e' r l ll i,.; d elin <'d t.o lw :; l.at.ir , if' it. due,.; no t. co nt.a iu a ny 

d y < ~<U < <i c f<<n ct.i o n , i. e. I is sl.a l.i r ifr I E ,<,' o r I = f(/.1, ... , 1, ) w lw r<' 11 ~ 0 itnd a.ll /. ; 

ii!HI t.lw f< 1n rt. io n f R.r<' ,.;l.at.i c . 

Let.(' h <' il ,.;e-' 1. or l.ransit.ioll ndr'S . We' (' Onsl.n <r l. t.h P ,.;(' ( 7r(( ' ) of t.lw l. r i'l.ll ,.; it.i n n 

nile' ,.; aJI.n ('(J II SI. i lnl. prnp il.J.';ill. io ll hy indliCI.iOII . 7r((') i ,.; a Jsu ca ii Pd 1.11<' rc •s idli il l o !' 

(' . lco r ;ill r E ( ': If' 1· =: !.r t 11, ,I,)= 10 !t. ll e' ll !.r trr (l 1) .. rr ( l,)) = rr( l oJ IE 7r((') . If' 

r =: li.l /. ilu· 11 n I 'LIId 1r(h) ~ {l1·u r, f11ls1 ' f lh<' ll l i.f rr (b ) th., rr (/) ) IE 7r((') . l~' inall y, If 

1· =I i .f " 1,,, o I ;tnd 1r(h) = / rut t.h<'ll 1r(/J) ~ 1r((') . 
'/'he nn 111 : l ,t ' l. t/1 = < IT , S , 7', 111 > ii lld 1<'1. 7r(1/1) d< ' nCll.e ' 1. 11<' r<'s id11 al < IT , S . rr('/') , 111 

,,r· </1 . 'l'h< ' ll 7r(</1) i ,.; <> JH' r;JI.ion ;dl y ' ' t( lli v:d< •Jil. 1.<> ''' · 

l'nJ()f: J\!'l.t•r cr> n,.; l. :11ll Jli'OjliiJ.';id .iol< i1 1 1.11<' l'<•,.; nllin ).!, ;\l g t•l>ra il11 · ,.;a 111 1' 11pdat.t•s arc · 

do11r' ;1,.; l l<' f'nn•. WI' o 1il y ch a 11 12,< 'd t.lw :11 111 >11111. o f' work wl 1icl 1 is ll 1'C<'ss;1ry lo <'Vit hl ai C' 

i.< ' rlll ,.;. :-;,> t l1< • i11il. ;d i11Lnpr<'L;il.io11 ;u<d t.ll<' L!'rllliliill iliii'I'Jll'<' i.;il.i<>ll s ilr< ' JH <'>'<' rv• ·d 

( corr, •r l. l l<'"" ) . l•'11r l. hr•n110r< ' fm <' V<' I'.Y l.t' rlllilliil .il l l!, COIIIJl l li :il .ioll i 11 ''' l . l~< • r• • i ,.; a I.Pr 

111illiili11 )!; Cili iiJ ll ll <il.ielll in 7r('i') (cniiiJl i<· I <' II P,.;s ) . T i l<' OJH' r ;il .io n ;d e'qlli v;d• •n ce• fo ll m vs 

illiiiH'di ;li.PJ_v frn111 t.he• C<l i'I'< 'C LII<'SS :111d Cll llljli e• l.r •II< 'S". 0 

Ma,.ro D<•tiuit.iuus Jl, •;Hi ahilil .\ <>f iill •·vr il v 111 12, ;d l!,<' l >r ;J r; 111 l ~r· illcr<': J,.;,• d if' w r· ,J, ._ 

lillr ' flll1 r l.io11 s i11 kr111 S o f' o ll w r f1111 r l io 11 :-.. l•' ir,.; l W<' 111i p, ld ll1i11k r>f ll li l<' r o d<'lini -

1 i<lll :-. :t~< s i111ple • r <>lllhil l<lil ll ll s n f' f'llll r l i t Ill s like··''"' .f.' / o ,., ,, / i111pl y in p, I(., nrl ) -
J (f ., t ) of( l·r., / ) 1\111 thi s 1,.. no t p e>wr·rfidt •ll o ll ).!, li Sn \\'<'w ill nii iSJd r·r l ll ilCJ'<> d d ii11 -

I\ 1III S o f' ;1 rlilre• r< •iil f'rlii i i ,<'.J.!,. 11111/t l ll'ir·r(.r ,y) ll ll tll ( t' l rt.,(.t,J),]JI Il.,(!f y)) w hi r l! 

Js t o I IIIJli .Y 1./.1 .11 f ,'-,' !(11111 /t l utr·r )(.1 y) !(11111 /t )(!(tdu.,)(.l .r) f(tdu.,)( 11 y)) 

l ,t l IT IH t l 11 st I of a ll si a l i t !'111 1< '1 i11! 1s 111 rr f ~ IT d l1 rl/ 1 h• ;1 il rst "rrlr 1 lr 11 11 rr> IISisl 

I IIJ.!, 11 l fllll <' i ll ll1 11'11111 s Ill (, it !lrl .rr, .. , J' 11 di ,.; ( III Cl \ ill'l il l l lr•s , ti lr' ll i1 lll il!'lll rJ..Jill i il <lll IS 

'' !'lil t l 11 1'111 j(J' I ,.r ,) = 111 • A 111 :1<' 1'11 rl r•lf11tl 11> 111 " v;did , 111 11'1//(j'(.'l, .. ,.,,.) , f) -
I I 1/ I (/u [.I I ,_ ·' I I • . J' II f ·'II I ' T ) fll r ' ,J I ·'I F ,..,· a II rl " II r r- I ' I ,,. h ( J II ) 
\\ , h ii\"1' s<' \'r· r :d r hoic•·s !11 rt·s lr1 rl 1 1 1ilC'I'II~: 1111 :H i rli ll<llla l r•sl 11 <' 11 11lls 1111 i l l<' ll liH' JIIs 

( I ) a ll 11w n nl ) 111111 n·e·1 11,..1\r rlr li nrlions (:!)<>I 111111r ,,J· I hr • lllilf'lns rJ, •III Ii 'rl , 111;1y nC't ' l\1 

i n tl11 fiJ.!, hl h a nd s1d •• " [ :1 11 1acrn ddi 1111 ill 11 (:l) \\ • wi ll arlrl r•:-: tl11 · i111p l tra l1 <111" n f' 

1 h ,.,.., r • t r ir l1n 11,., 11 1 t h< nr x t ,.,, ., I in n . 

U uflJidinJ:; Mal'ro:-. 1.1'1 ..1 h· · :1 "''I "f 111:1n" dr litll t tnlt~ I· inH wr rl1 lirw 1lw .J ­

nnf" lriiiiJ.!,"f" I• 1111 / 11 h 1rll wr • will w r it• • as I I .J . I f/ ::-: f(it, ... , /,.) :tnd (f(; I• .... 1 11 ) 

I ) .J 111<'11 I I .J = /n[JI >- /1 I .J ,. , J,. .-- /,.I .J)•Isr • / I .J I 

\\ , will rlr 111111 I I .J .. I .,J h) I I" .J ' I h• alu1\1 111• ntilollr rl rr stri1·t 11111 s "" lllill ' l" 
'-----v-----"' 

rl llfUf'.l 

dr •liniti""· hal• t i lt' foll"lllll).:. i111plic:t1ito11s 111th r• 1wrl 111 thr .J - nllf"lrllll~<>f a 11'1111 

11 I"Jl"ssdd' , tlmt thr I' ' I" 111111 ll<'h 1lnt1 I I" .J ::- I l"tl .J , 1.J.!, .J - (f(;·) f(;·)l 
illr ' r' I" .til 11 !i llrh I hat I I" .J - I I" 1 .J "r I I .J I I 2 .J . 
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Now we define th.c L\-unfolding of a set of transition rules T , which we will write as 
TIL\ . Let1·ET:Ifr:=:=lntl , ,t ,J =tolthenl.t (tii L1 , , t, IL1) =to 1 L1 lET I L\.If 

r :=:=I i .f b t.h en D I and b I L\ rf_ {tnu:, fals e} then l'.r b 1 L1 th en D 1 L1 IE T J" L\. Finally, 

if .,. :=:= i.f b th en D and b I L\ = trv. e then D T L\ E T I L\ 
Th eorem: Jet 1 = < IT , S' , T,In > , let L\ be a set of valid macro definitions and let 

1[1 l L\ denote the .c vol ving algebra < IT , S', T l L\ , I 0 >. Then lJ! I L\ is operationally 
equivalent to tfr. 

Pmof: ln the unfold ed algebra the samP upcla. t.cs a.r.c do rw a.s before , we only chil.nged 
t.be sl.r11ctrrre of i.lw terrns , not !.h eir interpret.at.ion , i.e. the value th ey evaluate t.u. 

The operational equiva lence follows by the same argument used for the proof in the 
previous section. 0 

Folding Macros As bc~fore let_ L\ he a set, of macro definitions. First we' define 
the L'l-folcling of a t.errn t , wl1ich we will write as t I L\. Furth ermore we will use 
n to denote unificati on or hrst.-orde r terrns .lf t = f( t I ' .. . 'tn) and r; E t; J L'l then 
f(t'f., ... , t;,) E f I L\. Furthermore , if .f(tl , ... , tn) and to are unifiable , i .e . .f(t, , ... , tn)n 
l.o is defined and y(:r:, , ... , :l:m) = lo E L\ then g(:i': , , ... , i 111 ) E t J L\ , where th e :i:; 
are terrns, such that .f(tJ , ... , tn) = ln[:cr ~--+ i:J , ... , Xm ~--+ im] Note, that in an 
inrplernentation we do nol. need a.n occ.11rs check hccre, because we always unify a 
variable free ternt and a term. Now we deiine the L\-folding of a sd of transition 
rules T , which we will writ e:' as T I L\. Let r E T: lf r :=:= l.trt 1 , ,t, ) := t 0 I then 

fl.lrtr , ,t ~ ) = t(, I} U T * E T I L\ , where t'f E t; I L\ and T* E T \ {1·} I ..1. If 

1> = I i.l b then D I and b ·1 L\ t/:. { h ·u.c , .fals f'. } then {I if t.• I. h en n•l} U T* E T I ..1, where 

b* E b I L\ , D * E D I L\ and T* E T \ {r} I L\ Note, that T 1 L\ is the set of all 
possible foldings of the rules in T. 
Theunw.: Let. if/=< cr , ,'-,·, T , Ill > . Let. ..1 lw a. sd. of macro definitions and T * E T I 
L\. < IT , S', T* , Ill > is operationally equivalent to If/. 
Proof: In thee folded alg.cbra the same updat.es are done as before , we only changed 
tlw si.ructure of the tc-c rrns, not their intc' rpretation , i.e. the value they evaluate to. 
The operat.iona.l equivalence follows by the same argument used for the proofs in the 
previous sections. 0 

Clearly, in practice we are interested in one set. of folded rules. Tlms in an imple­
mentation we would have to choose one T* E 1' I d. The choice can be based on 
heuristics. Both , folding and unfolding transformations did only change the terms 
occuring in rules. Next we will address transformations, which change the structure 
of a set of rules. 

Flattening Next we consider a simple transformation, which is helpful to prepare a 
set of rules to apply other transformations. Let(..' be a set of rules, then we construct 
tlw set of Hat rules F( C) as follows. For each r E C: we have: If r :=:= I i.f &1 th en D I E ( .' 

then {I if b1 then" I : u E D is function update } U {I if b 1 &b2 then" I: I i.f b2 th~ E 

:F(D)} <;;; :F(C) . If 1' :=:= l.f(t 1 , , t , ) = t 0 I then 7' E F(C). For this construction to 

be semantics preserving , the interpretation of&. has to be Va. E ,'-,' : I(&.)(a.) = 

{
tnte . if (r ~ (~1>ue , tr;te) 
.fa.l.~ c otherw? . .<;e 

Note that. in the definition of a cornputat.ion of an EvA, we defined updates, such 
that the rules of a guarded update are only considered, if the condition evaluates 
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I.<J 11·11r. F'l a l.l.<' llinp; <wd il.s in v<' I'S<' l.r<Ln s f fl l'llmt. io n ( "c n1 shiup;" ) , cMI h r u sed t o I'P­

sl.ru c l.lli'f' a se t. o f rul f's, <'.p;.: [if b1 lilt ' II { 111 , i.f b ~ I hr 11 u ~ } , i f b1 I h F' n v.:d call h r 

lril ll s l'r>l'ln ed inl.o {if b1,\:b:! lh n 1 "·'1· i f b 1 lh r11 {111 , ll :;}} 

Pass St!paration N nw W<' w ill r l ;tss ify d y tl <lllli c fllll (' l i <> IIS '" ' c<>lllpii P- I.illl<' or rltll ­

l.ill J<' fun cl.i o ns. Th r v alil <' <> f :t c<J I1lpil <'- i.ill l<' fun r l.ioll i s kii OW II , h Pfo r<' Lha.t. of a 

l'llll - l.illl< ' f'llll r l.i o n , <'.).!; .in a ll inL<' l·prl'i.n IV<' llli ).!; hl. ro nsid <-' r Ll1< ' pro).!; ritlll as C<)lllpik­

Lilll< ' d ;tl. i i <l.lld i.l w inp11t. l.o i.l w p rop; nil\1 as l'llll - tilll <' d a t ;t . Ti l<' id <'i t i s 11 o w Lo c l<l ss ify 

ill<' nil <·s: Tlwr<' is o n <' p; rn 11p 11 !' nil <'s , w h ic h d <' l l<' iid <l ill y 11 11 ro 111pil l'- l i11H' fllll c ti o iiS 

il l\( I ll w l'<' lll il illill !; rul r's d <' P<' IIll tJ II C<l lllpill '- Li ll ll' o r 1'1111 I i111 <' f'llll c l.i o ll s. In pr ;tc l i c<' 

II' ' ' l'll \l sidn StJ \11 <' <J f 1.11<' <'X I <' I'Iliil fllll l' l i " 11 s II Ili 1." lw k ii <>IV II lw f" l'<' 1'1111- 1 i1111 ' . Si11 r< · 

ll i.J l<' r d ,V Ilil\lli l' 1'111\ (' i.i ll iiS ('i \\1 tk p <' iid Il l\ i.I II'St' f llll rl. i o i! S, IV<' li ilV<' I.<J c lassify tJH'SI' 

d .\ ' llilllli r 1'1111 CI.i o ns :ts 1'1111 Lilli< ' fllll r l.i <J IIS, l oo. 111 i. lw lit<• r a tlll'<' 0 11 p a rti ;d <'\'it llJ :JLi l lll 

( <' .)!,. [. J<:S ~ J :I]) thi s procPss i s c·; dlcd hilldill )!,- l.illll' it ll il lys is. 

('l riSS I./i ('(tf{()ll of l•'unl'i l<J 71 .'>.' L <' l I( l lt ' il l<' i11i l. i a l s<·l o f I'll II l.i1111 ' flllt c l i o iL S <llid </t = · 
rr, :·.,·. '/ '. 111 ..- . N <JW IV<' r l :1ssify i.l w l'llll r ti <I II S i11 :-: ;1;.; l't l ll llws: 

I . I,,. , {(' I t 

'2 l•',, r :dl r E :F(7'): If 1' · • F · --:-, .. 1 ~ :u 11 l i.h t' l'<' is a fllll r li n ll ll il ll H' !I E= /(, 

su r l1 I h ;il !I tl('I' III'S ii i. l l'as l i11 <> II <' o l' 11 11' 1<' 1' 11 \S / 11 , ... , 1,., 11 11' 11 f E- {( '- If 1' _ 

l~' ,'" .fl1 1 ._ .I, 1 10] il lid 11 11 ' 1'< ' is :1 flll lrl i tJ \1 llil lll t' !f I I(, Sll r ll t h a i !I ocr Il l'S 

:II l<·itsl i 11 11 \ \1 ' 1d' l. li <' i <' l' lll s IJ , / 11 . .. , 111 , 1111'11 f f- It" . 
:1 I r ,.., ,,. il l< ' \\ l' t' illl'\ 1 "'· ·1st • "t'l "' . 11' 1 :tilt I )!..IIIII '2 

(T N. No l t', l.l1 a l a ll "Iii ii !' 

lilli l' l lti\IS i l l'< ' <'lils,., il i<· d "" l'ti\ I IJ> ll t l iill l' l'llll l'l l tll ls . T lw ,· l :lss ll ir; ill <l\1 til. f llll r l il lllS 

l t' l'llllll ill.l'" 111 Iiiii <' U(lrrl) , IH' I'ill ls< 111 t•arh ilt· r :tlill ll 1111' 1/('1 dt '<'l'l ' itS< 'S a lld IN'I lrrl . 
( 'lo'"'" rlll!ut of /(u[, ·' ''llt•\1 \\'< ' l1:t\t ' I<> <L1ssll\ nil•·s "" t'tll l iJ'il' Ill' 1'111 1 li ll lt nil• ·,., 

I c I l,., ;j 1'1 111 I ll \\( 1111• II,. [.rll, , I I ;() ] <11\d lilt I< <l(( ' \11',., d( It dSI tll\t ' 1'1111 

Iilli< ill l itl\11 11 Ill 11\\t Ill ( h· lt 'J'\ 1\S 1 .. ... , 1,. , Ill il',. ' l•.r ,, (/,." /1] illld 1111'1'1 ()('('\ I I'S ·" 

J, .\,.,I 11\\1 I'll II Iii\\( l'lllitl\11\\ Ill h II\ lilt It ' IS ;\ 11111 - l.ill\t ' lltlt Ill /) Oilit 1\\ ist • I ' l" i \ 

, . .,lliJ>dt IIIII< rill• I hi,., ··liisslli•·: ll i<>ll .. r nil• s l< ' rtlllllo~l• i11 1 i1111' ( J( I'll 
J•111' lilt' JliiSS ,_, Jlilrilllll\1 ll'i\IISJ'IIIIliltll<lll , \It I'< ' <JIIiJt • IIJat tilt IIIJ> Jt ' \'t'J l'lllldiiiiii\S ill 

tilt' 1'1111 · 11111< ndl's <ll< ltlltlutt!llt tlf'!tl,/1'< , 1 • il' q·,/ 1· 1 11> ""lj. ·l•f J, 11> " .... Jf 
Is th• • I "' ;dl r1111 III I I< ruh 111 f' 111111 II'< ' l'<'<pilr• · f";ll ;!]l 1111< rpr• ·lali .. ll,., J f 

II ,,.f,(f,) ll 'lll(bk f) II,, T 1'111 :dl i I~· '1 '111(/t , !} /Ill ." 

\ii<\<>1\lll)!.:d)!,< 'hra"i" "fllll 'tlh!t d' Lii• · I"J> l• •v•lc"lidili"II S IIJ'IIJ< llllllillll'llil<•sar• • 

llilllll.dly <' ;\I'III SI\t illld 1'11111 I .,J t'llll!J•il• Iiiii' f'llll< ' li"IIS tl\d) dlld Jf' lli••rt • <>t '<' lll':-. 

1\111< 1111 /(1 1, .. 1,) Ill i ll\\ <~fiJI<' IIIII Iiili< ' llil<s wilt I'< ' f \s il d,Yilillllit• 1'11\IIJljJ,•- Iillll ' 

l111l< ' lit11l illl<l il 1'1111 IIIII< fllll<'lilll\ 111 '<' \II'S Ill oil J, ,\ SI <>ll .. r lh·· ' · 

'\111\' II'< ' 1'111\sll\1<'1 l\1'11 • \ { ol\' 111)!. :Ji )!,<' IIJ,\ S 11 \ \1' II'I!JcJ1 )!.< ' lit liilt •s I I J'l'll)!.rillll , 1111d 11\1< 

11l11<'11 • Xt ·t' tli<':- tlu s Jll'll)!.l'illll Ill tlw f.,JI .. wlll )!. w• • a.s11111• , thai th• • 11 "- IIHI 111111 

d< 1111<11\< 11 ~ 1 fllllt'IIIIIIS (t 'tlfl ,, , f ,, l , l' t li l , !'l l l!' ,, r, ll//l , llo/u;/) oll't 'l' iilllt' fllll<'liiiiJ S 111 

tl~> ' • ' \••hillJ.; · dwll!iiillld thalillsSopaJahlo l n r l'a r h rlllli111H ' IIII•·[ •J b tl" "'' ) 111 

'/ 1••1 i f '> fu il 11<'\\ i11sl l'll f ll ! •ll lt lld . ~tid ill< fttllnll'lll)!. rlllt •s In '/ : :tll<l T;. .- -

t'll lllpil a ti <ll l : ''"" ·n·q•l 1"11111 1; 
•·x•·•· •il iou : l'' ,. ,, ,11•r q}.O, f a 1 f JIII"JWII , th•" 11 1

'
4 

€ '/ ~ 
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wlwrr-· De is t.be set of corup ile-t.irne rules in D, DR is th e se t of run-time rules in D 
and a·r!;s = [a 1 , ... , am] ic: t.lw list. of all rnaxirnal subt.erms occllrring; in DR, whicb 
on ly consist of corupill'-time functions . iJR is obtained from DR by replacing every 
occurrence of a; hy 11th('i+ I, fst(Jwg)). Furthermore the islist function yields t.rue , if 
its argument is a l!On-empi·,y list . F'inally we l1ave if islis ·t(p,.g) th en 7'"!1 = r est(prg) E 

T~ and all compile-time mles ar1-' elernent.s of 7~- . Obviously splitting the rnle set. 
T can be clon e in t.irne 0( IT I). Now we define the following evolving algebras " 
1[1,. =< 0' U {J11'!7} , S' , T;. , I(j > where I 1)1,. = Io and I 0(p1·g) =nil and 1[/y , =< 
()' U {prg}, S, T., ,I0 >when' I Sler= I;;,J, and I6(p1·g)() = I~,(n:vfTse)(I~,(p1~~1)()). 
We call the algebra exec11 ting the prof!:ra.m 1[/I;,, to make explicit , tba.t. it depends on 
the t.enninal stat.t~ of Uw compiling algebra . Taking the time complexities of all pbases 
of t.he pass se paration iut<l a cco11nt., tlw t.ransforrnation needs time O(rna;c(IO'I, ITI)) 

Th eorrm: If I 11 ~I,, is a coru p ll tcttiou in if; , then in the cornpiling algebra tf;c there 

exists a cornpu t.ation It'; V' ~: I,~, and in the executing algebra I[/ I;;, there exists a 
lj! Ic 

computation II\ ~ I;; ' where q::; m. Furthermore we bave I; 1,. = Im. 
Pnwf: First. we note , that. tto dynantic c:ornpile-tirne functions occm in T" . Let. C lw 
the ,;et, of cornpilc"- t.inw rul es in T ;wei R. b e the set. of nm-t.irnrc rules. W1" will prove 
l.be live ::>t.rouger propict·tie" 
Lcm.ma: T he following properti es hold: ( 1) \:lj E {0, ... , m} : I j iR = Iu IR and (2) \:fj E 
{0 , ... , m} : I j lc: = Ii lc and (:l) V.i E {0 , ... , q} : Ijlc = I,n.lc and (4) ::lin, .. , iq ::; 
m, ik < ik+l : \:fj E {0, ... , c;}: Ijln = Ii , IH and (5) I;IH = ImiR 
( 1): Clearly Ij. IH = IuiH , b1~cause t.here is no update t.o a run-time function many 
of t.lw mJ e, in T... 
(2): T his p::~rt follows by inch1 ct.ion on the steps of the cornputations: 
j = 0: by definition w1-~ l1ave: ISla =In and as a consequence I 01c = Iolc 
j + l: ln Tc are only ltpclat.es to compile- time functions , b ecause any rule contain­
ing au update to a run-time flrnction is considered a run-time rule. As a conse­
quence , for all upclat1-~f; 'l/. t.o compile-time functions we have 'U. E v.prlates(T, Ti) ¢? 

H. E u.prlalcs(T;. , Ij') , lwcause the conditions, which havP t.n be t.rm' for adding u. 

to updu.l cs( T,., I)') cont.ain only corn pile- t.irne fun d. ions , for w hicb Wt' know, that 
Ii lc =I)' lc by the induction hypothesis. By the cldinition of a computation step it 
follows , that Ij + 1 I c· = Ij'+ 1 k. 
(*): F11rt-lwnnore we know , that. only the guard of one run- tim e rule can b e true 
(nmtnally exc lu sive rnles). In this case prg is updated: 
Ij+l (yrg)() = Ij'(cons)([i , rn ai(al , Ij), , eval(a11 , I?)], Ij'(pr,g)). 
By tlw induction lwp ot.hes1 s it follows, that cval(rq, , Ij) = evi:d(a!;,Ij) 
(:3): Since Te clews not contain au Hpda.t<-' to a compile-time function , we have 

IJ lc = I;,, lc and by ( l) we have I,';, lc = I,.,.lc. 
( 4): T his part follows by induction on the steps of the computations: 

_j = 0: By definition we have: 11\ l,., = I,~,J,. and hy (1) I,~, IH = IoiR Thus it. follows , 
that I {J IR = Io!H ancl -i11 = 0. j + 1 : 

r['l . - - . - I if' I 1 . . I I l case 1: . 1ere IS a. comput.a.t10n step i;+,- 1 ~ i;+c, W11ere 1.i < Zj +I anc a top- eve 
condition of a. nm-tinw rnle 1"va. lu ates to tnu~ . Then this guard also evaluates to tr·u c 

. tJ J C if' r I'' [ ] • 1 l J l 1 J m .w step ,
7
+

1
_ 1 ~ ''+'and i,rl1 , . . ,a-k ts consec to prg Tw rues mvovP.u 

2 The rebtriction of a. function f to a. set A is defined a.s fi A ={(a , f(lt)): a E A}. 
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art': I i.f b "' ' " j) IE 7', if,, tlt<JI n'' u {/'1'.'/ = ··nn<(om,<li,<U',<f.') . /'r,<t )} E T,. 

ill ld if i.<lisL(I"'.<I)·~·.f.d(.{sl(]•l',</)) = i lho 11 h'' E '/ : 

Sill ((' ill 1/!r;, Iii !' va ltl l' nr 7J1 '!1 has h t'<' ll l'l' Vl ' I'Sl'd 'IIIli al. (' (l(' h skp ]!)'!/ := 1'1'81(/n·y) 
i,., <' X< 'Ciil<'d. il is <' iiSV l os<'<', i.h ;ll. [i. 1/1 . .... u-k] i s i,l w lirsl. PIPII Wnt. o f' JI'~'!J in Tj . A s" 

l'IIIIS<'qlll ' II C<' W<' haw: II.]Hittll s( 'l : ,Tj ) = II]J(/ul1s(iJ 11 ,Tj)U { r(l(t/ (711'!1 := nsl(ln·!!))} 
Sill ('<' Ill <' ('( ' is no nl. hn 11pdal.<' l.n il r1111 - l i111l' l't111 r l.i n 11 in an inl<' l'lll<' diil!.<' si.c' p , W<' h <1V<' 

I;, lu = l;,+,-11 11 ;1nd hy i.h<' indll (' l.inll hy pnl.li <'s is, Tj 1 ~< = l ;,l ti · N()w il. ['() I lows , !.h il l. 

ttj ll lllf, s( f)H , IJ) = upr/crlt s( f) 11 ,I,,+, - I U IJ 1{1'".<1:) il llrl l>y ('·)IV<' k11 0\\' 1. \i ;t l. I l-k= 

•t•u l (o ;-, l j,+ , - l) = 11111l(ak , l ;,+,- 1) illld i. l111 s ll]ll!ltils(/Jfi , I,,+, - 1 UTjl{l' ''!!l) = 
"l '' /u/ 1 s(IJ.T;,+, - 1 ). And l>y i. lw d<'li11iti o 1t 111' '' ('() 111pttl.a l.i o tt sl.<·p : 1J+ 1Iu = I;,+,IH· 

<·.as< : 2: T lw r<' is no Sti ch C<l ll1Jlltl.ill.i <l l1 sl <' ll. Th Pn j = 'I and W<' ro nr·iltd <' , I h ;1l 

f ,1 lu = 1, 11 1,1 :tt ld hy !.Ill' itllllt r l.i~>lt h _v p t~l. lws i s I ,', IIi = I.,l /1 :1t1d i.htt s T;, lli = T, 11 I J1 , 

w hi l' ll is p11i til (~1) of' i,lw ahov< ' l<' llllllit . 0 

Au Ex;uuplt- N <' XI. IV< ' wi ll :tpp l_,. p<~ ss '" ' P<~r : ll . i n ll 111 :til illl.<' rpr <' l.<· r I'm si111pl •• il ril.ll ­

ll ll' li l' <'X pr•·ss i•III S ( /''- \ '. \/{I I N '!' I ( /•; ()/' /•')). W<· ass1 111 1<' , 1.1~:11 . in i s a li st 

"r"-'' lld llds l'l ' PI'<'S<' 1ili11g ;u, •·x pr• ·ss i<lll , <' .J.!,. in - [" ('' , X, 1." (", 7, t , 3, " )", '' )"]. Fllr-

111 <' 1'111 " 1'<' env lliitps var i ;d Jit• ll<ll ll <'s 1.<> Vililws, <' .)!, . env{X) - 3. 

Jf l :'\ ll s t(in) t.h f' n 
{ j f f<t.(in)="(" t.h e n in:=rf'::; t.(in ), 

if i sopCf s t.(i n )) { opst.i'!c k :=co ns(fst.(in) ,ops t.ack) . tn:=t·es t.(in) }, 
1f t :'\ int.(f ::; L(ln)) t h en { e,;t.~c k:=c on s (f s t(tnl, <"s t.ac k), in:=rest(in) }, 

tf i s vatU stCin)) th e n { l">~ t. ack:=cons(env(f · t.(in)), es tack), in:=rest.(jn) }, 

if f s t.(in) =")" then { op<l.nrk:=rl" :;' t.(ops ta c k), 
es t.ac k: =con s (apply( f s t. (opn;Hk) .snrl(cs t.ack), 

f<dl" S Ln c k)) , J l"f. t.(rcf t.( f':' i. M k))), In:=res t. (i n)}} 

I " ''' ~!.f l a t l <' llill )!, t lw ,tf,,v< ' 11' <~11~11 '"n nil< <'<I ll l 11 · r<>tlv< tl< d IItle• a "' I ,,f' 1 r<~ll >' lll " l' 

nil< ·,., \\' lll <' li 1~ 111 11r" s t11t.ild • 1'11r <~pplvtll)!, tlw P·""" s•·pnralt<lll lrall s l'~>rll~<t!ill lt 

1f i :.-\ ll >< t.(iil) then in:=tef t.(w). 

If iillt,;tCllll .t isopCf:>t.(in)) t.h P. n op,;t .. .ck:•ron:(fst.(in) ,ops t.ac:k), 
If i::>.lJst(l!l) &- i~·. intU;'t.(l11)) th•~n ·~. t.t<: k : ron ·(f~t.C ll>l.<' :> f. ;tc· k), 

ll il"lH·. t.(wl &- uw,IJ(fst.(ul)l i.hPn ""'"ck: c·ou. (Pnv(f~·t.(wll,N\ t.ac: kl. 

Jf i · ll s t.(tn) Ft <r s t.( tnl =")") t.]H ' Il op:ot tc k := t e. t(op>l..tc k ), 
11 t s ll!'; t.(lll) &. (I s t. (i n )="l" th <• u •• ;; t.ar k :=c.o nsC. tpply (fft.(ops t. ;\<:k ) , s nd (r;; t,;,c: k), 

f s t.( e. ta c kll, tr.tCto~s t(<" :' l <\<: k))} 

\\ ' .t ,.;,., ltlll• '. I hat 1n 

'l.t .tl :v l'1111r1 i"tl . .111d r11l• •:; as ,J, :-ni l" d ;d" 1\1 · , '""' 1\'1' <.ttl apply til< ' pa:;.-. s•· par:tl111n 

tr.lll " f"tlttall~>ll ;l !11 )!,<' flt ' f ;l\ 1' :t :<l ltipl• l'll tllpif, I 

tl 1 lt t.( tnl th<"n 

111 : 1 e. t. ( tnl. 
l1 isop(lst.(tn)) then opst.Mk:•cong(f t(inl ,opst,tck), 

lf isin t.( f s t(in)l then ptg: •c:ons(i:onsf"pll lllnt",f s t(ut)l .ptgl. 

11 J ll v.n ·f f ll t(in)) thut pq~:=ccmsfcous(" pu hv a t ",fst.( lll l), ptt-; l . 

!I f th P.n opsl.t<:k: J'PS t.f op ,,r k l. 

f t(in )•"l" th <>n ptg:•con. (cou ("o~ J•p " .f s t. (op t .,c; k )), pJg ) 

t• .1d.dlillll' "'' ·'i'l'lt• d tlu k' 111 l11n ~" tr .• n'f"t lll •lfiflll , 
181!. t.(ull .t ud isl1st.Cp1 •) 

'"' fllllditiflll!> 
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cmd an abstract. target nmchi1w 

if islist(prg) then 

STEPHAN DIEHL 

{if fst(fst(prg))="pushint" then estack:=cons(rest(fst(prg)) ,estack), 
if fst(fst(prg))="pushvar" then estack:=cons(env(rest(fst(prg))),estack), 
if fst(fst(prg))="app" then estack: =cons(apply(rest(fst(prg)), 

snd(estack),fst(estack)), rest(rest(estack))), 
prg := rest(prg) } 

For <'Xam ple given the va.lu<~ in= ("(",X , + ," (" , 7,* , 3,")" ,")" ] at cornpile t.in1<'. 
the compiler will generate Uw abstract. rnachine prograrn: prg =((pushvar X) , 

(pushint 7) , (pushint 3) , (app *) , (app +)].The a bove example shows , that. 
pass separatiou can be !lsed for seuJa.ntics-clirect.ed compiler genera.tiou. 

bupl8tnentation All tra.nsforrnatious in this paper can be a utornatecl , but. testing 
the mutual exclusion of ntn-t.ime rules is not even decidab le. Nevertheless heuristics 
can lw used to clecicle , whet.ber th e conditions are rnut.ually exclusive. Even checking 
rnut11a.l exclusion at run-tinw is co-NP compkte ((C~ur9 l]). 

3 Other Work 
In [.J S~fi] th e authors us<' pass separation to generate a compiler and an abstract. 
ma.chim~ for a function al language from a specification of an abstract. interpreter. 
The transformations are very sophisticated, but they are neither formally deil.necl. 
nor is it. likely that they can lw a utomated. In (Han9 1] John Hannan defines a pass 
separation transformation of a very n'st.ricted class of term rewriting systents. From 
an interpreter for a. simple fund.ion al language, which he calls the C:LS machine, he 
derives a compiler and an a bstract machine similar to the CAM ([CCM85]) . 

4 Conclusions 
Vve defined evolving a lp;<-' hras in a.11t.ornata theoretic terrns and used this definition a.s 
a basis to define souw transfonna.tions on evolving algebras and prove sorne essential 
properti es of these. Tbe pa::;::; ::><~ pa.r a.tio n tra.nsforrna.t.ion can be used to split simple 
interpreters into compilers and a bstract machines . 
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Relative Completeness 

H.<Ld< · l)u rmduvac ki 1, .)ovanka. l 'anl.nv i <:J , l{aLkn 'I'o::<ir~ , (~ra.din1ir Vo.ivodir" 
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Ahst.ra.r;t.. This papf' r lli'<'S!' III.s l.ht· l'(· la.l.ivt· co 111pi C' I.eucss with r<:spec l. t o 

~<ll ll l' ~ p l'c ifi c d cloii <'S t.ha.l Wt ' find t.u ht· o f parlicnl ;u interest . co nsid ered 

iII [tl, .'!, !I) . 

1 N o1.ation and Preliminari es 

Tn >' IIJlJl<~l'l 1111' ,.;ys l <' lll al ir dt•s ip; 11 of' hinlllnl<' r lllar CO IIIJllll.in p; sysl.l' lll s, an a lp;<'­

hr ;llr S.\Si<' lll ra iiPd s<' l. lo)!,ir is d<' V< ' Inp• •d . As it is intl'rcsl.in p; (.n m nsicl <'l' llw 

<JII< 's l inll' II' on!' h as all Bnt> l t' a ll . f'1111 r l.ini1S , hnw 11111rh doc·s n il! ' ll t'r'd l.o h ave• 

f1111 r l iniJ ;ti Cll liipl r·l<' ll!'ss'( So ;tl so il is 11 al1 11'a l PXI.I' nsin 11 l.o ask , if Oil!' has asp<'(' 

ilit•d s11i>sP I ol' 1111dl ipl<' v;d ll <'d lnp;1 r l'llllrl.ions, l11nV 11111 CI1 doc's n 111' ll f'l'd l.o lra vt ' 

IIIIICII<llloil ('()lll jii PI !' llt'>'S? 

lh N liT dPIJ<>I• · llw sPI ,,r· pns1l1w inll'p;••rs : {1 ,:2,. For ~·. 11 f" N l c• l 

l ,'k - l 0. I . , k if , IPI l'f" 1 
d• •nni<' I li P s<'l nf' all 111aps ~~~ 1•:4-, and IPI 

l'k- U,
1 

N l'i," 1 
\\ '• sa.v I half 1 ; 111 1- lh Jll 'O ftrlwn of an/11 11 ( I ,. i < 11) Ill 

f • 1·:· .111d f sa l1sfi• ·,.; lh• 1d• 111111 .{(.11 .. r ,) "-' .r , LPI rr;' dl'llnl< lir• 1 IIi 

Jli'"J' r l11111 of i\l"lly 11 L• ·l lh dt ·lu >l<' lilt' "''I of all I h<' pro.J<'II lOll s oV< ' I' '-'k · 
I I l'k I" ''"'II 11] 11/11 lrll/1111\ ()//" II k (or dt1111 rnr shorl) Iff lh c F ;\lid r· 

Is c i< N d 111ll1 n ·.s p• •c l lo slip< rpos1l1n11 A IIIII!' clo ii!'S o n I•'~; for1 11 a latl1 rc• wl11rh 

:-; halll>t ' n •fi •rn ·d I<> a,; {k l or I•' ( /'4- (/'}• ·1, sla11d,.; ror llw r lo lll' )!;<' l ll'ra l t·d I>~ 

I' I·' c h· Is n1111 pl• ·l• · i ll (/''}c ·l. l'k 

I - I '1' I I I I [ I '1 11 
I \\ I } . If I' .1'1 L' t ~! ,,. " ' ar.\ r• · ;II 11111 ""' k • sa~ I 1a1 pn•:-;,• n ·,., I! 

f,l o•:J.il II/, IIIJ>lt •:- (IIJJ , ., IIJ11) , (llrol• , , 11 11 1.) frn111 {! \\'1' !Ja\t 

{f(lltl o•··• " "l),., , [(11t/o• •••• ((ro h)) E L' · 

' '"IL•is tht •:-•1 ,.fall f - ~·k lltal pr• . ••tVt L' , ~,.r ,.. ~ 1'!·. Ill \ r "'' llllft 'S lh· l'l'i 

,.fall till' r• la11n11s lw11111. 1'1'1'. •·rv• ·d 1>1 <'<t<'h J E F 

p.;, I 
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Definition 1.1 Lfl ( : E Lh: be a clone and F ~ P~:. F is romp/etc r-ela tive lu (,' 
(or C: -complete) i.fJ (F U (.')c:L = P,. 

Thus , relative cornpleteness is a generaJizat ion of weak completeness , intro­
duced in [7]. On the ot her han d , rd ative completeness is a gene ra lization or· 
(usual) completeness, because every complete set F is 11.,-cornplete. 

T lw following easy t.lwnrern gives a necessary and sufficient. con di t, iou for F 
to be C:-complete. It. is a.na.Jogous to the Post's cornpleteness criterion. 

Theorem 1.1 Let C bf a clone and {Nh , .. . , M, } be th e sel of alllhr m aJ:imaL 
clones containing C:: 

{ Nh, ... , /\{,} = { D E £, : D is maximal and D 2 C } . 

F ~ Pk is compLete rdative to C: i.fJ F \ M; :f. 0 for aLl i E { 1, ... , s }. 0 

Therefon~ , t.lw problern of d eti~ I-rnining whether a set. F is relati ve ly cornp [P\. P 
1' 1~ duc es to cl1,tennining all the rnaxirnal clones th at contain F. 

VVe shall introduce some special sets of rel ations: 

H1 the set of all boitnded par tial orders on Ek 
R2 the set of selfdua.l relat ions, i .e. relations of t.he form {(J:, s(;v) ) : :1: E £!:} . 

where s is a fixed point. free: pern111ta.tion of prime order (i.e. 87' = id for sorn e 
prime p) 

R;; the set of aftinf' relations, i.e . relati ons of tb P fonn { (a , b, r:, d) E Et : o. * b = 
c * d}, where (E~,;, *)is a p-elementary Abelian group (p primP) 

H4 the set of all nontrivial equivalence relations on Ek 
R5 the set of all central rel a tions on Ek 
R6 the s<e t. of all h-reg11la r relations on Ek (h 2': :~) 

Theorem 1.2 [6] A clon e M is ma~:imal ifJ thcrf is a {! E R 1 U . .. U R 6 .·:mrh 
that M = Pol f! 0 

2 Relative Completeness With Respect to 
Minimum and Complement 

Let. min(:J:, y) denote binary operation whose result is the least of J: andy (wlwre 
:1:, y E E!:), a.nd x = (k: - l)- :1: . Let. [{=(min, x)c:L - It is important to observe 
that max( :r , y) = min(:r, y) , which implies that max E K. 

Lennna 2.1 x Jn·eser"Vf.S no f! E R1 . 

Corollary 2.1 /( \ Polg :f. 0 for all{! E R 1 • 0 

Lennna 2.2 rnin preserves no {! E R2. 

Corollary 2.2 [{\Pol g :f. 0 .for all g E R2. 0 
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Lr~unua 2 .3 1111 11 ]11 '181 1"/ 'I'S 110 I! E /1;1 . 

Lmuma 2.4 !,rt!! E ln v /,· n H .. , , lrt (11., h) E [! a111! u. < h {wh c1'r ·'<" is nsu.a./ 

/iur rn · unlr"r 11'11 ek: 0 < I < < A· - l ). Frw rach r· E E.:k. i.fu < c < b l.h1'11 

( u. r·) E !!· 

Lr~Ullll<l 2.-'i Lr I I! E ill Y,,. n "'A· /•,'quinalr ,,, ., l'ia SS I'S uf I! 11.1'1 wlr /'/!Ills 111/llt 

1'1 Sfl< f'i /u II SI/.11./ ll'l'ril'1·i.nq 1111 fo'k. 

Lr:uuua 2.G lf[a , b] 1s 11. 11 C!fllll l(l./r ·711 '1 dass ofsowr I! E l nv ,,·n {(.,1, th r 11 [L.7t:] 
1., 11/su an rquinalrur ·r dos s uf !!· 

c;., •. .,J];wy 2.4 /,1 I (! E I11 V ,,.(l /{,1· l•.'rtlllllllltur ·r do .. ~s t s uf I! rr/'1' ril.sjuiul i11/1 l ' lltd~ 

1'111 ' 1 1'111(1 /;'k III 'I'()UIJI 'd iu su.1·h a tl! rt.IJ !hal k~ 1 
IS l/11 cr 11/cr of S:tf11111icl7 ·y of l/11 

/irJnrr /111 '1111 rl b11 1/u 111/1 rn11k D 

Lr·uuua 2.7 If !J E /? ,, IS a11 IIJIIII/Itlr 111 '1' 1'1 /ollu/1 s urh !hoi 1'(/t! 'lllllii' J/ rr da .. ,-;rs 
u( u 111'1 rll .,jlll/1/ lllir!' lllt [., 111hu ·h 1'11111 , . l ;'k aud whu ·h an 111"1'01/ljl d 111 ' "1'11 11 IIIII. If 

1/ut/ y IS //11 1111/r I ' u( ~ ljl/1/1/1/t · tj u( 1/11 fiqtll 'l fot '1t tld f1y 1/11 111/1 1 1111'-'. 1/tr II 

u t- 1111' ,, . 0 

( I I (" I 1" l· '' 1" Crll'l) ll ;H·y 2.7 l( u E /(, rtltr!l - rard(u) . !Itt 11 r ;1rd ( l'l· (l l 'nll!l -= I A 

Lt•Jllllla 2.!1 1/!.! I· h' ~," 1 nurl It > '2 lluu l1 \ p,,j (!:f. VI 

! '') 
Lr ' llllllil 2. LO /. r I~· 1- 111 1 /1 r l It',,-

(11) If 1· ' ' 11 1·1 u/ui/ r /r 111111/ uf!! i11111 r· luu " 1 tllllttlr/r 1111 11/ of[! 

( /,)If 11 1/11111, 1111 nll l/'11/ 1/rnun/ uf 1111111111 • /1 lhr11 II 'IIIJ r/11111111/row t/11 

111/r 11'11/ [n /1]1' 11 11 nl111l 1/1 111111/ of L' 

Ctll'tdlat·. 2.8 /r/ 11 f. ill\ /1 I 1( 1'/11 "I 11[ 11/1 lhr n 111111/ r /r 1111 11/' uJ [I I' 

1111 111/r tt ·rtluf !Itt j111111 [t- i'] whnh '' 11 ,/ltrl \ltlhr I of J;, . 0 

('') l' _, J L•·••u••a 2. 11 1';1rd( l ll\ /1 rt /(~.-) =- '2 -,- - I 

Lr •Jn111a 2. I 2 111:t\ ,,, "1,.,, "" ~· - /( ,, 

( •In dim) 2.!) /1 \ l 'nl L' / VI ful •11/ ~· - !.',, 
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3 Relative Completeness With Respect to 
Two Negations 

Consider the following two w~ga.tions : 

x~ = x + 1 (mod k) 

.(k - l)_{k-1 ,x =k-1 
~- - -1-0, x-r-k:-1 

and the done generated by these negations: U = (:1:-, :1:(k - 1l)c;L. 

Leunna 3.1 :1:- prese·r·ves no {! E R 1 . 

Corollary 3.1 U \Pol{!# 0, for all{! E R1 . 0 

Lennna 3.2 ;~;(k-l) preser-vcs no {! E R 2 . 

Corollary 3.2 U \Pol{! ::f 0, for all{! E R 2 . 0 

Lennna 3.3 J:(k-J) preservF.s no{! E R3 . 

Corollary 3.3 U \ Pol {! -::J 0, .{o1· all{! E R3 . 0 

Lemma 3.4 For ear h. {! E R4 th ere is .f E { :r-, :1:(k-J)} s·uch that f docs no! 
pr-esr. rve [!. 

Corollary 3.4 U \ Pol{!# 0 for all{! E R4 . 0 

Lennna 3.5 :r- prl'scr-vcs no {! E R 5 . 

Corollary 3.5 U \Pol {! ::f f/1, fo r all{! E R5 . 0 

Lennna 3.6 Consider an one-element h-r·egular family r = { 8} and denot e by 
{! the reg-alar relation detenn:ined by r. a:- preserves {! ·iff e ·is an equiva.lencf: 
relation whose blocks an: 

{ { 0 , h , ... , ( r· - 1) h} , { l , h + 1, ... , ( r - 1) h + 1} , ... , { h - 1 , 2 h - 1, ... , 1'11. - l}} 

where r· = kjh. 

Corollary 3.6 Ther·e t:x·i.st at lea.st card( {h : hik} \ { 1, 2}) maximal clone.s which 
contain the clone U. 0 

Theorem 3.1 Ifk ~ 8 then there exist exactly carcl({h: hlk}\{1,2}) maximal 
clones which contain the clone U. 0 · 

We conclude with an open problern that could clarify thee obscurity of ca.se 
R 6 : Is th ere a {! E RG such that ar( {!) > 1 and x~ preserves (!'? 
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4 Reiative Completeness With Respect to 
. 'I\·anspositions 

('.,, ,,., jd ,·r t.IJ ,, fo ll ow ing t.r a. n,.; pu,; it.i on,.; ([:2],1.ht' l)1't' 1n K, p.54) on Ek: 

{ 

i ,.1: = 0 
!/i ( :t ) = () , J' = i 

.1' , o/ h.n· wisr. 

k- 1 

C = ( u !likL· 
i=l 

P-!\5 

L<·uuu:t 4.1 F111· rnch I! E H1 !h er'!' i .~ .f E C snrh. llw l f dors nol JIT'CSC1"Vf (!. 

Corollary 4.1 C \ l'ol u =f. 0, frn · nil f1 E ft' 1 . 

Lt•unwl 4.2 For 1 nrh (! E !< '.!. lh rn 18 I E C snl'h !half rlors no/ prrsrrvr (!. 

C()wllary 4.2 C \ l'ol u =f. 0. fur all I! E N'J.. 

L<'lllJII;I 4.3 (a) If 1.- > '1 lh t 11 (or' orh I! f IT ~ lh rn' 18 I E C snrh llwl .f docs 
/Ill! fl 1'1 ·" / ' Ill I!. 

(h) If~·~ {:l , I f lh1 11 !1 1 fll'l ~~ 1'/l t .> I! jo1' tlll 'h i f { I , ... , k - I} . 

Condlary 4.:3 (o} If k > 1 flu 11 C \ l'olu =f. 0, for ollu E /{:l· 

(h) I/~· f { :1. 1 f lh• 11 C C l' olu . j'11r I! F N:1. 

Lt•JlJJIIa 1.•1 !-'111 ' tor·h!! E !t' 1 1/u n "I 1- (' 'uch /half dot' 1111/ )11 'r M7' 111 !.!· 

Lt•!Jlllla 4.!:; l-'111 111rh!! E /(r, ilurt ''I f (' >Urh lhnl J dot' no/ pr·nrTI•r !!· 

Ctmdlary •l..'J (' \ l'nl u =f. 0. frn all!! ~ l( r, 
• 

L<'lllllla 4.G (r1} /<'~1 1 ru h !! !( ,,. '1. • h ~ ~· i/11 n "J E (' >urh I hill J dot> no/ 

fll t " I l't [' 

(h) /11• k 111/fltlnlwn!! I( F ,., fl"''"'' rl hy !1 1 fm u1rh 1 E {1 ..... ~·- I} . 

( · ~~•·ollat·y LG (u) (' \ l'nl L' ::j:. ~. /m nil!! E-; /(, ,.:.! < h < J.: . 

(") If II rt I 'u I (I - I I "" II c ( I) nl!! 

Th<'Ol'< ' lll L J (n) If k .> •I flu 11 !111 11 '' 'rr1r lht I ttlnltrt wn; 1111111 rlrn11 ll'tlh 

It 'I" I I I (I (' 

(It) I/ J.: (:1, ·1} lht 11 lh• 11 '"' tJttt'lltt '1. ttlllltrt IIIIII/111111 rlottt., rn/h 11 '>1111'1 to 

<' 

C"J·n ll aJ 'Y 1.7 If~· ' 1 tlu 11 .r ,., tclllltrt """ftltlt tnllt '"I" 1'1 lo C t_fl '' 
t 1111/rlll/\ rill t "tllfltll /11111 f 11111. 
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5 Relative Completeness With Respect to 
Two Unary Functions 

Cons icl ~ r th e foll owing oper<tt.ions ( [2] ,t.h1:or·em 9, p.54) , on E1,: 

{ 

J: , 0 < :1: < k: - :3 
!1 ( ;1: ) = k - J , :!: = k: - J 

k: - 2 , :r = k- 2. 

f( :r) = :r:- l(mod k) 

and t.lw ('.lon<-' gen<'r;J.tcd hy l,h,"m: C = ({fi , f})( :L-

Leuuna 5.1 f prescr"'t"'s no (! E U 1. 

Corollary 5.1 C \Pol I!# 0. fO'r rr.ll (! E R1 . 0 

Lennna 5.2 F'r!'r each 1.! E R.'!. lhf ·re -is h E C such that h docs nut pn:srT/1 1' 1.!· 

Corollary 5.2 C \ Poll.!# 0, for· all{! E R 2 . 0 

Lemma 5.3 (a) Ilk: > 4 then .</ prr.s crv c.s no 1.! E R:J. 
(II) Tf' k: E {:3, 4} lhr.n {f, y} pres r. rvc [! E R3 . 

Corollary 5.3 (a) fl k > 4 lh rn C\Poli.! # 0, for· all{! E R.;-;. 
(b) Tj' k E {:3 , 4} lhcn C ~ Pol[! , for{! ERa. 

0 

Lenuna 5.4 F'or· ea ch {! E R.4 !.herr. -is h E {.f, g} su ch that h do r. s not Jn·cserw· 
[! . 

Corolla ry 5.4 C \ Pol(! # (/) fur all (! E R4 0 

L1~unna 5.5 f prescr"'IICS no (! E R5 . 

Corollary 5.5 C \Po](!# 0, for all(! E R.5 . 0 

Lemma 5.6 (a.) Fur each (! E RG, 2 < h < k tlt eu. is h E {.f, g J such that h. 
do P. s not pres erve (!. 

(b) Th e k: -ary r-elation {! E R6 is pr·eserved by {f, g}. 

Corollary 5.6 (a) C \Pol(!# 0, for· all(! E R6 , 2 < h < k;_ 

(b) T.f fJ = Ef- PoL(k-l ) then C ~ Polg. 

Theorem 5.1 (a) ff k > 4 then th en' is exactly l relative maximal clon e with 
n :spect to C _ 

(b) ff l~ E {:3 , 4} then then: are eJ:actly 2 relative maximal clones with respect to 
C. 

Corollary 5. 7 If k: > 4 then :F is relative complete with respect to C i.fJ it 
conla. ·ins an essential .function. 
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Abstract 

In this paper an approach to deductive database development with op­
timization is proposed. A logical (Prolog-like) interface to a relational 
database is designed and implemented. Query evaluation is performed in 
two steps: first, materialization of derived relations present in the query, by 
the most 'efficient method from a given set of methods; second, translation 
of a Prolog-like query into an SQL statement over base relations, and its 
execution by an SQL processor. Decision about the most efficient method 
for materialization is made according to three criteria - number of suc­
cessful inferences, input/output. cost and the number of simple steps in a 
corresponding algorithm. A programming system is implemented in Visual 
Basic environment that includes three compi ling methods for derived rela­
tion materialization Naive, Srmi-Naive and 1 !enschen-Naqvi, as well as a 
component for their efficiency estimation . A classification of derived rela­
tions is proposed according to efficiency of specific methods. This syntactic 
characterization of derived relations enables estimation, without prior ma­
terialization, of the most efficient evaluation method for four significant 
cla~ses of deri I'Ccl relations. 

1 Introduction 

Dcductivr di\taba-;rs providl' for new farts t.o be d(•duced from other, cxplicitely 
given facts . Such a dl'duclion becomes JH'ccssi\ry because of l11n1lations of rcla 
tiona! mode•! formalisrns relational alg<'lmt and relational calculus, in formula! 
ing, by i\ single l'xprc•ssion, difTNrnl sets of data from a dataha;,e. 

For example, a result of a lransitiv<' closure operat1on of a relation cannot be 
expr<'ssed by a s1nglc• ex pr<•ssion of t he• classical rrlat ional alg<'hra or n•lat10nal 
calculus DifTrrc•nt approaches to incr(•ttsing exprrssivc powt•r of manrpulat.ive 
formalisms t'XIst Bt•sid<> solutions off<'rtng ncsl111g of a rdational formaltsrn tnto 
a host languagr [2], a ~rgnificant approach 1s bast•d on extending structural- and 
conse<!ll<'llt ly man i pu lat.i ve paris of l h~ mrxlcl itself. 'I his le;uls t.o a dt?d uct.ivc 
model (and ckductiv databa~ sy~tems) . 

From th,. proof thl'ory as a first ordt•r theory point of view, a dcductiv 
datab~.<' con~isls of two comporwnt:.: 

• 1 hrory T whose axioms, bt iclt:.., g~'n!!ral axioms t hal hold in the corrc·· 
sponding thtory for d ;usic:al rt>lat10nal datab~ cs, include lltt! following two 
groups of axiotn : 

(I) r~ lenwnlary fuc:t I I (',, a C'l of clall ·~ of (he form P(c, ,. 0.' Cn). corrc· 
sponding to a h;u• tabl<' f> in a rt>lational clataha.:t•, and rc·prl'sc·nling 
an r:nn (Ext r>n tonal DataBase) part of a deduct i\1· dat ahasr>. 

I' ~,~, 
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(2) Deductive rules, i.e., a set of clauses of the form 

representing definition of the predicate R in terms of predicates ?1, 
? 2 , ... , Pn. Deductive rules make an IDB (Intentional DataBase) part 
of a deductive database. 

• Integrity constraints set of formulas, IC . 

An answer to a query W(x1, ... , Xn), where x1, ... Xn are free variables in {1\1, 
is a set of tuples ( Ci 1 , • • . , Ci,.) such that T f= W ( Ci 1 , .•• , ci.). Deductive database 
sat isfies integrity constraints of IC iff for every formula <I> E IC, T F= <I>. 

Relations defined by both deductive rules and elementary facts are known as 
derived relations. Recursive relations in deductive databases may be defined by 
two deductive rules. 

Problems and implementation of deductive databases have been principal re­
search interests for many researchers for last two decades (1], (3] . Basic research 
tasks are design of efficient algorithms for recursive query evaluation, develop­
ment of logical interfaces to relational databases, efficiency analysis of algorithms 
for query evaluation , etc. 

This paper deals with a deductive database development through a Prolog­
like interface to a relational database system. Compiling methods are chosen 
for evaluation and materialization of derived relations. A logical language is 
designed for defining an IDB part of a deductive database, and the corresponding 
language processor is implemented that analyses and translates derived relations 
and queris, from the logical language into SQL . Optimization component based 
on ma.terialintion and classification of derived relations is developed. 

2 Recursive query evaluation 1nethods and their 
efficiency 

A recursive query evaluation strategy is defined by a class of rules it is applicable 
to, and by an algorithm for evaluation queries over such set of rules. If a strategy 
does not change neither IDB nor a query, it is called a method. If a strategy, 
prior to query evaluation by a method , performs a transformation of rules in 
order to optimize query evaluation, it is called a rewriting rules system. 

In this paper we will consider compiling methods only, i.e., Naive, Semi-Naive 
and Henschen-Naqvi methods, applicable to linearly recursive range restricted 
rules (ones whose right side contains all the variables from the left side). Naive 
method is the simplest, and its algorithm, for a relation R and a query Q defined 
by the following clauses ( S is a base relation, c is a constant) 

R(X, Y): -S(X, Y). 
R(X, Y): -S(X, Z), R(Z, Y). 
Q(X): -R(c, X). 
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keeps generating intermediate results representing unions of joins of the relation 
S and a previous intermediate result, until it reaches its "fixpoint" . 

Semi-Naive method is an improvement of the Naive method in that it cal­
culates, in every iteration, just new tuples, and avoids repeated calculations of 
already calculated tuples. 

Henschen-Naqvi method is quite complex, and in a special case represented 
by the following clauses defining "same level" relation and a query 

R(X, Y) : -u(X, XU), R(XU,YU), d(YU,Y). 
R(X, Y) : -S(X, Y). 
Q(X): -R(c, X). 

it generates t.he answer to the query by calculating expression 
{a} .R + {a} .u.R.d +{a} .u .u.R.d.d + ... + {a} .u" .R.dn + ... , 

thus calculating relation degrees ( {a}. R is a set of all the y-s such that R( a, y) 
holds). 

Question of efficiency of a recursive query evaluation strategy is st ill an open 
question. An approach to comparing strategies is presented in [1] and is based 
on the following criteria: size of application domain, performace, and case of 
implementation. Performance is mea.<>ured by the numb<'r of successfu l inferences . 

In this paper threr compiling methods are compared according to different 
cost fun ct ions presented in section tl . 

3 Derived relations and query definition language 

Logical interface to a relational database is defined by the follow 1ng syntax: 

(1} <derivPd rclat1on> · = <n·lation l > "." <rela tion2 >{.<n·latlon2 >)2 
('2) <query > :.- <relstton:l>{,<rdatiOn:3> }2 

(3} < r<'latiOnl > :: <r<'lation.llallle> (<argumentl>{,<argtlltHIIti>} 1
} 

(tl) <argument! >::- <variable>[.<attnbutP Jlittlle>] 
(5} <attrihute_llame> ::= <lrttPr>{< l<'llcr> I <digit>} 
(6} <rei at iolutante> ::= <!PI tPr > { < lcttN> I < digit > } 
(7) <vanablr> ::= < letter> 
(8) <r<'lation'2> ::= <rdationnamc> (<argunwnt'2>{.<argumrnt2>} 1) 
(9) <argument'2> := <vanablt > I '< lPttcr> {<letter>}' 
( 1 0) <relat 10ll:3> ::= <relat ion_namc> ( <argumcnt:3> { ,<argunwnt3>} 1) 
( 11) <argumcnt3> ·= <variable> I <variable> • I '<let tcr> { ldtcr>}' 

Language proceo;sor translates deriv<·d relation or query definitions into SQL. 
For example, the followi ng d<·finition of a d<>rivrd rrlation H. over a ba.-.r: rrlalion 
S(at 1, al2) 

R(X . at:!,}': al·1) · - S(X, Y) 
H(X al3, Y al·1) : -S'(X, X), H(Z, Y) . 

will he translat<·cl into two SELECT statcrncnt.s: 

Sf~LEC'I .d .uti ;L<; crt:!, sl.at~ as ul4 
FHOl\1 S .-1 

SELL "I sl at 1 a.-; at:l , r~ .rll·1 a.'> al·l 
FH0~1 S .~I. U r·~ 
WIIEHE ..,} ul'2 =- r·'2 .u t:l 
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Expressive power of the language is analogue to SQL SELECT-block with 
SELECT, FROM and WHERE clauses, without nested subqueries or aggregate 
functions. 

4 In1plen1entation 

The programming system implemented in Visual Basic environment evaluates a 
query against the deductive database by materializing derived relations partic­
ipating in it. When a derived relation definition is submitted, the system first 
analyses it , and, if correc t, translates it into an SQL statement. Then it applies 
every method implemented to evaluate and materialize the relation and stores 
costs of materialization for every method in a sistem catalog. The costs are cal­
culated according to defined criteria. Then materializad relations are dropped. 

When a query definition is submitted, the system translates it into an SQL 
statement and decides, based on the costs from the catalog, which method to 
apply for materialization of every derived relation participating in the query. 
After materialization has been done, the SQL statement obtained is submitted 
to the Visual Basic SQL processor for execu.tion. 

Thus the system implemented basically consists of three components: 

1. derived relations and query evaluation methods- Naive (l.a.) , Semi-Naive 
(l.b.) and Henschen-Naqvi (l.c .), with cost functions evaluated; 

2. interface language compiler and translator ; 

3. procedure for deciding which method is to be used for materialization of a 
specific derived relation. 

Cost functions for the methods implemented are based on the number of suc­
cessful inferences, number of input/output (I/0) pages from permanent storage, 
and the number of Visual Basic operations . The I/0 cost is considered as the 
principal criterion, the other two being corrective criteria. 

Input/output (I/0) cost function first takes into account the number of 1/0 
operations performed in a single join operation. 

Let us consider a derived relation definition 

R: -R1,R2, ... ,Rn. 

Evaluation 1/0 cost for the relation R is the sum of 1/0 costs of sequence of 
joins of the relations R1, . .. , Rn. 

By analyzing the process of translating the derived relation R into an SQL 
sta tement, the overall I/0 cost for evaluation of the SQL statement corresponding 
to the derived relation R is given by the expression: 

2:.7=1numbe7'_of_records(R;) * sR;/sp , 

where sR; and sp are sizes in bytes of records of relations R; and a disk page, 
respectively. 
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Different methods will produce different 1/0 costs since they generate inter­
mediate tables of different sizes. 

Example Let EDB and IDB consist of the following relations: 

parts(code, name) (base table) 
stl'uctw·e(codel, code2) (base table) 
samelevel(X, X): -pa1·ts(X, Y). 
samelcvcl(X, Y) : -strtJctu1'e(P, X), samelevel(P, Q), structure(Q, Y). 

(code is an iden tifier of a part and name is its name, while codel is an identifier 
of a part directly containing another part whose identifier is code2). 

Figures 1- 5 present system's processing of the derived relation same/ Pvel and 
a query over it. 

Queries against base relations alone are evaluated without any materialization 
(figure 8). 

5 Syntax characterization of son1e classes of de­
rived relations 

By ana lyz ing lmplenH'ntation of methods for derived relations evaluation, conclu­
sions may be drawn about the most efficient methods for some specific classes of 
d riv<'cl relations, from relations' syntax a lone. It means that, for thosr da.-;ges of 
denved rrlations , optimization may be achieved at compile-time, without having 
to matrrializr relations by all the me thods implemented (in ordrr to estimate the 
best onr) 

LPt us consllkr derivrd relations 1' defined by the following two clauses: 
1' 1'J , r2, 7'3 

]I . -pj ']1, ]12 

HPiations r 1 , r2 , 7'J, JIT, ]12 may be dcnved, and classification of relations Jl is 
has1•d on thr nutnber of joins of thr rP!atJOn p wtth p 1 and p2 • 

First ch.-.s: non recursive derivrd rrlations (the second clausr is ab~ent). 
J'igmr 7 pr<'sents an example of such a derived relat ton 

names(.\,}'): parlb(P,X),slruclm·c:(P,Q),part.~(Q, Y) 

'2 Srcond cla..ss .. s1mply rccurswc d rived relations, i.e., r •lations p whose 
dPfinition docs not conta1n one of the relations p 1 , P2 This class includes 
relations defining transitive clo ·urP of othPr relations . Ftgure G prc·s1•nts an 
I'Xample of a derived rC'lation of thts cla."S : 

ron/nins(X. )') : -.s lruclure(X, Y) . 
runluin.•(X, }'): -slruclure(X ,Z),ronlains(Z, Y). 

:1. 'llllrcl cia~ s d•·rived n·latton ]I who e definition tnvolv!'S CJ!IIy one join 
ow•rallon (with Jlt or 1'2) 111 the cconc.l rlau 1' . 
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4. Fourth cla.'>S: derived relations p defined by both joins with Pl and P2 in 
the second clause, providing Pl and P2 are different. 

The most efficient method for the first class of derived relations is Naive 
method. Namely, in case of such relations , materialization is done by initialization 
step which is identically implemented in all the methods. This step is followed, 
in Semi-Naive and Henschen-Naqvi methods, by further conditional steps. 

The most efficient method for classes 2-4 is Semi-Naive method. Naive 
method is eliminated because it has the highest I/0 cost. By analyzing I/0 
costs of intermediate results of iterations we prove that Semi-Naive method has 
better performance over Henschen-Naqvi. 

6 Conclusion 

In this paper we presented a programming system for deductive database de­
velopment with optimization. Deductive database is developed by interfacing a 
relational database with a logical (Prolog-like) language. A query is evaluated 
by first materializing all the derived relations participat ing in it, then by trans­
lating it into SQL and finally by submitting the SQL query obtained to an SQL 
processor for execution. Optimizat ion component consists in choosing one of 
the three implemented derived relation evaluation methods - Naive, Semi-Naive 
and Henschen-Naqvi, based on efficiency estimation for specific forms of derived 
relations . 

A classification scheme for a broad class of derived relations is proposed, al­
lowing for the choice of the most efficient method to be made on the basis of 
relation syntax alone. For all other derived relations , est imation of the most effi­
cient method is done by materializing it. using all the three implemented methods . 
This excess ive amount of work is justified by the realistic assumption t hat re­
lations (base and derived) represent a static part of the system which is rarely 
updated, while queries represent a dynamic part of the system, a llowing for many 
queries to be formulated over the same set of relat ions. 

Results obtained for examples from various areas of application are in favor 
of the chosen approach to optimization in deductive databases. 
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An algorithm for localization of polynomial 
zeros 

Djordj e I-l erceg 

In s titute of Math ematics, University of Novi Sad , 
Trg Oositeja Obradovica 4, Novi Sad 21000 , Yugos lavi a 

Abstract. An a lgorithm for localiza tion of polynomial ze ros is give n , 
which is based on a mesh- like divi sion of a complex plane. The complex 
plan e is divid ed rec ursively in ord er to na rrow th e regions which contain 
ze ros. After o nly a few ite ra ti o ns which require mod est computa tion time, 
a go od s t a rtin g a pproxirnati o n for a n ite rativ e ze ro-finding algorithm can 
he o btain ed. The prog ra ms a re writte n in Math emotica. 

1 Introduction 

In ord <' r t.o find ze ros of Lhc polynornia l 

P( z ) =Po+ ]J1z + JJ2z2 + · · · + p,.z". ( 1) 

11 sin g an it.crat.ivc mcl.lr od , starLing a.pproxirna t.i ons Lo Lhesc zeros nrust. be foun d. 
T hNr a rr 11r any tn rt. hods whi ch can hr nst'd t.o find a. region conta ining a ll tlw 
Z<'rOS of a polynotnia l, as w<' ll as IIH' thods whi rh giv<' n•gions co ntaining only on<' 
zno or a r ill sl t• r of zt•ros. In t.h is papr r a rnr t hod for locali zation of polynomial 
1.rros ts giw n, whi ch is ha.o.wd on Tlr <'or<• tns l ::1. nd :1 from [1] . T hr program is 
writt<· n in Malhtma lzrn 

2 Algorithm 

'llwon•nt I giv<'s a disk whr ch ro nl a11ts all !hr roo ts of 1.1H' polynormal P , which 
Wt ' li SP ;~o-; a sl art 111 p; n•gro11 for l lw loralt z;l! 1011 of zt•ros . 

TlH•or t'Ull. Lt I .A 1 ••••• .A,. ht JW .\t l ll>t 7111711111 r . ., mrh thai 

rw d It I 

u := l ll<lX .A -. 1/k I(IN-k 11/k 
l$k$S L n, 

'/'lu 11 U " nrr r11rlu .\lllfl uul11t' jriT' P . 

Jl-07 
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In particular, by taking >.k = 1/2k, it follows from Theorem 1 that the disk 
centered at the origin with the radius 

I 1

1/ k 
R=2 max aN- k 

l <_;_k<_;_N aN 
(2) 

contains all the zeros of the polynomial P. 

Definition2. Let S; be a disk with center z; and radius r;. The interval exten­
sion PT(Si) of P over S;, called the Taylor circular centered form, is given by 
the disk with center 

and radius 

mid(PT(S;)) = P(z;) 

n [ (k)( ·) [ k 
rad(PT(S;)) = L p :t r; 

k = l 

Here, p(k)(zi) is the k- th derivative of P(z) evaluated at point z;. Using 
the above exclusion test (0 E P(S;)) and Taylor's extension, Gargantini has 
established the following concrete exclusion test: 

Theorem 3. Let z; and r; denote the center and the radius of a disk S;. A disk 
S; is free of zeros if 

IP(z;) l > t [ PCk)i~;) [ rf 
k = l 

Theorem 3 makes it possible to test an arbitrary disk in the complex plane for 
presence of polynomial zeros. If the test evaluates to true, then the disk contains 
no zeros. If the test evaluates to false, then the disk may contain one or more 
zeros of P. 

If a region in the complex plane is covered with a rectangular mesh , and each 
· cell is covered with a disk, then we can use this test to tell which cells do not 
contain any zeros, and which may contain zeros of P. 

The cells for which the test evaluates to true are discarded and never tested 
again. The cells in which the test evaluates to false are divided in four smaller 
cells. 

The algorithm has three sections. 

1. Find a starting region which contains all zeros of the polynomiaL Cover the 
region with a rectangular mesh. 

2. Mark the cells of the mesh which do not contain any zeros. 
3. Discard marked cells. Cover unmarked cells (which may contain zeros) with 

a finer mesh. Use this as a starting cover and repeat step 2. 

Theorem 1 is used to find a starting region which contains all zeros of P. 
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2.1 The Algorithm 

We sh a ll consider rectang les in the complex plane, which have edges p a rallel to 
the axes, and length of each edge kh , where k E N and h E R . The number h is 
called st ep. 

Each pair of complex numbers (z0 , z1 ) which sa tisfies 

Re zo < R e z 1 , lm zo < Im z1 , (3) 

determines a unique recta ngle and vi ce versa, each rectangle determines such a 
pa ir . H we wr ite 

T hen it holds 

Let 

a nd 

zo = xo + lyo and z 1 = X t + ly1 , I = -J=T. 

Yt - Yo 
n y = --h-, 

q ?1 = x 0 + ( i - 1 ) h + I (Yo + (j - 1 ) h) , 
q~i = J:o + i h + 1 (y0 + jh ), 

i= l ,2, .. . ,ny,j= 1,2, ... ,n., 

It is obvio us that n.,, ny E N . For each i = 1,2, ... ,ny, j = 1,2, ... ,n., a 
p;tir or CO lll p lcx llllll lb<'fs (q?J) qf]) dr fin rs a sq uare as show n in Figu re l . Wr 
!:ih<tll umrk t.hrst' sq ua rrs wit. h k,j . In th is way a mesh is fo rmed which co nsists 
of 11y X 11;r S<jl litri'S. 

~ qj3 

h 
I { ? ) t c:!J 

qg3 ~ 

'- .-..' 

h 

f tgun• I . 
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A ny x nx matrix 
M= [m;j ] , 

is formed, where the element m;j of the matrix represents the square kny-i+l,j 

of the mesh. Elements of M can take values "valid" and "invalid". 
If a square does not contain a zero of P, it is marked invalid. Otherwise it is 

marked valid. If the square is invalid, the corresponding element of M is set to 
"invalid". If the square is valid, the corresponding element of M is set to "valid" . 
We used the disk from Theorem :3 with center 

0 h 
Cij = qij + 2 (1 + J) 

and radius 
h 

1'= --
1.375 

to check whether the square k;j, i = 1, 2, ... , ny, j = 1, 2, . .. , nx contains zeros 
of P. We choose this radius instead of 

h 
r =-

v/2 
in order to reduce computation error, since 1.375 is a machine number, and v/2 
is not, and it holds V2 > 1.375. 

For a chosen rectangle, step h and a polynomial P with corresponding values 
of zo, z1, ny, nx and M, we form 

which we shall call a regwn. 
The basic idea of a program for automatic determination of polynomial zeros 

in the complex plane is presented below. 

1. Calculate inclusion radius R for given P, as given in 2. 
2. Calculate zo, z1 as 

zo =-R(l + I), z1 = R(l+I), 

which determine smallest rectangle which contains the disk with center at 
the origin and radius R. 

3. Set nx = ny = 16, which implies the matrix M is a square matrix with 16 
rows and columns. The rectangle is covered with a mesh of 16 x 16 squares. 
Calculate 

where 
xo =-R, x1 = R. 

4. Check whether each square in the mesh is valid or not, and set the corre­
sponding elements of M to "valid" or "invalid" respectively. Now we have 
the starting region D. 
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5. Fron' t he starting region 

Jl = (zo, Zr, h , ny , nx, P, M) 

calculate a new region 

Jl* = ( zo ,z 1 , h *, n~, n;, P, M* ) , 

where 
• h 

h = 2' n; = 2nx, 

and the elements of t he matr ix 

M * = [ * ] m ij ' 

of eli mens ion n~ x n; are de term in eel as follows. 
if the value of t he element. m ; j is " inva li d" then the elements 

m 2i- 1,2j- l m 2i- L,2j 

m 2i,2j- L m 2i ,2j 

a rc se t. t.o " i nval icl". 
if not , valu es of these clements a re calculated in the test from T heorem 
:3 , with appropri a te. qu ares 

k~ · -2 i 2}'- 1 k~ · -2i 2}' y I !f I 

L * 1.* . 
.; • 2'+1 2' l '" ~:.-2•' + 1 ,2]' 
"· - 1 ' J - " . 

G. Now fi nd a ll t he di sj oint groups of valid squ ares in the r gion Jl*. Assign a 
111.mz ma/ rertangle to each group, t ha t is , the smallest rec tangl that conta ins 
thr group and has rdgrs parallel to t he axes . Mesh squ ares contained in the 
lllin itllal rect.anglr t hen fon11 a tH'W region. T he correspond ing matrix of that. 
11 rw rrgion is t he appropr iate su bmat ri x of the 111 at ri x M • fro Ill t he n•gion 
tr . 

7 E<tch tww rrgio n from t. lw prrvio us st.ep is formed by taking a. submatrix 
of II/" , which co rrrsponds to thr minimal rt>ctanglP con taining that rrgion , 
th at. is , it. co rrrsponds to the subsrt. of squares from Ir. Other parantrtrrs of 
t hr tww rrgion an• calcul atrd accord ingly. T lw regions obtain r d in t.his way 
arP now ra llr•d s/arlmg n ·gzons , and t. lt e a lgo ri thm is t hen app li d to eac h of 
t lw111 , frolll stPp 5. 

H T he• a lgon thm te•rm ina!Ps whPn a ll t hr start ing rrgions are small r.r than sonw 
prc•vionsly givPn [. 

J) isJotnt groups of valid sq uarc•s, which wrrr mrnt ronrd in stPp 6, apprar 
IWCilll!->1' t lH' (I'S( 011 f}" IS 111Clrt' subt le than ! IW ( st On{), hrcaus value of stc·p 
h" is half t lw value> of h 

llsually aftc•r only a roup lr of ite•rations wP gl'! t•xart ly t lw same numh<•r of 
disjoint groups <s t lwrP a rr dtffc rent zc•ros of th polynomral, and onP startrng 
rc·ginn is qttrrkly dtvrdrd in a fr\ s111allc r ont·s, wh rrh savrs a lot of computer 
tit til ' a11d nwrnory nt 'l'drcl for t hP nrat rix \f 

' 1111' tc •rru group nf \fJ1l(l1e \, which wa .... usc·d lwn•, is dPfiiiNl as fo llows. 
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Definition4. Two mesh squares x and y are said to be neighbors, which IS 

written as x 0 y, if and only if they have one common edge. 

Definition5. Two squares x and y are said to be connected if they are neighbors 
or if there exists an array of squares a1, a2, ... , ak k 2': 1, such that 

Definition6. A set of squares is a group of squares if and only if every two 
squares from that set are connected. 

2.2 Program 

A region [2 is represented by a new data type in Mathematica: 

Region[{zO ,z1 ,h ,ny ,nx ,p ,x}, M] 

Element x is the variable of P. 
The most important functions in the program are: 

Size [b] calculates size of the longer side of the region b ; 
FindZeros [p, x, eps] main function for finding polynomial zeros. The it­
erative process is terminated when size of all the regions is smaller than 
eps . 
Radius [p, x] is inclusive radius for P. 
Cover[p, {x, zO, z1}, opts] covers the region given by zO i z1 with a 
mesh of 16 x 16 squares, and tests the polynomial P(x) on these squares. 
This funkction is used only once in the main function to generate the starting 
region, but it can be used to obtain a region with arbitrary zo, z1 and number 
of mesh squares. The parameter opts allows the number of mesh squares to 
be set with the option MeshPoints. Default value is 16. The region obtained 
through this function can be covered with a mesh twice as dense by using 
the function Refine [b] ; 
SplitGroups [b] extracts all the disjoint groups of valid squares from b as 
a list of regions . 

3 Implementation 

Size[b_$\QTR{tt}{Region}$]:= 
With[{xO=Re[b[[1,1]]],yO=Im[b[[1,1]]],x1=Re[b[[1,2]]], 

y1=Im[b[[1, 2]]]}, 
Max[x1-xO,y1-yO]] 

FindZeros[p_, x_, eps_] := 
Module[{W, k, R, 1, L, H, h}, 

R = Radius[p, x]; 
W = {Cover[p, {x, - R*(1 +I), R*(1 + !)}]}; 
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L = {} ; 

While [W != {}, 

] ; 

L 

W = Flatten[(SplitGroups[Refine[#1]] t) /G W] ; 
1 = Flatten[Position[(Size[#1] <= eps)t /G W, True]]; 
L = Join[L, W[[l]]]; 
W = W[[Complement[Range[Length[W]] , 1]]]; 

Format[$\QTR{tt}{Region}$[t_,b_] ]:= ' '-Oblast- '' 

Radius [p_, x_] := 
Module [{n = Exponent [p , x] , c} , 

c = Table [Coefficient[p , x, k] , {k , 0, n}] ; 
2 Max[Table [Abs [c [[n- k + 1]]/c [[n + 1]]] - (1/k) , {k, n}]] 

MeshPoint s: :usage= 
"MeshPoints is an opt i on fo r Cover vhich specifi es hov many 
mesh points t o use. " ; 

Co ver [p_, {x_, zOx_, z1x_} , opt s ___ ] := 
Module[{zO = zOx , z1 = z1x , dx , dy , rad, h , n = Exponent[p , x] , 

test, z, k, e, pt s, nx, ny , dp, suma, a, b}, 
pts = If[opts === Null, 16, (If[NumberQ[#1] , #1, 16] l ) 

[KeshPoints / . opts]] ; 
dx = Re[zl- zO] ; dy = Im[z 1 - zO] ; 
If[dx > dy, h = N[dx/pts]; nx =pta; ny = Ceiling[dy/h]; 

{zO, z1} +• I•(ny•h - dy)/2, 
h • N[dy/pts]; ny • pta; nx = Ceiling[dx/h]; 
{zO, z1} += (nx•h- dx)/2]; 

rad • h/1.375; 
dp • Table[Siaplify[D[p, {x, k}]], {k, n}]; 
s uma • Simplify[Sum[(Abs[dp[[k]]]•rad· k)/k!, {k, 1, n}]]; 
test[z_] :• If[Abs[p /. x -> z] > suma /. x -> z, "1", 0]; 
$\QTR{tt}{Region}$({z0, z1, h, ny, nx, p, x}, 

Table[test[zO + i•h + h/2 + I•(j•h + h/2)], {j, 0, ny - 1}, 
{1, 0, nx - 1}]] 

Refine(b_$\QTR{tt}{R g1on}$) ·• 
Kodule[{c, Dbl, z, 1, j, k, xO • Re[b[[1,1]]], yO • Ia[b[[1,1)]), 
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xl • Re[b[[1,2]]], yl • Ia[b[[1,2])), h • b[[1,3)]/2, ny • 2• b[[1,4]], 
nx • 2•b((1,5]], p • b([1,6]), x • b[(1,7]], teat, dp, n, rad, h2}, 
n • Exponent(p, x]; 
Dbl[h_] :• Flatten[({ll, 11} l) /t h, 1]; 
c • Dbl[Dbl /t b[(2])); 
r d • h/1.375; 
dp • Table[Slaplify[D[p, {x, k})), {k, n}); 
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suma = Simplify[Sum[(Abs[dp[[k]]]*rad-k)lk!, {k, 1, n}]]; 
test [z_] : = If [Abs [p I o x -> z] > suma I 0 x -> z, "#", 0] ; 
$\QTR{tt}{Region}$[{b[[1,1]], b[[1,2]], h, ny, nx, p, x}, 

Table [If [c{ [j, i]] == "#" , "#" , 
test[xO + (i- 1)*h + hl2 + I*(yO + (j- 1)*h + hl2)]], 
{j, ny}, {i, nx}]] 

Neighbor[{xO_, yO_}, {x1_, y1_}] := 
True I; yO == y1 && (xO == x1 + 1 I I xO + 1 == x1) I I 

xO == x1 && (yO== y1 + 1 I I yO+ 1 == y1); 
Neighbor[{_, _}, {_, _}] := False; 

CountGroups[bO_Dblast] := 
Module[{b=b0[[2]] ,p,h,nov,br=O}, 

p=Position[b,O] ; 

] 

While [p ! = {}, 
h={First [p]}; 
br++; 
nov={}; 
While[h\[NotEqual]{}, 

] ; 

h=Join[h,Select[p,Neighbor[First[h] ,#]&]]; 
p=Complement[p,h]; 
nov=Append[nov,First[h]]; 
h=Rest[h]; 

b=ReplacePart[b,br,nov]; 
] ; 

{br,$\QTR{tt}{Region}$[b0[[1]],b]} 

ExtractGroup[bO_$\QTR{tt}{Region}$, n_] := 
Module[{xO, yO, x1, y1, zO, z1, h, b = b0[[2]], p}, 

] 

{zO, z1, h} = Take[b0[[1]], {1, 3}]; p = Position[b, n]; 
If[p != {}, p = Transpose[p]; 

{xO, yO, x1, yl} = {Min[p[[2]]], Min[p[[l]]], Max[p[[2]]], 
Max[p[[1]]]}; 
$\QTR{tt}{Region}$[Join[{z0 + (xO - 1)*h + I*(yO - 1)*h, 

zO + x1*h + I*y1*h, h, y1 - yO + 1, x1 - xO + 1}, 
Take[b0[[1]], {6, 7}]], 

Take[(Take[#1, {xO, x1}] & ) I@ b, {yO, y1}]], 
Null 

SplitGroups [bO _$\QTR{tt}{Region}$]:= 
Module [ {n, l}, 

{n,l}=CountGroups[bO]; 
Table[ExtractGroup[l,i],{i,n}] 

] 
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4 Example 

We have t.esLecl Llw program on a polyn omial of degree 7, which has all roots 
of cl egr<>P l . In Figure 2 t.h <' inclusi on disk is shown , and only one group of 
valid squares is found. However , wh en Lhis region is covered with a m esh twi ce 
as dense, seven disjoinL groups of ~:> quare:; show up , which give us approximate 
posi Lions of the roo ts. 

Iii 
~~~~- II • ~ 

Fi gure :3 . 

Tlw n·p;ion tnarkPd willt an ar row in Fip;urr :l is dividc•d furt.lt r r in fip;urrs 
tl (i. 'I'll<' o rip,inal is show n in Fip;mP I. Wlwtt rc·fin r d , it. "shrinks" to t.h c reg ion 
paint Pel darkc•r in Fip,ttrt ' !i . Tit is rPp;ion is lakr• n as a sl.arl. in p; rq~ton for Lit<' tii'XI 
iiPmtion (F1gt1rP G) . 

r -~ 
!~-+---1---

i l!----1---f.--
1 ll ________ . 

I· igm•• ·1 

I. ~1. I'• tko"ir , It• r.tti\'t lllt'tluuls for ~ituu lt.u~t ·ous luclu ~io 11 of T'ulruomi;LI Zr·ros , 
Spriul-\• r Vt rlag, t:J !1. 

' lht .ultd• w .• spron"~'d usi11t;llu ISlf :t\ IIIIH'ropMk.t•t • with (, (, 'C:Ss tyl• 





l ' rw n :EDINI:' 0 1' THE V II [ ( ' o NFEHENI'I': oN 

Lru ;J(' ANn (' o~ rT' IITEH ScJEN<'E f/R/19J 
N ~> V ! S AD , YliC OSL AV lA , SEPTEMB EH I '1, l'lfl7, PI' . 77 IH 

On v;-product s of tree automata 

llq1t. u llul u rnl a.l ics, !t'Jht' l ,\tt iLI !l ni vl'rsity 

\ r p:id 1,·. 1 2. II li7'2 11 S;cgcd, llt l ll )!.il l)' 

<' · lll o~ il : i 11 11 t•lt •<u i nl.tt -s~q.:,l·d . !tu 

A h ,.; t. ra<·t.. !11 I ill · p1 •·sc n l Will k. 1 h• '"J ill ll l p hi < .ti l_\ l'll lll(ll l'i.t' s_1 sll' lll s u l 

lll ·t· a iii UIII :. I a wit h ri'S Jl l'<f '"!. Ill · 11, p ro d11 c- l s '"'" lh • s f :H- pro d11 c l. iLl <' 
clidi';IC fl'liZt'd . ' J ht• dr•sn ipi!II IIS s JI UIVS lh .tl IJ il 11, pm d lll f is I' IJIII Vi iJ t• llf 

' " fi ll' s l il l p rod !I tt n·g:1rdJ ng t ht· ISU III<ll p h i< .11 1_1 1 o lliJll l'!.t• sysfl' lll s u l 

l rt'l' illlf ll lll :! l a, f01 il l! J' ltSI I I\1' lll l t•,t:,t' l I. fl l llll'llVI ' I , if is Jl rtlVl'd t.h a f fh t• 

I'• I" " "'" Is cu ns t il lllt- d J>l ll j1 t'l h i .. 1.1 11 !1 y ln 1 I I" · fn·t· ,UJ I.IJJ il a fa. 

In t. r od u c t.i o n 

J11 ).!.l' ll l'l'ill , il C<I IIIJ HISi t lt>ll llf dlllnlllili;t l'illl Jl!' l'nii,.;Jdl'l'l'd iiS il III'III'O I' k of illi ' 

t<>J II ata w lwr<· til<' 111 p11t Sl).!. ll "' <'ill' ll illllolllal onnf t h is lll' l wnrk dc·p<'llds nn t. lll 

III Jl lll s1g 11 nf t ill' ll l'twork and t lw acl1r;ll s t atc•s nl' t l1 < ll<· t work lll'i).!, h hn ll rs n l 

I lw .u l tt>III.JI<HI Ct>llsldc•n d II' the 11111111>1'1' nf' I II<' II< 1g ldH>III'S IS l><HIIII l<·d hy i1 

1'""111\< ' lllfl').!.t ' r 1, til• 11 w•· •tl>lili11 ill• ' 11•lf11111 111' ill• ' ''• pr"dll<'l Tills 11nf11111 1s 

lllll<~<ill<td Ill [i] 1\'lll'l'l' tl11 l!'t>lil<>l'j>illl' l'l'jll't'St'lltilll!>ll illld -.;jllllllatittlll'l').!,.tldill).!. 

ll1• '' pr"dlll ' l ill'! ' s t11di• •d l' llrllft •r -.;tiidl•s 1111 tlw ''• prndiiCts l'llll IH • l'n1 111d 111 

tl11 \\111'b [:.!]. [:1], [ 1], [ti]. [7] (!l: [II],[!:!]. ll• •n • II'<' ).!.•'IJI'Iilliz• til• • 11ntin11 111' 

1111 ''• pr"d11rt t" In ·•· illli1111Hit;l <tlld cil:1r:u·f•'IIZ< tl11 1:--llllllll'jlill•·a lly <'UIIIJII•·tP 

sys t• ·111" .,f' liT< :1111"111ill :t II' I til r• 'S I" ''' ' t" 1lw '' l"""'1rt 1'111 :11! 1 , I :.! 
l•'11rt 111'1'111"1'1' 1t I" sl111\\ 11 I il.ll til• • l1i• r .11cily .,f I il• ''· - pr11d11rfs Is l""lwr 1\11 

11li1tl idlld 11f <'lllllj>IIIIIIIIIS IS tilt s ld1' J>illdii<' l (,.;t·t• ["1], [10], [1•1] :1:-1]) 1\'ht'l•' 

th• llt'l\1'111k <'llltlillltS a <'••ntr:d : 111111111 ~ 11~~11 o~nd • :1ch f11rlh• •r lll l ltJIIIilltJII ha s !lit' 

t'<'lltl:d HIII<JIIIitlllll iiS Jl s llt ' l).!,ldtlllll ollld t"llll\'l'lf-,<'1\. \\'t • J!,l II< raiiZt' thiS 1111111>11 

111 lr• ·•• 1111t .. 11111ta and ··har:wt• riz• tlw isr•lll"rplrw:dly rtJIItpl<'l•· sys ti'III S nf tP ·•• 

.111111111ata 1\'lllr r<~>!H 'r l t .. tlw sl.1 1 !•lrul11r·1. ' fill " chaliH'ft•rrtallnll s iH>II :-o that thr 

:-o la1 pHodllct i. t'<jllil'ill• 111 f., lh• • ''• pr~tdlll'l With r• . rwrf I" tlw l'-<~lllllf'jihi•·.d l) 

<'Uiupl• I• sys l• 111 s of 1 r• • itlll<liJIHill f," ;dl posilll'•' 111l•·w 1 1 

' fl11 s W•llk IJn ,. l>••·n ~> 11pp•lll ed 1>1 th• ll>lll~·lfi.lll N.lli u u.tl l'ouud.,li.,n fur Srien lihr 

f{, .,, ,,,, h , <:1.trll Ill l l!!ili, .111.! 1,, 1},. llltfl<tq• of I ullur• ·•lui J:dnr·,,linn ol llun~.ur, 

I;'·"'' I 1\ ! ~I · 117111/1'1'17. 

I' i7 
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2 Preliminaries 

Fir,;l , nf cdl , we recall scn1w 11otion~ frnrn [1:2]. By a set of opcmtwnal sy1nbols, 
W P uwau a. uon ernpty Llniou 5..." =Eo UE1 U ... , where E, 11. , m. = 0, 1. , ... , n.re 
pai rwis<-~ clisjoinl. se ts of syrnhols. Fo r a lLY 111 ::=: 0, l.be set Em i:; calkd tile owl. of 

111-rt?IJ upcral·ional 8:1J11Lhols. II, i:; said that the rank or arity of a syrnboJ rr E E is 

m if u E E, 11 . Now, lei. a set :....,' of o pera.tiowd syl!J hoJs ami a ~'" i. !?. of IJOnJwg;aJ.ive 

integers b e g;iveu. H is called IJw rank-I.1J7if of E if Em#(/) if a.ncl only if mE R. , 
f()r <-'V <-~ l'Y inleger 7/1. ::=: lJ. Lei. E !H-' cl :-:e l. uf' upenJ,tiona.l sy1nhols with l'iLUk-ty pe 

R. By a. E-a lr;rh ·ra A, W< ' rn ean n pair consisting of a nonempty set A and a 
II ELpping i".liC!.L as,;ig us Lo every uperatioua.l symbo l <T E E an m-ary op eration 

rrA :Am -+A where th e aril.y of a ism. Tbe sPt A is called the sr.t of eleme nts 

of A and u A is t.lw rea li.: aliun of rr in A. The tn a.pping rr ~ rrA will not. be 

rHent iouecl explicitl y, h11i . wee write A= (A, E). II. is said tbat a E-<dgehra A is 
fi:nitr if A 1s finit e, ami il. is nf'jinilc l:i!JI C if E is hnite. By r1 tree a-u.lomaton, we 

lll<' illl :1 fl11il c <J.IgdJI·a. uf linil.c' tyrw. F in ally, it is said that the mnk:-17J7H: of o ln ·r. 

automaton A = (A, E) is H if the ra nk-typ e of' E is R. 
Now, let uc; denote t.be class of all tree automata. with ra.nk-t.ype R by Ufi. 

lu what follows, Wf~ neecl a sequence of sp'ecia.J tree automata in UR. For thi s 
purpose .. let k: be an a rbitrMy po:-:it.ive intPger. For every m E H, lei u;; ass ign 

. ( 7 } ( k) on e ;uul only one syu tbul t o each 1n-ary operat1011 over 1 J , .. . , ~; . Let. (-;)m 

clr-'Dot.e t he :-:c~ t ofl.lw;;e syrnhols a.nd let (-J(kJ = U{C-il~~J: mE H}. Define the tree 

aut.<>lmJ.I.ou B~;; = ( { 1, ... , k}, (-;>lkl) s uch that , for every m E R aucl rr E e;-,~.') 
rrB, .. is 1-.lw rn.-a.ry opcoration assig11ed torr above. 

:3 vi -products 

In this section, the //i-procl1ld.s of tree automata. are studied. In order to defin e 

the u.;-product, let ·i be an arbitrarily fixed positive integer. Let A= (A, E) E UR 
and Ai = (Aj , ECil) E UR , j = l , ... , n. Let the neighbours b e given by the 

function 1 {1, ... , n}----. P({I, ... , n}) satisfying liU)I S i, for all j , j = 
I, ... , n, where P( { l , ... , n}) denotes the power-set of { 1, ... , 111. Furthermore , 

t <cke a family 'P of n1appings clel1rwcl by 

'Poj : Eo -+ EAj) provided that 0 E R , and 

'Pmi :(A, X . . . X A,)m X Em-+ E.~;J, 0 oF mER, 1 S j S n. 

I(. is sa.icl that the tree ant.ornatou A is a lli -]>roduct of Aj, j = l , ... , n , with 

r es p ect. to 'P and/ if l.hcc foll owing con ditions are satisfied: 

11 

(i) A= II Ai, 
.i=l 

(ii) if 0 E R, t.h en for c-~ verv u E 

u.i = \Dt<.i ( rr), for all .i , j = J, ... , 11 , 

(rrt- 1
, ... , rr~ " ) is valid where 
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(iii) f'nr c'vcry 0 f:- 111 E /1 , j E {I , ... , 11 ~ and 

cp,.,; I ~ i ndc' jl<' lld <' l il. o f !.he' 1'1£' 111<' 111 ~ 11 1_,, I = J .... , 111 , if. s rf:_ l (.i), 
(iv) fo r <' V<' I'Y 111 E R, rr E ~·'"' ((u,, , . ···"I n), ... , (ll 11 ,, , •.• , £1 11111 )) E II'" , 

A rr ((u 11 , ... , Ut n), ... , (u,ul , .... u ,"n )) = 
( rrf-' (II 1 1 . . .. , 11 11 1 1 ) , .... rrf: " ( fl 111 , ••• , II"'")) 

w ll <' ITrr.l =cpll,.l ((a,, , . .. ,o,") ..... (a 11 ,, , ... ,a 11111 ),rr ), .i = 1, ... ,11. 

\\ ',, ~ 11 : 111 1 1 ~c' Llw II<>L:1Li o 11 Il_;'= 1 A,;(~',..p.')) f'or Llll' Jl r lldl i r l inll'lld ll rc·d a l '"'''· 

'' '" ' ""'''c • Li111<'~ IV< ' s lt :d l i i Hiir:~l.c • <> l ii ,Y lli<>S< ' va ri : ti > l< '~ o f' ;p11 ,.1 <> II w l1i c l1 il 111 a.1 

d< ' l" ' lld . 

J,,• l [) IJ, . a s.\'~1 .<' 111 ,,[' lrc •c• altl.olll'il" f'r<llll Uu . II ' " ,;; ,id I hill B i ~ l.'>lllllcllpiul'ltlltl 

··rnn1ilt lr .fur Uli 11 '1111 /'rspcf'i /o flu ll,- 711'1 !1iul'! if' ii ii .V I r <'<' :i lll rJ II Iill<> ll f'l'<llll U11 
c: 111 '"' •· ud w dd c' d i ~O IIIOI'I>IIi c; dl .l · ilil<> : 1 11;- prod111'1 cd'lrc'c' illllollliilil f'rn111 8 

\j,,ll' II'< ' i li 'C' l'< ' iicl,V l<l r h:!l'ii C' I <'r i ~. r · I ill' i s< >lli <' I' Jlliic ;tJJ v I'()I IIJll c• lc • s.Y~ I <'II I S r,J'II '<'<' 

illll<l ll liilii wi i.Ji l' l'~ l li 'C' I l.o lilt' 111 Jll'!lcJIIC'I 'J'Ji< ' f'o ll llll' lll )!; s l :il< ' ll l< Ill i s rdJV Itlli S if' 

h' :I)~ 

Thc •<H'<'tu I. i\ '> .IJS/1 111 l'( r /.1 ~ 0 :) uf In r 111111111111ill / .'> IW/1/IItJ iillr u/111 1 111/I Jiic lr 

/{It U: 11 : li lt Iii n ·'I" I'! to 1/u 111 - Jlt'llliul'l t/ uurl 1111itJ t/ !Itt, ., r r/'>1, 1111 i\ f f) '> lfril 

lhul 11 ., 11111 hr t tllitrr!r! tr! t.'>ll /1111/'llilll ·n //tj 1/tlu fl /11- fl/'rlrllfl'i uJ i\ tl'tlh 11 '>lll.tj l r 

flu I u1 

l, t• l li S SIIJlll<lSI' I hill /i' /- {0 ~ 'J'Ji< /l I ill' foJI<>II' /)1 )!, s lalc •Jill 'll l IS valid 

Thc•tJl't' lll2. \ S /j .'> lt/11 f) (( /.111 ) t~/lttr flltlfl/1111111 I'> l'>fllll111ph11 ·fi !IIJ tll ltiJd tlr /rll 

lfli ll'tlh tr 'I" r I lo tltr I' -pmrlur I t/ flllrl ""''' t/ /nl r11111 Jlll'>lllt'' till< If< r k 1/J, '' 

',,,,, fill i\ I f) '>/If II lil rll n,. ( f//1 '" '111111 r!r!. rl 1'>111/111/Jiilll ""''I IIIII I( l',·f1111rlllr I 
u/ A 11 1lh <I '>1/llj lt fur lr11 

/'t1111) 'I' ll< s1dlir·1c Ill') o f Ill< <'ollcl ill oll f"lloll':< fr"lil Ill!' f:1rl I h:~l o lll~ I Ill ' illl 

I• >lli.illltl 11f /.- Sliii<'S fr11111 /.( /1 l'illl ill <' lid ll·cl.JI'.J j,II)II<>IJlill<'illl.\' 111111 ol 1'1 flt'<>rllll'l 

• ,f Jl II' I I h il ,.,j ll)!,i1 • f:11'l1 >1 

Ill J fiHJJfhr lllt'O S~ IJ,\ j ~o) Jo\)IIII S \1111 lof l· :!J11 lllolliiJJJ;iJ) 111)1!',11 

0111d J, I Its dlllflil ' k' 11 J,~ 11 1"11 ~ 1 II•' 111'11\1' Ill" fi, llll\1' 111).!, sl.tl•'lllllll If B ., 1.111 

I" • llllwddl·d I ·llll lll !Jlh i•·:dl;. 111111 a 1', Jlllldlfl'l ] G I A 1 (r-J1"' 1 r" ",)11! llo'l' 

""1""'·'1 1 • 1111 j 1. , 11, 1 ~>~ ·" n, I'"" '"'I 11""'" "1" '""'"'HJ>IIIr.dly 11"" 

a ''• I"'"'""' "" , \I'll h a ~ingl• f':ll'llll f,r Sil l II<' .1 1 (I, . , 11 ~ f .,•t I' do 11nt•· 

dlli'""l"tJdlls"'"f ll ., llil<> ,1111d '''"'"1""'1 J,, (u 11 , ,u 1,.) llwJJ''"i;l''''' 

1111d•·r I' r.,, all/,/· I, .II \\ 'tlh••ll l '""'"l'f'r,•'llt'laiJI.Y tl<"llil" a:<~lllllld thai 

o,, f.,,, f,IJ Sfl tlll ' ,. I·' (I, . ,II I i lldl'ld, Ill,,,,. ''J'iO"sJit (01~1', ll ., (',)fl '" 

t tlllll old• d is"'""' phic.dly 111111 ,, 1•1 ptndnrl col' ., • A , II) I h• do 111111 11•11 11! 

'/ i I 

loJndttl'l, its "rdo•ri11h j, r• a1 r<llt~ahlo ' I ho 11 for•, ,,., 11111)' a "'"" tiJal ·,(I )LJ 

(I .. ,/} wh••rt I 1 t I ,'ow,"' prro\1' that lit• •l•rn•11l (11 11 , ,11 1t). 

II' ar•• J>illrl\'1.•' dillo•JI 111 I 'lllilt'lf) l11 us IIJ'JIIo:;l th·ll tlu r• "" 1o I 
'" ~ odt I hat .,,,1 ''1• I ' ·'I Ill /lllu olll ,If loll I·Hih fix· d 
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eleruenl·, off(. For every l E { l, ... , w}, ltct. 11~ denote by (Jpt an m-ary operational 

symbol of B, S<ltisfyiug rr~"' ( 1, . . . , 1, ]J) = I. aucl rr~'" ( 1, ... , 1, IJ) = 'l · Since 
R :f. {0} such an operationa.l symbol exists. Then, for every l E {1, .. . ,w}, 

(au, . .. , atn) = p( l) = Jl( CT~"' ( 1 , . .. , 1, p)) = rr(,} (p ( 1), . . . , jt(l), ft(p)) = 

(O'f'- 1 (rttt, ... , all· a 1,t), . .. , O'(:"(Cl ·tn, .. . , rttn, a7m)) 

is valid. and tbu~ . atl = (Jf'-'(atJ , ... ,IlJJ,a7,J) wher<" 
O'J = 'Pml (( 1/,JJ, · · , II· Jn). · .. , (o·ll, ... , a in) , (a., I,. , a7,, ). O'pt) = 
9n,.l (at 1, . . , all · u.1,J ... , ll.pi. CT pt ) . 

ln the sanw wa.y <LS above , we get that aq 1 = iTf'-'(rtu, .. . ,a 11 ,aqJ) where 
CTJ = Pml(all · · .. ,aJ/.a,1J, ... , a.'l, , rr,t). T hen, by the eqnal iti~es Clpv = Clqv, 

v = 1, . .. , 1, we obta.1n tha.t rr 1 = iT1. This impliesa.t 1 = aq 1 , I= L, ... ,w, whic:lJ 
cont,radictc; the a.ss11mpt.io11 a,. 1 :f. rLst · C.:onstequently, the elements (a11 , ... , l1.tf) , 

t = 1. . . , w. an• pa.irwiscc cli fTereuL. 
Now, we prove thai. Bw can be erulwclclc"cl isoworphically into a vz-procluct of 

A 1 , . . . , Az Siuce ( U.t.l, . . . , uu) , I = l, ... , w, arc pairwise different , th e rnccpping 
p (a1.1, ... ,a.u)--> (atJ, .. . ,n.1n), I= l, . . .. w, is a one-to-one n1apping. Let 

ns forrn tlw v,-prod11cl .. n;=l Ai(91w 1,rp . ')') as follows. Let ;}'(r ) = {! , .. . , f1 , 
for a.llr, 7' = 1, . .. ,1. Let us clc"not.c·' t.lw seL {(n. 11 , ... , au): t = 1, . . ,wJ by 

C:. Obviously, C <;; fT~= 1 Ai Define the nta.pp ings rf:'mj. mER., j E {1, . ,I}, 
in t.lw following way . lf 0 E R.. then let. rf'ni((J) = 'Poj((J) , for all j E { l , ... , /} 

and 0' E (-;)~tu) Fmtherrnore, for every 0 :f. mER., j E {1 , .. . ,1}, u E e~;~uJ, 
bt = (IJ~.~, . .. , bu) E n:·=t A,. , I.= l, ... ,m, lei 

tPmj ( (h 1 , · .. , h,n.). CT) = 

{ 
'Pmj(p(ht), . . . p(h,),u) 

a fixed operational symbol from ~);7, 1 
ifbtEC:, l.=l, . . . ,m, 

other<vise. 

Obvio11sly , rf'mi is wdl defined. L!'t, LlS clefi11e the ma.pping (3 hy (J(t) = (ntl, ... , an) , 
t = I , .. .. w. Then. i l. is e;tsy to see that fi is <UI isomorphism of Bw into 

n~=J Aj(fJ("·l, rp,-y). 
A" the next. step , we show th at B~c ca.tJ be ernbedded isomorphica.lly in to a. iii­

product of Ai with a sing!tc factor for some j E { l, ... , I}. Since l <_=; i + 1 and w = 
k;i+ l , there exists a j E { 1, ... , (}such thai. the nnrnber of the p airwise different 
~elements among a1j , . . , a,11i is not, less than k. For the sake of simplicity, let 
us snppose t.ha.t a l.i, ... , ak.i are pairwise different .. Then, T : rt.tj --> (an , ... , au) 

is a one-to-one mapp iJJg. For every rn. E R, 0' E (:)~~·l, let 11s denote by if an 

O]Wrati.onal symbol frorn (-)~,~u ) satisfying iT~1': ,!:}"' = O'B,, . Now, form t he II i ­

product Ai(f)lki,<p* , / ·*) with a single factor as follows. Let .. y*(l) = {1}. IfO E 

R , then let p 0(<T) = if'oi(iT) , for a ll rr E fJ)/' 1 Furthermore, for any 0 :f. mE R , 
G(/.: ) . - " I t 

(J E t/n1. 1 UT1.'i 1 •• • , rLr
11

,_j E::: r lj 1 P. ' 
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r y 110 j(T(u ,.l.i ) . . .. 1 T(11 1.,,.f ) , IT) 

l '' li x <·d op<' l' i ll.i o ll<li s,V111h o l l'r<~lll , ,1.71 _.,, 
if,. , E [l , .... k} . I 

ol.h <' l'l\' is<'. 

I 1-K I 

1 ..... I ll . 

11 .1 Ll«' Cllll , l.l'll <' li"ll . il Cilll lw •' •ts il:-. lli'OVI'd 111 ; 11 1.111' lll i! pping (I d<'iil< <'d h .v 

/l(.,) = u ., 1 • ,..; = I .... , !.-. is i lll i s•>lll()l'phi s ll< o f D ;. i11lo A j ((-J ikl.<p• ,~1 " ). 

\:oil'. il l<' IH'f' <'ss il.~ · C' <\11 IH' l'! ' ildily jll'll \T d. l11d <'<' d . l c• l k > '2 il!' il ll ;t rh i l.r a r y 

lill< 'g<' l' . 1,<'1. 11 s con s id •• r lh c• l.r< 'c' i lllllllll i illlll D,, w l ll' r< ' II '= ~·'~ 1 . S iJI C'I' l'> j, 

i:-<~ lll"rpl<ir<~ll ,v Cllllipl<' i <' w ill< l'< '"'l ll' rl Ill i.lw 11; pr(ld11rl . D 11 , Ci ll< IH' <' llll ll'dd ··d 

1 >-" i" " ~' P i<i r; dl .\ llll. ll " t11 - pr11 d<1 r l A - Il.;'= 1 A1 ( 1-JI" '.'f'./) o l' i n'<' i llll o ll ~<< l n 
f r<llll l> . '1'111' 11 . 1'.\' 1.1((' pro of ilh<> VI', D ;. f'i \11 lH' l ' ild ll•dd l'd iso lll o rpl<i r;dl y 111l.ll" 

1' 1 l'~' '" lll r l 11 1' A1 wil.h :t s il<).!,i <' l';ll' l.<ll' l'11r s<>llll ' j F (I , ... , u} w i<l r i< C< JIII jl i<• l •·s 

I I )I 111'1 "I I'. 

C'" r " ll a ry J . l•'o r <' \ <' I'Y l'illlk 1.\I H' II' , 11 11' ' '• p n 11 lll r l i s <'q lli v; d c• lll I ll 1.1 11' 111 

1'~''" ' 11• 1 11 ill < l'<'s l ll'<' l 111 il l<' i :-<~ 111 11 1'phi r:dh r<> lllpl <· l <' s.vs l l' lll s ,,f I n·•· '<l li <lll l il l il 

11 lin• 1 ;>11d .1 il l I' :<rl i llr a r~ jll >,.; ll i v<' IIII.< 'J.!.'' I'" 

Ht• Jt t i l l' k . l rl 11 s " " "'' r vc· ll1 ;1i Ut1 1s ll w c h< ss 11 1' I i ll' I ro~dilll ll l i d il lll ll lll ill<~ 11' 

/,' [I) l11 1111 :- Ci lsl', D !· d c·J t<ll <•,.; s tl l' il il ll i llll ll ltl il l ll ll 11 ht r l1 h :~s k sl.;ll,•,.; il l id I ill 

l l ll lll l s1g1ts l l<d<1 •··· lil t ii lllr ii ll s l•H' I<Iilll t lll s ••v1· r [I , .... ~·). 'I'I H· r ·· l' .. r ~ \\'1' " ' 'Iiii i < 

ill• <1 1.\ l i l l'l<' l'l /.ill l ll l l "f !.I ll' i :-< liii ii i'J>il ll'ii ll .\ <'tl lli p l<· l •• s:-.s l <' lll >- 11! i\l ll lllllil l d ll'ith 

i'f '' jlll l !.11 l ilt 1'1 pr t~ dll l' l jl l'l s<' lll c• d i11 [ I ] iiS .I ,.;p<'<'li d l'iiSI' t1 1' 'i'i l l'tll'l'l ll '2 
1· 111 sl11 d ~ Il l;!. I i ll hl l' l' i l l'l l 11 111' I II • ,,, pr,.d<l c·ls . !. I 11s 11 11 111dll <., l.lw f" l l""'lll" 

l<" l i"ll l·" r <'1<'1'\ ll ll ll t ll ll >l \ s<' l \1 ( /.1 11 .1 11 d i ""'i Lil'<' i iii <'J.!,<'I' k, I< I l't.( ;\1) dt 11<~1• 

ill• ' o'lll >~I' .dllil'o ,l()illlllilld lr11111 ///i 11h 11' i l l ' illl 1\t' t 111111 dd1·d I lllll"'idll<.dh 

1111" I 1'(- Jll"llllllt I .. 1111'1' :ll l l"illillil fl,lll ,II \11\1 lt-1 I I .1'" ilrillll"dl\ llllt').!,<'I"S 

II 1.., -.:11d I 11:11 I h• 11, i >l nd lil'l 1s 1'1'111111/'lllutlltfllllll'< 111111 m/ I I Iiiii ill" 111 jll'llllll< ' l 

d' t', ( II) I' ( \1) 1 \ did 1"1 <Ill~ 1•1 \'1 ,I II /.lu 1'1 111 ho 1'111111'1 I h• I'< ' o'XIsls i ll 

,, ,,) IIIII "I \'1 I II /It, wh lli;ll '',(,II) ( ( \/) \\'o• l((olo • 111.11 I hi ... lllllinll 

ll'o~s oorl).!,ll<iill~ lllll'lldll<•·d 111 [s] f',r 1l11· "• pr<~dii•·Js 
i ' lw f,jjll\\111).!, s l iil<'llll ')ll J>l<'-<111" Jli;d lilt' iiiPiill'l' li,\' t1 l llio 11, J'lll.jl/1'), I 

i''"i" I if J.' f (II) 

T lt t•Cll <' I ll :1. /'111 <I'< II/ fH/11' u/i''"'''''' 111/1 '/'I' II, 1', 1/11 /1 1 !""""'I '' 1\111111'1 

f1/111 tlliiJ IIIII/I •/< Ill urf f/11111 1/11 ll11 •f1111,flllf 1j II 

/'1,11/ It I 11 < 1 j, o~rl,lll'ill"lh li:-;o rl 1111• ·;.:,• i" I I~ I lit do lilllilllll ,,f I ho 1'1 

J'i"dll< 1:- II I 11i1\ i11111- 1b:11 11
11 ( \1) ( tt,.(,\1) I \ '; did , !111 ,,Jj lliiiii'IIIJol~ "<'I 

\1 /(u \,,, , lrl ,\/ - {Jl ., ) :.nd 1 "" •<II arhi11nry i"•sili\< ' lltl•~··r 
1\.., d Jji,l ~It'!'• I"' \ ·a lid11) 11f Jl ~, . ., t 1'1 ( ,\f) II' jl)ll\'t•d l,<'i liS dt 11111t '2' t 

I>~ ''. aud I< 1 I' '" ' ,, 1111• '" 1111• I<IHjiJHII;!. of {I, .. 11} IIIII I) (I , '2)' 1 
II 1 

l.ot\\11 111.11 h•l t\cr\ IJ f 111 • !.'IT ~ (-) :,"' a , (1111 ,a,,) t {I '2}' 

1• 11 •1" ' 

111 a 11 

I•• I I r I 

"'•lrl nprr:d11111 fT
1 

ot\<r {I :ll <.till"• dtl<fllllll< I hllilll 

{I , '1.}, I 111, ,, ud lc I a; ( 11, <I,, r r ) I l<r 11 
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a; E { 1, :2}i+l , t = 1, ... , m , a nd thu:-; , t.lwr<' is one <l.llcl on ly one ·it E {1 , ... , u' } 

s 11 r. h thal.ft.(it) = a;, for al ii., f.= 1, .... 711.. Now. lei. ITB"'(i 1, . .. , i,n) = s alJCI 
fl.(s) = (b1 , ... h;, u.). L<>L II :" ddi1w IT1 by tT

1(.t :1 , ... , :t: 1,) = 11. Ohviu1 1s ly. tT
1 is a n 

111-ary upe rat iou ove r { l. "2 }. '0/e 1 '<-~c;;tll 0"
1 as i.l 1e 111-ary oprnt.l i.rm ·inducullu; th, 

r' l e 'lll t" '/1./..'i rr .. a1, ... ~a"/ 

N"w. 1<-' t 11::> fo l'ln t.lw /J;- powe r A = B~+ 1 ((7 ("'l.<p,')' ) ''" follows . Lr~ f. -r(j) = 
[l , ... . i+ I} \ {.j}, fo r <I ll j . j = l , ... ,i + J. l.n this cas•~ , fo r evn y () ::j::.1n E R, 
and j E {1 , ... , i +I} , t lw nl ;tppinp; <f'n1j li ;1s thf' foll owi11g f'o l'ln: 

p, ... 1 : ( l 1. :2 n'" x r-J ~,'," 1 
- r-:1~,~ ) 

Let. 11 ,.; cldin e t he fauJi ly <p nl' lliitppin p;s iJJ t.lw f'ull()\vill,!!; way. If U E H. th e n 

let n,.; d P II Ott' by tT;11 t.lw "lw ratio na l ,.;y rnh o l of f-)~21 which l1 a.,.; t.b e realizaJ.ion 

IT~ 2 = i for i = 1.. 2. fi'o r •-~ \wry IT E (-)2,"' 1 and j E {l, ... ,i+ l }.let '?uj (IT) = tT;n 

wh eH~ i is tJw j-l.b C()l llfl"l li'lil, nf p(ITB.,). Nnw. let·, () :f. 111 E H, IT E (-}~,~" 1 . 
a 1 = (u,,, l , · , !If;) E {1.:2) .;, I = l ... . , m. Tll<-~11, p 111.j i,.; d<•lirwcl hy 

;p111. j (a1 , ... , aw., rr) = rr "" 

wlwre t!J e re;di zaJ.i o u nf' IT ' i,.; t.h e m-ary operation in chl ced hy t.lw clernP.ut.s rr , 

a 1, ... a,,_. By t. he defin iti nu n f' B:! , s uch a.n operation al sy ltlbol •-~ xist.s. 

Now , Wf' prove t hat. fl is a 11 iso ltro r·ph is r n of B( 111 I on to A. Fo r t hi s purp ose , Je t. 

us d<-' rwte ft( s) hy (a_, 1, .. . . a s .i+ 1) . f'nr ;J.Jl s , s = 1, . . til. lf' 0 E Ft' e~Hd IT E (-:) ~" ' 1, 

tlwr t Lir e <-' qlrality ft(ITB ,, ) = IT A fo ll ows frour t.lr e defirrit.ion of t.1w umpp ill )!;,_; 

<?o.i . j = I , ... , i + 1. Nnw , I e t U :f. m. E R, O" E A~·,~" l , k: 1 , ••• , /; : "'· E { I , . .. , w f b e 
arhit, I' <U'V <-' l c rne~ nt.s . 'We ha.v<-~ l.o [.li'OV<' t.IJat. .. B A 

p.(IT "' (/,;1·· · - , A:,,)) = O" (/t.{A: I) . . .. , fi.(/.:,,)). 

Le t tTB,,(.\:1, ... , .\:,) = k. Uy t.lw cl ehniti nn nf A. 

ITA (/t( l: 1), ... , p(A:m )) = ( IT~ 0 
( 111; 1 1 , . . . , tl k,, 1 ) , ... , IT~~ ( <1 /; 1 .i + 1 , . .. , ltk,, J+ 1)) 

- ·(· (j) {j) wlw re rr.i- <f'mJ a 1 , ••• ,am , IT) and 

. U I ( r ) I I 1 a ,_ = 0.1.,,1 , .... <lh, ,.i- 1, ll /.: 1,.i+l, .. · , '1.: 1.i+l , · = , · · ·, fl.. 

Cn tl s<-' qii Prlf .ly, it, is r~ n o np;h l.o sho w t iJ<I.t ll.f.:J = 0"_~ 0 (ill.: ,j, ... , a1.:,, j ) is valid. for 

a ll j , j = I , ... , i + I . H11 t t.hi s is obvion::>, siu c<·' IT_~o is the 7/1.-rt.ry op eration 
li I I i) J ' IJ . . 1 irldtrc•-·d by t.l1 e e l<-~ ru e ut.s IT, a 1· . ... , a,;, , tor a. .J , .1 = , .. . , i + l. Therefore, 

Bi w.J E 1.1; (B2). 
Tn comp lete om proof, WP s l1ow that. B 2 ,+, rf, /.li -1 ( !liJ) provi ded t.bat. i > 1. 

f o r V<' rifyinp; this s t. a. t.e rn enl. , t:lw sa. uw idea can lw II SPd a,; in t.lw proof ,,f T I1enr<' l'll 
'2. Nanu-•ly. if B~ • +• rau lw <-' rrdwd df' d isnruorphically in to ;r. /Ji-1-proditC\. TI;'=J A.i 

of t r<-'<' a utomata frmn fi'/J. Uw11 B 2 ,+ , can be Prrtlwc!Pcl isornorp hi ca.ll y in to a 11;­
product·, of tree a.utollJat:a fronr A/t wit l1 a.t. most i fact.ors . But. t.be nurnber of t he 
elerw•nt.s of tbe latter proclnd. i ~ not p;reate r than 'l.i wh ich is a. c.nntracl ict ion . 
(:on~<'<j ll l'l l t l y, //i- I( Jf/1) C 11; (1\l/) is va.l icJ f'or aJJ i > 2 whi ch f' 0 1Jtpl<-~ t<-' " t.JJP prnnf 
of T lwo rern :3. 
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orenJ :2. N<1nw l_y, if B~c c ra.n lw ,, IJJIH' clclecl ic>utnorplti n tlly inLu a sl.ar-prucluct. 

fl'= 1 Aj (Aik"J, cp), Uwn Bk can lw 1-~ tni H-' ddecl isornorpb in t.ll_y i11t u ;t st.a.r-JHn duct. 

Aj(h)(l.:l,rp') with <L>< inp;l•·fa.ct.n r !'or ><Ot Jw j E {l, ... ,n1 . 

Corollary 2. Frq· PVI-' t·v l'ilttk-t.vpe U a11d ,~v< -' r_v pu;;itivl' int·, ,-';.';<"1' i, t-.lw sLJr­

JH<HIIId is eqlllvaJ,·nl. 1.., Llll' t/1 -pr<~dii c l. wil.lt t·esp•·cl. l.n t.lte tc>utJtllrphic:tll_y ,..,,tu­
plet.e sysi;l~lll>' of t.ree a ttl.n!ltal.a. 
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Abstract - Algorithm f or the ??-reduction a Propositional Calcu lus fomwlu to the 
clause f orm. which can be used for every binw)• operator, is described in the paper 
The consequence of its application is that disjunction of each two clauses 1~ u sa tisfied 
clause . Furthermore. the inferring Resolution Rule may be rep laced bv the gn ·en 
"summation" rule 

Key words: Automated theorem proving, R esolution , Pnnciple of Contrad ictio n 

1. Introduction 

In the R eso lution theorem proving system, the theorem of the Propositional 
Calculus is proved by transforming the negation of the formula to the 
conjunctive normal fo rm , i.e. to the set of the clauses. 

The system of the new rules for constructing the se t of the clauses of the 
Propositional Ca lcu lus formula, is introduced in [1) Clause term has been 
"ra ised" so that the elements of the clauses are signed subformulas of the 
negatmn of the given formula, not necessary the atomic ones, as in the classic 
case. If the clements of the clauses arc atomic, the clause IS consa.lcrcd as a 
finished one, In the sense that further apphcatiOII of the rules is nut posstble an) 
more . 

Crucial point ol the new system ts the Introduction ul the ( 'onttadtction 
Jltmctple : 

PI' 
{L\l 
{L\, TA} 

lL\. FA} 

whcte the reductt<lll rules arc generated from: 

l',·r•t· 
{ L\, F !\rd3} il\, T 1\.v B) 
{L\, F !\., Fiq {l\,TA,'J'B} 

1'1'1'2: 
(i\, 'I' A 1'1 13} {L\, F 1\.v_lil_ 
{ .. \,'I' A I {o, FA} 

I , I"A,"l ll} {L\, T A FBI 

I' ,, 

0.~1' A Bl 
{L\, F !\., T B} 

{l\, FA B} 
{<\,T A,} 
{<\, F !\.,I· B} 
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Including this principle, semantic rules [1] need to be added. They can be divided 
into three groups, according to the way they reduce the clauses: {~ , Z 1 A*B, Z2 

C} (where: ~=disjunction of some signed subformulas of the starting formula; * 
= binary logic operation A, v or ~; C = one of the formulas A or B; Z; = sign of 
the formula, and may be 'Tor 'F): 

PI: {~. zl A*B, Z2 q 
{~, Z3C} 

P
2
: {~, Z1 A*B, Z2 C} 

{~, z3 A , z4 B} · 

In spite of the fact that semantic rules were cited only for the clauses of the 
form: 

{~, Zl A*B, ~A}, 

they can also be used on the clauses: 

{~, Z1 -,A*B, Z2 A} 

after their equivalent transforming to: 

{~, Z 1 ....,A*B, Z 2' -,A}, Z 2' is the opposite sign to Z2• 

Reduction follows as: first clause is the negation of the given formula. New 
clause is generated by applying one of the rules. The procedure is being 
repeated until one of the rules can be applied, namely, while there exists a 
clause with at least one non atomic clause. 

2. Semantic of the rules 

The rules P0, P 1 and P2 are the "compressing" ones: either they delete the clause 
(P0), or decrease the number of formulas (i. e. disjuncts of the conjunctive 
normal form) inside (P 1) or simplify its structure (P2). The rules Ppp are the only 
"expanding" ones: either they increase the number of disjuncts within the clause 
or increase the number of clauses in the deducing. The sequence e:f their 
application is naturally imposed: if it is possible, the rules P 0 are applied first , 
then the rules P1, P2 and finally Prr· As the consequence, the application of the 
rules Prr are avoided, if for that disjunct, the application of one of the 
"compressing" rules is possible. As there are disjuncts permitting the application 
of the both, Prr and one of the P0, P 1 or P2 rules, the question of signification of 
the application the Ppr rules, for that clause, may be asked. In that sense, for 
each clause, the set of the significant rules for reduction, may be chosen. 

Definition 1. 

i) The application of the P; rule i E { 0,1 ,2}, is significant. 

ii) The application of the P PP rule is significant, only if it is related to the disjunct 
for which the application of one of the P;, i E { 0,1 ,2}, rules is not possible in 
the clause. 
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iii) For the clause, the set of the significant rules is built by all rules whose 
application is significant. 

As the rules are applied to the clause, but effectively related to one or two 
disjuncts (always the formula and one of its main subformulas corresponds to 
them) the next types of the disjuncts may be established: -
- the pair of disjuncts {d1,d2 } is of the type i, if the P, rule, ie{0,1,2}, may be 

applied; 
- the disjunct is of the type PP (PP-disjunct) if the Ppp rule (Ppp1 or Pr1'2), may 

be applied; it should be noticed that all non atomic disjuncts in the clause, are 
PP-disjuncts. 

The next no tio n of the i-pair, needs to be introduced: 

Definition 2. If the pair o f disjuncts { d 1,d2} is of the type i, i E {0,1,2}, the ordered 
pair (d 1,d2) is i-pair, if d2 corresponds to the main (one of the existing two) 
subfo rrnula of the formula of the d 1. For the PP-disjunct d, (d,O) is PP-pair. 

The presence of the pair of some type, for the clause, means the possibility of 
application the corresponding rule. In that sense, as the disjunct d may be paired 
both in the i-pair, i E { 0, l ,2} and in the PP-pair, the significance of the pair may be 
considered . 

Definition 3. S1gnijicanr pwr is every i-pair, ie {0,1,2} and only that PP-pair (d,O), 
whose disjunct d is not paired within some i-pair, i E {0,1 ,2}. All significan t pairs 
of the clause build its sci ofrhe .\Jgmjicanr pau.1 (SZP). 

Reduction algonthm is the algonthm for the application of the rules, i. e the 
algorithm of forming the clauses and thc1r sets of the s1gmficant pairs. As the 
clause and 1ts SZP ·tre always observed together, tt IS natural to Include the next 
dcfinit1on : 

Definition 4. 01'<'rrlau.le is ordered pan (SJ') . where SIS clause . and P is its set of 
s1gn1ficant pairs . 

It is possible to prove the next Lemma: 

Lemma 1. For each binary operation • (one of the 16) , next two statements arc 
valid: 

i) (A•X)vA may be equally transformed to one of the fo rmulas . A, XvA, 
-.XvA, True 

ii) (A•X)v-.A may be equally transformed to one of the fo rmulas -.A , X v-.A, 
-.Xv-.A, True. 



Corollary 1: Developing the clause {6, Z 1 A*X, Z 2 A} or {6, Z 1 -.A*X, Z 2 A}, 
one of the clauses: {6, Z 2 A}, {6, Z 1 X, Z2 A}, {6, Z 1' X, Z2 A} is always 
obtained, or it is deleted from the set of the clauses, as satisfied. 

Corollary 2: Applying the rule to overclause (S,P), means: 
1. rule P 1 for 1-pair ( d1,d2): 

- delete d 1 from the clause S; 
-delete all pairs participating d1, from SZP; the disjuncts which are paired 

only with d1, become PP-disjuncts, so complete SZP, with corresponding 
PP-pairs. 

2. rule P2 fer 2-pair (d 1,d2): 

- delete d1 from the clause S; add the disjunct related to the other main 
subformula of the formula of d 1 (as d2 is related to one main subformula of 
the formula of dl>) with corresponding sign, to the clause, only if that 
disjunct or its conjugate one is not inside the clause; if the conjugate of the 
disjunct is present, delete the overclause, because the clause is satisfied one. 

-delete all pairs participating d 1, from SZP; the disjuncts which are paired 
only with d1, become PP-disjuncts, so complete SZP, with corresponding 
PP-pairs; if the disjunct has been added in the clause, establish the pairs it 
makes with the other disjuncts in the clause and complete the SZP. 

3. rule Prr for PP-pair (d,O): 
-decide about the type of the Prr rule; 

3.1 rule Prr1 for PP-pair (d,O): 
- delete d from the clause S; add to the clause two new disjuncts, related to 

main subformulas of the formula of d, signed according to the 
corresponding rule; 

-delete pair (d,O) from SZP and, for added disjuncts, establish the pairs they 
make with the other disjuncts in the clause and complete the SZP. 

3.2 rule PPI'2 for PP-pair (d,O): 
-make another overclause (S 1,P 1) = (S,P); 
- delete d from the clause S; add to the clause two new disjuncts, related to 

main subformulas of the formula of d, signed according to the 
corresponding rule; 

-delete pair (d,O) from P and for added disjuncts, establish the pairs they 
make with the other disjuncts in the clause and complete the SZP P; 

-deleted from the clause S1; add to the clause the disjunct, related to the one 
main subformula of the formula of d, signed according the corresponding 
rule; 

-delete pair (d,O) from P1 and for added disjunct, establish the pairs it makes 
with the other disjuncts in the clause and complete the SZP P 1• 
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3. Reduction algorithm 

Step 1. For the formula X, first overclause is ( {F X},{ (F X,O} ). 

Step 2. Next overclause is deduced from the overclause with non empty SZP as: 
2.1 If there is 0-pair, in the set of significant pairs apply P0 rule and go to step 3. 

If not, go to 2.2. 
2.2 If there is 1-pair, in the set of significant pairs, apply P, rule and go to step 3. 

If not, go to 2.3. 
2.3 If there is 2-pair, in the set of significant pairs, apply P2 rule and go to step 3. 

If not, go to 2.4. 
2.4 If there is PP-pair, in the set of significant pairs, apply PP rule and go to 

step 3. 

Step 3. Find overclause with non empty SZP and go to step 1. If such an 
overclause doesn't exist, gc to step 4. 

Step 4. If the empty set of the clauses is generated, formula is not the theorem. 
In the opposite case, conclude the proof including the Resolution Rule. 

4. Algorithm application corollaries 

After the algorithm application, the sequence of the clauses S,, S2, ... , S"' is 
generated, with the next propert!Cs: 

Corollary 1. For each of the two clauses S, and S
1 

it is vahd: S,vS1 = 1. 

Corollary 2. Clauses arc distinct. 

Corollary 3. Two clauses, written in the canonical conJunctive normal form, 
cannot have the same elementary canonical disjunctions. 

Let q 1, q 2, ••• , q, he all propositional lt:tters present 1n the generated cluuc;es. 
Then it may be introduced the next presentation form for tht! clauses: 

fTl Ill f1 

1\ s = 1\ v q u,, 
1•1 I 1•1 j•l J 

where: if q
1 

is in the i·th clause with s1gn '!", ct,
1 

if q
1 

is in the i-th clause with sign 'F, u,
1 
=·I 

if q
1 

is not in the i·th clause, a,
1 
= 0 

The matw. A ofsrgm may be consequently generated for each formula: 

[~II ••. ~In l 
A - . . - . . 

ami"' umn 
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By summing the column elements, the difference between the number of the 
propositional letter and the number of its negation, is obtained. The rows 
containing zero(s), are related to the clauses which are the minimal form of 
more elementary canonical disjunctions (2, 4, 8, ... ). Through this fact, the 
validity of the formula can be decided: 

Theorem 1. If the next statement is true for the matrix of signs of the formula -.X: 

m 

Ia;i2k, = 0, for every j = 1, 2, ... , n; where k; is number of zeroes in i-th row 
i~I 

then the formula is a theorem. If there is an index j for which the conditions fail, 
then the formula is not a theorem. 

5. Conclusion 

In the Propositional Calculus theorem proving systems, based on resolution: 
- multiple generating of the same clause, 
- deducing of satisfied clauses, 
- generating more clauses which semantically correspond to only one clause 

is possible. These problems are solved by heuristics, which are based on the 
search over the set of the clauses. Another problem is the application of the 
Resolution Rule, which in every step generates one clause more, expanding the 
set of available clauses. 

The establishment of the algorithm for generating final clauses, which have next 
properties: 
-there aren't the same disjuncts within the clause, 
-each clause is not satisfied, 
- disjunct of each two clauses is a satisfied clause, 
- each two clauses are distinct 

becomes possible after introducing the Contradiction Principle and the 
corresponding semantic rules in the reduction system. As a consequence, it is 
possible to conclude the proof with the clauses generated by the algorithm, 
without application of the Resolution Rule, due to the given "summation" rule . 
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Ahst.nu·t.. It is IMrl or lh <· tra.dit.rou 'LII" fo lklurc or <l. ll t.O ill<Li cd r!'n ­

so rrin g !h a l ill (' inl.ra c tahilil y o f ('oolll'r 's d< ·ci siu n pron·durl' lor l 'rcs­

'"" 1!.'' ' irll•·g< ' l <~niiJrrlt ·l i t rnak t·s is l ou <''(jll' rr s i v" fu 1 pra <l i!id li s<' fvlon · 

lliirrl .!!"1 Vt·<t rs o f wurk has n ·s ull<·d irr "'""' ' '"" ' appruxi rn al< · P"" l'drrrcs 

ILl raii!JI!.d arit lllll <'li c .. dl o l w hrrl1 .Ill ' ill f'll lllpl l'lt a r11 l n ·s t1rrlt ·d lo 

1!11 qrro~rrlifr< · f l 11·< · lr .,gnH ·Itl lrr tlrr s P' 'l "' ' "'' ll 'porl u rr '"' I'X p <· riiiH rll 

whic h s i1Urrgl.1 q u<·sli"'" I hi " l1;11liliorr \\, . llf< •aslll'<· d ll11 · p<· rfo llll illl<' l' ul 

lll ll<tdi lf <·s dut l o ll od<s. ( '"" il''' (<~ rill l ii' IIIISIII l'ill larrl s illl ' f <·o l w hic h 

d, l< ·c l < uu rri <'II'X•IIIIpl<·s). ;rnoss a cu r prrs o f Ill tltltl r ;u rd on d v /.!.<' 11 \'rai<-d 

'lll•llli llltl l11 ·• l 111·sh1111-!,< r 1<11111 111.11 · 11 11 l <'slll t s ' " ' slilllllll g. ,, v;rri.u ll 

11f ('oup< , ·., pi1Htdlll1 olllfll IIIII III s ll11dt s pnHt·dill<, ·IIIII IS fast 1 ltOIII-!,11 

f111 plol!l!<.dll '<' Jlwst I!SIIIIstlllllrad!tlllllllillllltt·IIJ·d IVIS!Illrlllho~t 

d1 f'ISIIIII fllllll ·dii ii 'S il>l lltlcgt ' l .!llihllll'lll .111 l1111 1 XjlliiSI\1' lu liS! Ill 

(lid! I II I 

Inlroducf ion 

A"'''''''" 1'""'"'11' fiJI Sll llll ' thcllj)' I" illl al).!,llrllillll 11'1111'" rill 1'\1'1) l'llllllllhl 

l c•lls II' ill '( 1!1 1 it IS \':did <11' IIIli. ' II II' r<~l1• "' .J, cisi1111 Jll"l'l d1111'" IS nil il·ai111 lll:tll) 

an Hs. illl'llldllt).!, th1'<111 111 1"'"1 Ill).!. ,\s li11\'1 1 a11d :-.1""'" 1111111 [:.! lj I] 

' II IS )!,1 111 rail) il)!,ll 1•d I iJ;ll 1\ i11 II Ill' oil I 1ral I"'"" Ill jii"\.I'IS dl'l lin.oJI) 

ll\',rrJ.rJ.J~• tlwy will l'lilll:till l~tilh ll1 Ill lSI II l'llllljlllill'llls illld 1110111)' .J, I'ISiOII 

pntr·(•d~tr,•s ·· 

I ho !11 I .oullour 1 "'1'1""1"1 I>) llr' l11111~h ~,)"'1'""'"" IItl'l llr• ullro r ·'" 

1hu1~ ,,,, suppu!llfl 111 fl<\11 hv ~1.1111" ll''d!C c;l!/1 /lli~l, .111<1 llrili h C'cHIIIIII 

Ill l \1/XH'I/'I'ijil! 

I' !II 
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lnd<'ed, even (genPJ'a. lly) in<cHi ciPnt. d<-,cision prne<cclltrcs could reduce t,hP S<carrb 
~Jl<t.Ce uf h<:'ttr ist.ic conJpOII<cril;s of a pn)V<:' r a.ud ilt c. rPase its <thdit.i e,.; : a. clecisiDu 
procechtre can hoth d ose :1. hra.1~eiJ i11 a. pmof', ancl rejPct. non-theorem s . Der isi o n 
fli'OC<'<II II'<'" c:1n also have a import, ;wf, m le in utJwr a1·<-~ :1 .s s11ch as g;cn iTw t.ry nnd 
type checking. fnr r~ xaruple. 

1\ core part. of illlt,nrnat.Ic t.lworen1 provin)!; iuvnlvPs reasnninp; vvitb iltl.e,!.>;<-'1' 
;Jut l 11 <tt.11ra.l nutnlwrs. Since t.lw wbole of int·,ep;er a.rit .hnwt.ic is llnd ec id:J,hl<ce, we 
a1 e ful'(·ecl f,,, lnok for '11:-;< ~ f'ul'. d<,c id< th! e :-;uh-t.ll<-·urie,.;: t.lw rc is a. l.racl<' -oJf lw l. w<:'<:'U 
11s<J1111ws.s ;tnd Uw c.olllfl lexit.y of' ;tssocia.l.<' d d<-~ c.ision f)l'OC<' dlll'"s. l.11 t.bis pap er, 
we take Preshurget· a.ritlundic: it . is 11seful and tlwre are a. nurnlwr of ch~ c.i sirm 

procecltue::;. 

Tn t·,his paper we want·. to cnrtlfl:lr<' two clr-cisinu proceclnn~s (and ,:unl f' s iutpl e 
va,ria.t.i,ms tlwreof} t.h;1L d1w to [-Toci P.s fo1· Preshmger rational arirlnrit>t.ic and 
that. due t,o C:oopn, for J' res hurger intep;Pr a.rithrnetic. It. is part. of th e tradi­
t,ion a.nd folklo re of ant.on1at.ecl n-'<Jsoning that. ( :ooper's decision proceclnrcce ['or 
F'reslmrger int.eg"r arit ltwetic is too exptensive to lw of practical use. More tha.n 
:2G y<'a r,; uf' work bas n-'sltlt.ed in lllllllerons a.ppmx.imat.e procedures via ratiuna.l 
ar it.luw' t,ic, ;J.!] of wl1icl1 <II'<:' iucnnJplet<-~ and restric:t.Pcl to the quantif·ier-fr e<' h· cLp;­
ITI<'ul.. fl, is know11 tha.t i.lw (wn rs t.-c:1se) l.i11W coln plexity of ( :ooper's proceclllrP 

i;-; :2 "' " i11 the size of tlw fonn 1d a, 1 a.nd liiO reove r, l.l1is is nwch worse than E-locles ' 
proceclnre. Boyer a 1HI Moore state [:2 , ~:3] 

inkger decJsion prnced ltr.-~s are qnite cotnplica.tecl con1parccl tn t,hc 
u1a.ny wPII-known dcc isio 11 procedures fnr linear iw•tplalitics over t.lw ra­
t·.ioncl.ls [ ... ]. Tlwr<:'fme. fo llowing the tradit·.ion ill pl'Ogralll verification, 
W<' <tdoptecl a. rati o na.l-hased proc(-~ duJ·e_. _" 

It is this 'tradition ' of work in i.lw rationals [l. SJ , 10, :2] that we question i.n this 
paper. Anecdotal test ,inlonie::; to this traditicJII aho11ncl iu t.l1e literabtn' h111. we~ 

are not aware of auy experinwntal coruparisou of procedures. 

Here we report on an rcxperilllental cornparison of procedurrcs on 10 000 t·an­
dornly g<cll era. ted formnl ae. How ever, t.l1e results are very s urprising~broaclly , 

they shovv that. a. sirnple variant of Cooper's procedure oulylf'.r:{onns Hodes' pro­
ceclureon our sa.rnpl e corpus! 

ThesC' res1tlts cast som<' clouht 0 11 t.lw perceived wisclon1 in Llw automated 
t·easoniu)!; cnl llltllmity tha.l. f11il d<·'c isi on procedure.s for integer arithmetic are too 
ex.pr~ 11 ;-;ive to 11se in practice. 

Ov ennrw of paJieT. fj:2. 1 dd1nes Pres burger <trithmcti c, procedures and notation. 
1j:3 describes the test corpus and the experiments WC' ma.clt' on it; fj4 shows th<-' 
I'PSllll,s. fj5 and S(j discusses further WOrk a.nci draws COnc lusions. 

1 Sho,;tak [9] attributes this result to Oppett. 



2 Background 

\V<' wr it e• l=r I ([;i=r f) In ltt e': lll I i;; v:did ( i11 11aiid) i11 Lil<'lll'\ ' '/'. ;\ dlc'IStll1t 

fi/'IJI<t!llt'C f'<ll'l ill '< li'.V T j,.; ;) l.lll .:d f'IIII Cii t lll " r·l'illll l'e> rllllli :ll' ltl ti ll' "'' I [yes , no) . 
ilii Vitt g 1'111' a11 .1 I Lit e' prop e• t·l. ie•,.; t>f' >'t lllll<itle ',.;,.; r/(f) = yes ilttpii t';; ' /' I= I . :111tl 

Cll lliple •le ' ll<'>'". {'I= I itttpli e•,.; rl ( f) = ye s. 1\11 i?II 'OIIIf'lc I < d(('/S/011 fll'til 'ttfun i;; 

"II II till h Il l. I\ Ill ('e) I J I pI (' , ,,. 

l 'r• ·,.; httr).!.t ' l' :lri tlttll <' li c j,.; (r<ll tg hi y " i'' ': tkitt g) :t i.ltr •t~ r y h1till. 11p l'ru111 l.iw l't> t\slan l 

0. l: lt·ialdt •,.;. i lit t:tr y +. lll li ll' .\' s. n •i:llillt\ ;; /, >, =. ::_ . _:, il ttd IJII' s lattdanl ''" '' 

tll'rl. i l't',.; :tttd qtlit ltlili t•rs 11 1' lit ·,.; l.- •m lt•r pr<'tlic<tl< ' ca i n tltt s.~ 'l'l11 ' ttnl.i o tt ,.; nl' 1< ' 1' 111 . 

:tl tJ tll ir f'nt ' llllti :l :t 11d l'll rllllil :> :t l't ' f't~r tll : dl .v dl'iit11 ' tl i11 i.llt' 11 ;; 1t :d ll'il.\' (: 1 )!,l'il llllll :t r 

i;; .~ i V<' II i1 1 li >", lll' e' I l'nr lite • qtt :tttl ili 1'1' l're 'l' p :tt ' l ) . l 11 /'n ~hurqr , . 111/r IJI 1 11/'t ilun r / 11 

( 1'1 ,\ ) . l ':tri :tl l le •,.; r :\11 )!,<' 11\'1' 1' t i ll ' it l i<')!,f'l'>' . It 111: 1" l 't 'l',.; httl' )!,t'l' w l111 li t·s t ,.; lt oll'< ' tl lit :\ I 

1' 1 i\ i;; cJ, •ritla hlt • [K]. 1'1'1 siiiii '.IJ< , . l'llitlltllt! lll't ih1n r / 11 · ( I' ll;\) i;; <i<'l it ll ' tl : ttt :d ciJ.!,IJ II;;i .v 

:1t1tl i;; ,tl ,.;" tll'ri d :thl <' [I] 
'l'lt <' n •,.;l. ri r l i1> 11 11 1' l 'rc•,.; hllr J.!.<' I' i lll t'J.!.'' I' :trit lll tll'l ic lc> l '• ' :1 1111 tl lt llti ll' r c; (i.• · .. 111 

1\tl ll 11< '>',: 11 i\'t ' i ttl t' J.!,I' I' ;;) II'<' r: tll /' n.,/1111 '1/< 1 n nltlt'lll nrt !hnlllt l ( l 'i\' A ). :i 

St~t \11 ' clc ·rtsi111 1 prnrl'dt t re •,.; f'tJr l 'rl 'sh llr)!,l ' l' a ril h11 1t'l ic :11'1' h;~ s1'd " " I ill' ttl ••: t 11 ! 

ljtl :\tllilit r <' litttitt :tlillll tl~ ·;; criiH · cl 1> .1 l\f'l ' is•· i ;111tl 1\r t lll\< ' [1] lltt '"l :tl 'l ll tHI< '" 

pr"c' ·dttr• 1,1 l 'r• ·s hltl')!,l 1 r.tl it~tt : d :t rtllttllt It• [(ij iiltcl ( 'II<Jjll' l' s Ill''" '' clttr• l<1r 

l 'rcshtii'J.!,t r llll t')!,< I' :tl'llltttlt'lll [~1] l lt< ' l' < ts iilst~lit< ~IIJ> lt tl ' f':tlllil .v 11illl'<" '' cltti'< 'S 

d11• I" 111, clstJI ' [ I ] :11 tcl fall< tl ~ IIIIJII" \< 'd l11 '-,ittiSL tk [!1, Ill]. 

fit < t ;tii<JII :d f>ii s<•ti jll'<ll ' i•cllll< '" •II< 0111 ;tilt IIIJll 11111\< ' l'l'lllli< I ill' 1'>11\lf>f< XII\ ,.r· 
llll• ·g·· r r~a "'' c1 Jll'll("t 'd''"' " 11 ,." ''I" · ,.,,,.,tl~ "' ,. ,1 1it :11 tit·'" :'"' r~~~~~~~tl : " · ,,tl,.r 111 

tilll<lll:d iilllft lt\lll !' iillclttl\.dtd lllll :li111.d :tnlittll< It< ' :t ttcl \'11'1 \< '1'':1 I <11111'<1,1111'< 

J., '2.1 :11"' 1 :dicl<1\< ' 1 llt< r :tlt<llt :d -., l11tl 11<11 <1\< ' 1 tit• n :tllll':d \1 -.11 , V.t .< 

I V .1 '2 1:- 1altcl "'' 1 llt• tt . tltll .d s 1>111 lt<ll <1\< ' 1' lit< r.tll<lll.tl llt •l<'f.,r, , II'< ' 

' "''""' '' "' ;, cl "' ' " '"" f'l'<l< ··· dltl< 1'111 "'I' ~~I tit< :-<' 111" tiH 'IIJ'i< :-< 111 llt• · ,lft• •r, 11"l 

I \1 II ;h •Ill itl<'lllllj> f<'l< ,j,, · js ltlll j>l<ll '< dtll'< . 

II ""'' '' ' r , tf "" '''' 11111\< ' t :-:dl) 'lll :t lll tfj, d 1'\A l"l'lltttl ,, ' "' cl• ,.,cl, •d valtd l1! 

If , I(,, ... f'l'<l !'<' dllr< ' (1 ( • l :tkltl ).!, it Ill Ill ', , r .. rlltllla <II' I'll ,\ ) llt< ' ll II 11111 :-. 1 Ill \ ':dtd 

\lufltpfi< ,JII <J II 11J .t \ lll.tiiJo J11 .1 <II II Sl.lll l is . .fs11 f11!Shtll).;<l Ill I'- llt .JI<<f ·'"I f 

ll'fto I• 1 · 'ilJ ~~'• II " 11 I IIIII" \\1 ~ ~~ tff Wlllr · I lll"lt •. t~f u f ,(II), t lr 

f.,, 1ft• '-• llll t thrur\ ,lfld '<IIIII trl.rltd 1ho u 1i1 " Ifill<·"' •I f1w tfjfl, •tt ' lll I• Jill '<""" 

Fu r iii"I·IIH• IIndt :. raii 1'1• :. 11111).;• 1 1.rl1t111.d ,lftllriiHII< .1 1/u orrf F,!U (" !It t •ltllll /1 

1.111 lftttrl\ uf .ulditi oll ull llr• f[',d ~) flo\ II .wd \f ont• (~; "'"' 1rl u ,, 11111\' ll'·dh 

ljll·llllllt•" fl.tJ;IIIt Ill"' I'P"'''"I-:" r.lll llll.d ollillriJI<IIr ,,., ''""" ''"''"""'' (.dlll<llll-(11 

111 l.ut tl"' 1\'ork ul'• 1 1!11 iui•J.;• 1 1 th.tl 1111• '''" ' " 'IJ IIItlllllt'- ).;tit" h1 tfr, ll.tllt• 

/llul 111 ,. 11/ 11111/wulrr. 
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i11 I' N1\ . That is.l=e/1 ,\ s itupl i<' >' FI'N:\ s. for t.h e ltni wrsa. ll y qua.rlf.iJiPd fnnutda 
s . T lw r<'vers<-' i!Hpl ica.t.i" " dtH''S nul. ho ld , a.ud "" Hodes · prou:dlt tT is 1w1. ;t 

de\ i;-;inn prnr•·d ur• ~ fn1· PNJ\ . 
T hi s id ea of applyi ng d<-~ c i c: i " '' proced ure'S fo 1· 1· atie> 1J ;ds L<> t. lw iu tr,•;.>:•c>r ,. ,,,.,, . is 

i:tf. t.lw I!P i\rt. of BledS<I< ' '" ,'-; np- 1111. lllt··l·.!tocl [J] , and Ci ill lw >'<'t' ll its t h •-~ star \. "f 
t.h e I rndit.i o ll of iJH'olilplet.<-' dec is io n procr-·d nres . Tlw f.radit.io n con l . tJill<~ d wi 1~ !1 

Shu,.;tak ·s iruproved Sup- 1111· [!1. 10]; lw s howed it. co ni c! ri P1id e inv;\.lid l'onnul;t.r •. 
a nd ,.;o was inde•·d a. deci>'i<l ll pror.ed tir<' . f-lnwevPr. t. h • ~ cla,;s of f'o nti!lbc: fur which 
Shn,.:t.; tk ·s Sn p-ln f' d•·cick,; '"' " 11 0\. !we n llnr;l.cl.eri zc> cl ,;ynt.actir.all y : it i,.. nut. i\ 

der i,.; i" '' p rnc<>thm:' fnr llllil·ersa. ll y lJIIilllt-il i••d PIA , h111'. fo r so l! II' .. s<'rn:tnti c;di .Y 
c l!;l rilct . r~ rizPd .. fr ;tp; lll t'n l.. 

H"Y<'r ;t.ud Mno re to" fo ll nwed t·. hi s t.rack [2], ;tli.lwll p; ll Lh••y ri-'V t~ r t.ed h;tck 
1." ll.,tJ,< prucPdttr•· ,. ,t.l.lw r than 11 sin).'; S up- luf. T ll <' ir choice· wa,; 1111;-;urpn ,.; in f!, 
iu ,;<JtlH' "'c~ lt;-; <-' , sin ce t.l11• Nqtl11u lo;sic is CJLta. nt.lt-i•~r-fn-:P , so t lw rc:,;LricLiou for 
,;u iiJ Hitw,.;:-; is v;t. r twn ~. So!III'W h;ll. CIHi mi,;ly, BnyPI' a. lld Moore couc ln d<-' iu t.lJ;t.l . 
:-;;u l! t' pap1:~· t.hat , eH·icie nc y <!f tJw IJI' is large ly irrel ev; tut·. in t.lw wid er set Iiiii', 
o l· ; 1 lwuri~t . i c prnver : i11 t.h;t.t. ca,;e why 111>1 . 11,;• • ( :o.,p<· r·,; fll' lll'< ' dur<', ;1.11d ban• " 
COiiipl<' i.<-' Jll'ocPd l!re 1'." hll<lt.'~ '1 T IH' rt' i,; a qtwsLiou ;1s t·,., what·, d<-'gn·c 11.rqaltt•1 

,., .. ,.H il ts frul<J ;1 dt•cisiou I'I'I•C<'dtir <' can h<: ltsPd in ;1 lli' I!J'i >'l. ir t.beon-· r.u prove r. 
Sil l! II ' sysl.!' llJS, Sll r h as c La rvr [:~]' can liSP t.his illforll !ittion , fo r I'X<I.rnp I c . iJI 
Cllli t, ,- , >IIi II J.!; J;enera li z;ll,ion , it ltd o l.h er uou-equ iva.lenc<-' jll'PSI-' rvi ng he ll ri sl. ic;-;. T hi s 
is IIIHI "tlht.c•dl v Lr ll< ' "r· ni·. Jwr t-.111-'oreul JH<>V<-' rs. 

3 Experiments 

'vVP randoudy geuer;,. t,, ~ d ;1 l<ll' PilS of 10 UOU fornmlae of Preshlll').';l' r arit.lnnet.ic. 
Tbi,; IV>t.;-; do n<' ll >'illg Llw ).'; ra lllllliH ,.: Jwwn in flp;111T I t.o gc nc r>t.l .c-• qunut.d·i·~r-f'rl-' <-' 

forl!ltih.t-' co ul.;t.iHing f'l ·p·-· V<tr ia.hiP:; (1-.aken [ro ll ! ;1. s •~ t. o f li ve• :;y uthnl,.; ). Each rnl <-' 
w:1,; cho,.;en with a prnhahilit.y g ivi' Jl in t.hP rigb t.- h<~tlcl co llllrlll. 

3 .2 Algoritlnus 1:ousirlm·erl 

In ;tdclit.ion t.o 1-:locl<cs ·· proc<-:dure il. !itl C:oop 1-~ 1· 's p rocedure, we ;1.lsn 11 :owd varia.uts 
nr t.lwse. lts ing a. hc~ llri s t.i c t.hat quickly rejects invalid f'orn llll a.e (we will call it. 
t.hc QR he11ri st.ic ) 

The hPmistic is as foll ows: to invalid a te \fx.<I>(x) wP s how tba.t a. par t.i cttlar 
inst.a.nce <T>(c) is in valid. That. is , W<' iusta.nt.iat.e a. ll nni ve rsally qu a.nti li ed variables 
in a. furllHila Vx.<I>(x) witb part.i r lila.r p;rouncl va lues {say U a nd IOU ) iu all ways. 
lu t.ha.t . way we gel, a qu a.nt.ilic' r free formul a. <!> (<:) , for wh icb Vd!idity is qui ckl y 
d<' cided. T his sirnpl e bemi;-;t.ic i;; o bviously sound, hut. IJ OI. CO !nplete. Howev.: 1· , 

4 We ,., lllphasize that th e Nqthm decisio11 procedure is ~tronger thn.u Hodes' proce­
dure since it. n.lso ha$ ll e llri ,;t.ics to dea.l with non-Preshurger fo rmnl a.e hy ca.lling the 

inclnct.ive pa.rt of th e prove r. 
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II II,,. /'n ,/ li lf , j li ty 

( lun111tla } ·= ( :.I!JIIIi < I!JI'IIIIII<~ ) II. 7!i 
( lutllllli.l ) := ..., ( lu111111l<t ) II. I 

(l'o 111l11L1 ) .. ( I!JI'IIIItl<t ) V ( lurllllli.l ) 11.11~, 

( iul'11111l;, ) := ( i!JI'IIIIIi:t ) 1\ ( iu111111la ) II.W1 

i l u~ll~:tJ ( l<1111111h1 ) _, ( I!JI'IIIIILr-'-)+11_.1_1 ~_. ___ _ 

(<t ltJIIII < l t~ ltlllll.< ) ( 1< 1111 ) = ( l• · r111 ) 11.2 

(. il u ll li< l u tllllllo~ \ ( 1<' 1111 ) ( 1<' 1111 ) 11 .~ 

( .~l ll tll ll l >~ lllllrlo~ ) ( 1<' 1 111 ) _ ( t c· r111 ) II . ~ 

( .1 I !I Ill 1< lu t11111i.1 ) ·- ( 1<' 1111 ) ( 1 t'l' lll ) II .'~ 

(. •l u lllic lcll lll!ll.l ) ( 1•· 1111 ) ( tc •r111 ) II .~ 

[

' 1111 ) (1• 1'111 ) I ( l •· rr11 )-- ll. ~ 
I 1111 ) '(( 1<1111 \) 11 .~ 

• 1 111 ) II I I,~ 

~~ ~~)_:_ (v.111 .dd <) _ ----- 11 :...1 

I 

__ j 

Fi g. I . I : 1.1111111.11 .. 1 l 'rc·, lll ll t.:,< 1 .1 1 11l1111> Ir e :t 111l p111h :dlllili •·, " " ig 111 d 111 1 Il l<' l111 t.:,• 11 

I I .\! I l l ~ .I I l llllll ;-. 

III II' t ,\Ill !' II III Ill. s ll ll\\'t cl t ll<t l till '-> l1 1 Il l ls i I!' !'CH ild Ill' \1 ' 1 \ 111\j lll ll :11 11 <tll d \ 1' 1 ~ 

II" 111 1 ' 

11 "<1' 1• 1<11'1 d il l<' I.'• <I I ' I< \ li < ':il l 1'1<~111 It:! '2 t l1.tl I h 1s 111'111 <'dil l < I" llll'!ill ij d< 1< 

\<II l111 i l l< IIIII\! 1'-.,,JII\ ljll;1111 li!t·cl lr ,t;.!,lll• Il l 11 l 1'\,\ 
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4 R esults 

\1\i,. l'dll t.he jll'll C'"d nr<'~ dc::>'n il wcl iH !I:).L! un <~<tc. h f'unmrl a. "(' l.lw co r·p1r,; , rPcu r·clirrg 
wlH·I.Iwr· 1Lw fnrTnni<J w;.,,.; valid' '~' irt v<tl id , <1.ncl ( :l'li tinw ta.keu to decid e, subjecl. 
l.u ;1. Lilli e li111il ol· IUU~ Tl1 e fo llnwiug ta.h les ::: how the result.s wi t h C:P[) tin w 
IJW;tsttncd iu rnillisecond,.,.'; 

4.1 Q R h•~nri" tic •·ontrihntiou 

Of llw IU ()()() l'or·111 11lae til t he CU J'[lllS, rolrp;hly 8000 were· lllV<J.Ii d , t.h<' rc·~ ruai1rdn 

valicl . DP-A ll,.;inp; V(li iJ("S of () ''·"d J un was able l.o quickly re ject. all hrt t 7U 
"f th ese invalid forn111la.e. (I'V" decided f,o Lake val JJ cs U aucl 1()() il<cCC\.JJSP utu 
experirnenl.s showed t. hat add it.io11a l V<J IIl <·~ s were not sign ill ca.nt.ly cu uCribr11.iug i·" 

I.L" ' r <·~.i•·cl.turJ rate, and Cll l the <ll .lrn hand, 11sing .insL 0, l'.lw lwru·isl.ic rej<:· cl.c: cll<c ,.;~ 

l.h;1.n 'J 000 hHTntrl<J.e .) 

4.2 CPU tinw •li ,.,trilmt.iou 

Table I shnws mHnh c~ r " f l'"r·tuHI <w l1a11 dled by proced ures vvitbiu <t giveu t.i11w 
int.c·r·val , l.ngc·:t her wit.h nw<tn C:PlJ l.inll·' (i 11 IllS) Ea.cll eut.ry iu t.lll' tabk [,.; a 
pair. t.lw li rst. pa rt . uf wl1icb IS t.Jw ll llll! her of fmmtlicLP in i.h a.t . time i11terval, t ir e 
secoucl part. is tll<' nwn.n Lime taken by t,[Je pl'l)cednre. The totals colmnn shows 
!.he t.ul.ci.1rnuJIIwr offornltt i;w ha.ndkd hy each prucedun• wit.l1iu lOU secumb, ;wd 
l.lw nw;J,JJ t.inw fo 1· t.lwca-' frliTJJIJia<~ . 

C:P[J t:inw (rus) 
Tot;als\ Prol'eril!l'e < 1() - 1 u- - 1 o· 10' -- I()' I 0' --10·' 

Bodes DL! I :1/L!I f"FJ /2C" ). . ) ,) 10ii/2146 20j:30 120 998i:i/ IG4 
( :oopc·:r rJiil,'i/48 :l566/29L! !)09/2620 120(1 1:) 12 987:3/WiO 
DP-A ~);j(j I I J 0 !) ')L!/L!78 !) 1/2467 17 /2()012 9!J81/D4 
DP-B ~):2')4 / l0 fi0G/281i ~)') /2:2~)8 :2:2(10189 99:':2/IL!L! 

Table 1. Nllllilwr offor HHdae deciclecl vs. CPU t. inte 

4.3 EffPd of Ulllllb!~r of variahlc-~s 

Table L! show,; t.hn.t. tbe Jnean C:PU t.inw sp r~ nt hy thP pro cedures increases wiJb 
the lltltnb c:r of va.ria.hle:-;. T lw lliiJnb<cl' nf frq·mulae in the cor·pus cnntainitt!l, a 

6 Prugra. n1~ wne writte11 iu q niu f.<l>' r'ru log; c·::qw rim eJd.~ we rcc rnn un ;r :) ·Jrv.fb Sun 
SF'/\ R< : '-I . 
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H<>d <> :-: lOOj:lG !I ~J . r I6K7 ':) 7 . :) j:277'2 7>u 1 4fi6 1 KU .0 / :24:30 J OOI l !)(jQ 

( :unpet· D!l .KI'2:2!1 ~J:u l:l'2:lx (')O.UIKfi!l!l Grl.ll 1 UrirJ 7 G0 .0/:2!J()CJU GOI:3R!l:HJ 
DP-A 100/:24 !HJ:ll tl()lJ !JLI.I flOG}) !I:L I j:ll G6 KO.OI4:3:2U LUUI'2CJG 
DP-B IUUj:\ 1 mu 1 fi 117 WJ UI IKOO K:2 .KIG7:2 XU UI <JG:37 1UOj:IIU 

Til<' li r:-: 1. cu illlllll p< ·rl."in,; l.o l'<> r iiiiii;IP v;t.lid in hol.h l'iil.imiitl '1.11d Uiil.l ll'ill 
;t.rit.lulwtic:." tJw ,;ecoud i:-: for t.IJ""'" iuvalid i11 the l' iLI.io11a.l,; and v;djd iu t lw 
na.t .11 r;ds; t he thi rd ['or t.l1nsc i11va.lid i1 1 hot.h t!Jenri<,s . No t ice' Lh;LI·. t.lwse in tlw 
seccmd colulll ll wuulcl nol. lw Fo un d l.o lw v;dj d fo rrn l il <u-~ of naJ. n ra.l a ritl1rr.wt.ic 
hy Hnde,; ·· procedure. Not;.- t.I-Jii.t- t. lll' h<'Jui ;:: t ic vo·,;ion,; dnutti:l.tical ly iuq)J'OV<" dw 
p•~rfu r ma.n ct-' of Cooper ',; proccdJi re in til<' iuvalid ca,;es. 

''"'' ~ n!IJ,;id<,~ r ed t.l 1e prnu·dl l l't: DP-B , i t . nl.icipal.ill~ t.llil.l. il. \V<llild t.a.k" adva ll ­
t.a~· · "[' H<HI<'s ' p r<H'< 'dl lr< ' <Ill l'ui' IIJJ !I ;w V<t.li d hut. l1 i1 1 Prl.A ;t.ud PN ;\. 'v\11~ expec ted 
1.h;tt. t. lll '" '' ~a.i u ,; W()ltl d CJ IJ1 .we ig h ln,;;;c,; iu o1JJ Pr Cii.se,; <l.lld Lhel-ef'OI' t' IV<' <-~xpr"d.e d , 

in )!;< ' lll ' l'<d , DP-B to lw f<t::d .e r t.han DP-A llowev<' l' , .~ urprisingl y , 1t. t nn wd u1 1t 
t.hat. Fl odr',; ' 1)1'0\<'d ll n, perfnn1wd worsr· t.li<IIJ Coo per' s prn«-~ d llr<-' in l.lii;; ;";l'l>i l p <Jf 
[onnl il il!'. ( :nusrqll t> IJI.Iy , DP-B f;tiled I n i11tprnve• 11pnu DP-A in ;m y of /!:1'"111'~ 
of l'oniJU I;w iJ.\i'(rrcl ill ,('; t.<l vali dity. Of I ' Oitr.~e. DP-B c;t.IIJJnt. exploit. U<>des ' pr()ce­
clurP iu tJw. case of fn1T1111.he D U whi ch l.lo de,;' procl'dure ret.Jt ru ,; no, s ince Hocl<C;;' 

prnceclur<> is i ncolllpic' t<~ ; in such rase,; , CooJH~ r 's prncedltre rnnsl. h<-~ callccd , ;wei 
l.i nw spen1'- in H ode:; ' procedltr<·' i,; wasted. 

4.6 Snunuary of l'<~snlts 

On n1 1r corpll>' ( :oo p< ~ r 's procedure pr • rfornH~cl lwtt.er t.ha.u Hodes ', un valid l'ur­
HIJ il ;u,·, hut·. it was IIlll Ch wu1·sp on inva lid fnnmtla.e . However , th is i,; mit.igCt.t ed 
eut in•ly by us ing tlw QR lwur is1.ic. Our C<)JJdusion t.heu is that t.lw co1nhinaLinu 
of ( ' un p<~ r ' ;; procedure a tJd QR lwl·fn l' lll" lll'1.1.<-'r tliiw Hucles' [l l'(rcr•dure. 

high er t.ime limit.. 
( /\ mong t.he ·miss illg · furmnla.f,, t.ht·'i·e a. rc ronuuhe d<:cicled hy u ne d.ecisi.on pru­

ccd tJrt"" ~n d not rkcidccl hy ot. h<·:ro, ;-111d .~u J ll<" of t.hc111 were n ' t dec ided hv ltL' ii .IJn 
procr-:cl n re . ( :enPra. ll y. t.l~t:oe ron lll ll <il: are ronunlar': of l;crge CUll \ pit: xi t.v , hut. i I. i;; ;,, 
verv diHl r tilt. t.~.sk t.u p;i'"" .'I'Jllle prr:cise ch~. ra.cl.t~ r i zat. i o n of th e111 - sJrd a. c:h a.r a.ct.er­
i7,il.l-iun wo n.ld ha.ve t.o invnlvf' oO\llt: deeper oeJnantic kn owledge .) 

·' O u t. u l' 7~>6 formu lae va.lid iu hot. lt ra.t.ionil.l il.ncl na.t:nra.l arithmetic 3:~ 11 are gronnd. 
:31 1 with 1, 51 wi th J, ~\I with :'l, J7 wil.h 4 a.nd il with 5 varia.blco. 
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Coop(~r 's procedure on invalid formulae. Furthermore, another factor must lw 
borne in mind. The corpus we generated did not contain many large constants , 
and the presence of these in formul ae will often slow both Hod es · and Cooper 's 
procedure, and hence DP-A . NotP that. the Snp-Tnf family of proce(lttres is noL 
affected in this way. 

We ueed to be ca.uL ious when advocal.ing the usP of DP-A more vvidP iy­
rnore experim ents on other corpora an' required , t-:specially on "real problems" 
generated during (say) inductive verification proofs. W·ith thes e caveats , we draw 
the following conclusious from tlw corpns wP W:i(~ d: 

Cooper 's procedure was fa;o;ter tlmn Hodes ' pro cedtlrP on valid formulcw ; iL 
was an order of magnitude slower on invalid fonuulae . 
Many invalid universall y quantiii ed formulae can be identifi ed simply and 
quickly by checking ground instances over a. srnall set of values. 
Cooper 's procedure with the si rn pie Q R heuristic oniJi erfm·med Ho des' pro­
cedures . This is a startling I'PSillt. It goes against the grain of much work 
and commentary made on decis ion procedures iu the past 25 years. 
When efficiency is comparable, it is highly preferable to use a. decision pro­
cedure in a heuristic theorem prover rather Lha.n a.n incornpleLe decisiou 
procedure. Hodes ' procedure (which is incomplete for quantifier-free PNA) 
fails to prove many PNA theorems; for such theorems much extra. work may 
be incurred in trying other techniques (e.g. , induction). We speculatP tba.t 
for most invalid PNA conject ures, evPn a slow decision procedure will lw 
faster and more robust than heuristic techniques. 
Worst case analysis of complexity may b<:' rnisleading: exp erimental evalua­
tions can be useful. 

On the basis of these experirn ents, we conclude tha t for quantifier-free Pres­
burgPr arithmetic over tbP natural numbers, Coop er 's procedure augrnented with 
a 'lg1id: reject' heuristic is sup erior to Hodes ' procedure. This is a. startling re­
sult that questions much of the perceived wisdom in the automated reasoning 
community. 
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Debugging and Testing of Prolog Prograrns 

1 Inst.itut.P C)f Infortnat. iC"S .lc'II.S<'f Att.ihL llniwrsity 
i\rp;irl th 2, J-l -()72 !1 Szl'i;f'rl l11 1 11~<try 
r•- rnai I: koka.i , hartnat. olin f. t\ -S'I. I'f;l'd . h 11 

J ll<'SI'<Lrc"\1 (;roup on ,\ rtifiC" ia.l lrtLI•IIir;PnC"I' 
II tlll[;arian Ac ·;LdPlllV llf Sc"ii·!II'PS, 

Aradi ,·(·rt.;uruk t1•rc• I . I I-G720 S;.~>r;c•d I Iun r;a.rv 
1'- lllai l. p,yirni (O.' inf.tt -SZf'f!,l~d.hu 

Abst ract. In tl1i s p;qwr t iH· IIYI'S (IntPr;ra.t.l·d J)l·i>llf!,[;ing , T1·stinr; a nd 
S!iC" ing), !llf'( I11Jd is prPsl·nt r·d for t hc• ;tlr;or it h ruiC" dc•htt ggi ng ;tnd In!)('­
tiona! l.1•s t inr; C)f l 'mlor; progr;un s. Thi s 1\l f' thod int~>p, r ;t tPs Shapirll's In 
t 1•r;u·t. ivc• J)iagnosis ,\J gorilhn• \\'ilh th1 • (';dr•r;r>rv l';trtit.ion Tc•sting f\ IPthod 
;wd a slir ·ing tc•c ·hniqllc' . Sh;Lpim's ori r; inal !!If'( hod dl•nr,tnds ;1 lo t of tt sc·r 
i nt ~>r ;v · t ion s d 11ri ng t hr• dPhn r;r; i ng prnc ·r·ss Thr• Il) ' I'S n11•t I \lid C";tn avo id 
irrr •Jpv;w t qtlc •s ti.,n s tc 1 till • IISI'r h1· 1 a t1 •gon 1. inr; i11p11t p;trarnf'll·rs. and 
rnat1·h tilf'lll ap,ainst t f's t lilsr•s .u1cl tr·s t d;lf ah;tsr• In addi ti l>ll, ;1 s lir 
inr; tllf't hod is tiSf'd '" !'!llltpntr• whif'h part s 11ft lu· pror;ratn iLl'!' rf'if'vanl 
for IIH' sc•;trl'!t I'IH · JI)'J ~ ltlf•llwd has sin!'r· lwc ·n 11sc•d in ;L larp,c· E( ' (: 

• · l ;t.ss ifl~>r pr!lj!;l ;1 111 .trHI Ill i\11 lll( c•r;u ( ivr · lf' il!'!ll'l 1 

1 Introduction 

In llns Jl<IJH'r WI' ptc·sc'lll illlltilllul. r·;tllc•cl li)'J ~ ( l 11 1 1'gt.tll'd llPbiJJ.!,).!.IIl).'. , . ,,...,, 

lllj.!, .tn cl SlwinJ.!,) fot tltt • ;dgotttltttt if' d l'hli).!,J.!,II1J.!, ;ut d f111H ltlllliil tc•still).!, Df l 'rolog 

Jllll).!.l<llrt s ' fill s llll'tltiH I rtcll o11h tlllt'J.!,l(llt':-> ')ll;1ptro':-. l ntt•r;wti\'C' Dtil J.!,IIOSIS .\ 1 
~.clllll lln . 1 ~ · \\ttlt llu · (';11t ').!.Of\ l 'artlllllll Tc •:-.ttllr 1\,ft·tlt•HI ((' 1'\1 ) Ill ln11 " 

ttJJIIIIIOIJ slll'lll)' tt'dttll!jlll' I I ._;, IIJT~ 1'<1n JJII(Hm·c till• t>fficlt'IIC,I 11f tltP ;d)!,•> 

ritlllrtH clPhtt).!.J.!,Ill )!, tl.t'thorl for htt).!, lcw;tlt/;ttJnll ll\ ll~in).!, givt•n lt•st SJH•r·ifir·;JtiniiS 

<t11d t1·st rc·sults . TlH• nwthod c'illl ;n·otd irn•IP\';1111 IJ 11Plittolls 1o ll11• u:-.t'l h1· ftna 

c·at C').!.Oll/.i ii J!. i np111 par,11111'1t 'IS, <tttcl I h('ll ltl<ttc hiiiJ!. 1 ht>:-.c• <1J!.;llllst 1 t' ... 1 r·;t:;t•s 111 

tin 1t·st databa."l !11 ;uld tlloll, il :;lie-til).!, lllt'lhtH I IS t'lltplm·t•d 1lt,ll L'i hilsc·d on" 

progrant clqwndt•nc·p graph 111 nl!JI(llltc• v.hil'h p;11ts of tlw pi!l).!.rilllt :111 rPII'\'.1111 

in llH' s 1 illf'lt . tl11 1" futtlll•l' II IIJHm'ltlg h1t).!, lot·ahl<~l in11 . lu tlw tlll'tluul pn'~l'tltt·d 

tJ11• II': I dat,Lllil~t' IS lllllclifll•d dur illJ!, till d PI1l i).!,)!,II1J.!, or .t JHII)!,r.llll ,IIJcl tlJl' II'SI 

sJII'I'if ic i11ton 1s llltprm·l'tl. l 11 thb way 1111r ,,., hniqllt' c·a11 ll'ilStllliJhly h" ,.,,usJclt•rt•d 

as i\11 mlc.qmlui 1/ttllwr/ for rlr iiiiiJI/ITIIJ r1rrd frmrlllmrJ[/r ,,frll!J of ln!Jlf' f110fJrrl111.' 

' fill' basil' ('llltr't'fll IH•hind If n s IS Silllilar Ill 1 '"' (: ,\I J'l (C ;l'lll'ralizt d ,\I 
goritltrni1· I lPl li i ~IIIJ.!. a11 cl ' li•SIJIIJ.!.) systt'lll gin•11 in ! 1J !7] 'fill' r11ain dlffc•rPJHt ' 

1 ' I his \mrk 1\',L<; !SIIJIJIIIf tl'd J.\ t)u• J;r.1111 \:-.11- !\ JIJ :lj'HJ 
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between the GADT and the IDTS is that the GADT has been applied to im­
perative languages and the IDTS to logic programs. 

As a large scale application the IDTS method has been used in ~ CG 
waveform classifier method calle~ CG [8]. tt 

The method has been also int Tated in an interactive Inductive Logic Pro­
gramming [9]learner called IMPU [1]. 

In the remainder of this paper we furnish a brief overview of the IDTS 
method. Later short example is presented in Section 3. Then finally in Section 
4 a summary and comments on future work are given. 

1.1 The IDTS System for Prolog programs 

IDTS combines Shapiro's algorithmic debugging technique [12] with the CPM 
functional testing method [6] and also a program slicing technique [11] to make 
it an even more advanced debugging system. The overall structure of the system 
more or less the following: 

Dat aha ~· 

Tnit1al Tl'~ D;Hahast> 

' - - '--
Testin.l: 

5 11flll' Evaluat ion~ 

' 

!1UJ.().;)' 

l'n•_gr;m• 

l'mln.t: / \ 1 

l' rnJ.:r;nn I 1 

:' 

I 
I 
\ 

\ 
\ 
\ 

\ 

Sl 1cin_g 

l' ;n ;unt·ters 

i 
I 
i 

~I 

PrnufTrtT 

I T " . . ' I i 

I 
t"SI 1~np1H11l I Clickabk Exoxuti nn / - ! Souro;:t> r:odt· 

I Editt• rln krfill:t· I 
. DatahaSI.' Mana_l!t'tl\t' llt I Trt'<' 

r,;aphical User lnterface- ---

j i B rowsm.~ 

Fig. 1. The structure of the IDTS system 

The algorithmic program debugging method introduced by Shapiro can iso­
late an erroneous procedure if a program and an input on which it behaves 
incorrectly is given. Shapiro's model was originally applied to Prolog programs 
to diagnose the following three types of errors: termination with incorrect out­
put, termination with missing output and nontermination. A major drawback 
of this debugging approach is the great number of queries put to the user about 
the correctness of intermediate results of clause calls. 
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The main idea behind IDTS is t.he followin~. During the debugging of a 
program the user ha~ to answer many clitficult. qnestions. If the program has 
already been tested, the test results of the procedmes of the program can be 
directly applied to the debugging process without consulting the user. In addition 
the slicing method computes the relevant part of the proof tree. 

1.2 Shapiro's Method for Algorithmic Debugging 

Shapiro's algorithms can isolate any erroneous clau::;e, given a program and an 
input on which it behaving incorrect ly. The alt?;orithm traverses the proof tree 
of a pro[!;mm in different ways and a~k \,he user about the expected behaviour 
of each resol vecl goal. 

The bottom-up meUwd traverses tlw proof tree in postorder manner and asks 
the orarlr about t.lw cmTect.rwss of 1.1w c·ompllt.Pd vahH'S of the nodes . If the result 
a.L a node is incorr<' <'t , and all sons of t.his node arp evaluated correctly re::;ults the 
algorithm identifies tlw cla11se applic·d t.o t.his noel<' as a buggy one. The query 
compl<'xit.y of this m!'t.hocl is lirwar in tlw si:t.e of t.lw tree. 

Tlw sc•corHI n1pt,hod investigatps 1.1H' nod<'s in a top-down manner. If t.he result. 
··on1p11t.c•d ;1t <1 nodc• is <'Villllilt.c•d cmTc·c·t.l.v h~· t.lw nr-adr t.Jwn t.lw algorithm cloPs 
11!11 visit t.hc• noclc•s inside• t.lH• s11h t.n•c• . l ;s ing this i1ppro<1ch thc• qupry complexity 
c·;111 lw n•diJc·c•d t.o ;1 linc•;1r cl<'pc•ndc•1H"<' in t.lw dc•pt.h of t.lw proof tn'c~. 

The• most. dficic•rH t.!'chniquc• is t.lw dmulr-anri- q1Lf17J s\.rat.c'IW which rc•quirPs 
i1 nunJIH'r of qu!'riPs lop,arit.hmic in t lw si/,c' of tlw proof in'P. Tlw divide and 
cpt<'ry algorithm splits t.lw proof t.r<'P int.o t.wo approximat.Ply rqual parts, and 
lllilk<·s ;1 cprPr:v for 1 lw nod!' at t.lw split.t.ing point.. If t.his nodP !!;ives an incorrpct, 
c•va I uat.ion t.lw algori t,h 111 gops on n'c1trsi wly 1.0 t.IH• s11 h t.rep associatc•d with t.h is 
nodi' If t lw noclP's allswPr is rorn•c·t it.s sub tn•c• is r<'nrovprJ from t.lw t.n•p and a 
1\!'W mrd porn\ rs c·ontplltc•d 

l.:J Tlw CPM Tc•stiug MC'thocl 

'] Jw CP\1 ltll'thod for imp<'r<ttrvc• pro!!,rillllllltng liln!!,llilgPs hil .... bc'PII dPfinpcJ 111 

- I(), with an <'Xtc•ndl'd v!'rsron pn•sPntPd in 1] 1\ formal dl'srriptHlll of t.lw ('PT\1 
fm logic (HO!!,rams ran ah-:o lw found in [fiJ. Informally this tnPthocl can hP out 
luwd a.s follows Durtnp, t.lw ftllH tiona] t !'still!!, t.lll' programs (pnH'!'clun•s) cannot 
lw tPstc•d for ;Ill possrbl<' prD(H'rtic•s of t.lwir p;tr;unPt.l'rs. HPnn' t.Jw t!'stpr's first 
ta. k is to dl'litH ' tlw nitical prn(H'rtil's (rrt ll.rJOT'fl .\) of till' input parauwtc•rs which 
will lw In\·c·st rgat I'd i11 t lw t I'St in!!, pnwt'ss 

'1 lw c-atc'!!,oric·s an· dividl'd into disjoint cla.'>st>s c·all<'cl rhout·., whic·h prPSUtrll' 
that all 1 lw P]f'JIIl'llts wit hiu a dwic·p han• an icl1·nt i1·al ohsl•nahll' lll'havio11r with 
n~>ipl·c·t to c·orn·c·tnl•ss 011n• t hi' c·at P~ori1~ a11d c-hoin•s for a pro~ram hav1~ IH~!'n 

dc •filll'd all t lw possib]P /1 ·'' frnmt'' c·an lw ~;c·nt>ratl'cl, !'arh wst franw rovPrin~; 
r•xac·t.ly onl' dwirl' front l'arh c·ati'J;rlly In J;I'JH'ral tht>n• may lw ITiilll)' surwrOu· 
OliS (I'St frilllll'S i\IJHlllg t)ll' ~t'JII'riltl·cJ Olll'$, lliUilP))' (lrll(ll'rt)' C'llltlhiuat lOllS \hat, 
h;JVP no n•al rl'!t·\~1111 t•. 'I h<'!><' fraJllt's can Ill' l'li111inatc·d by il.'i~tH'iat i11~; H:/t r/nr 
t Iprr HIOTI' with t he• choino:;. 
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L.4 The Slicing Method 

Tlw pn>gra.m o;]ir:ing parr. of JJ)TS is lusPd 1>11 tl11 ' nn:rwl.fl.h nn infPrl-'llCI' t.l•c: lmirpi< ' 
of [2] . Lsing thiO' t~~chnirpw '''' a lliH>t.<Jt ing sp,•c·ifica1.it>ll of rlirl-'ctionalit.y (1:nvnt. 
nutpnt) can be <JIItomaticalh· ).';I·~Ill~rat.l~rl fm t.lw fllnt :t ioJiitl pan uf a logic· pn>gr;1111 . 
Tht~ ns t~ r may d (:•hne tht~ slic:in).!, point. lih· t iJ p sll:·qwr:L(:!d lmq.rm positioJJ in t.lw 
prugra111 to s t art t.lw s licing pruci!S!' . 

From an ;mnot.atiun a rlrw~nrlnJ. r·r~ .tJnql!l is r:t>n st.rw:tl'd for i. lw l:>gic· progr;1111 
[:l]. A pruuf (refnta.t.ion ) t.l'f!l ' is procl\ln-'d fm ;1 h1If!J~Y pru).!.raJri ;tnrl 11sing :lu· 
d(:~ p eiJCIP.ncP graph t.lw Lncl~ is slir:PcL t. lll' SP) .. ')IWnts lta\·ing 1111 obvions inflm•J Jn' 1>1 1 
thl-' visihle symptom of a b11g bl-'ing f(:~mov!-'rl. The ;dgorit.hiTiic· debJI).';gPr tra\'1-'f'SI':-o 
t.lw sliced proof r.rPe only, t l111 s conc(:~ Ji trat. ing 011 r.lw StlSfll'< 't part. of t lw progra111. 
Tlw a.nnot.ation of t h~e program is lwlpfnl for pn•paring t. IH ~ t . l~st da.tabaSI' :\s w1·il. 
whl-'rP t.hl-' nser may provirlF t.I-'St. c:as!-'s o11 inp111. argllJili-'Jl ts of thl-' ii.Jll]()t,awrl 
pn>grau1. 

Dnr ing thl-' d!-'hnggin~ t.ilc !!>TS svst.l'lll dot's JJt>t . in n~sr. igat.e any nud P t>f ;, 
pmof trEP which is not. in t l11 ~ s ttb r.reF dt> t.t•rJniiiicci hv t. lll' :·d in· of r. lw h'II.-'J.'/!1 

pt 1sition. 

1.5 The graphical user iutf'rfacc' 

• r:firkablr. f'J:Cr.?J,tinn /;n :r.s: Jn l'i\.r:h stPp of t,]H-' r! Filllgging process t\w ( ;{:[ JalwJ:.; 
cllll-' nodtc of dl !-' prouf t·, nce , t-.111' in ttcndPd h1-·ll;tvionr of wh ich t.hP d1~hngg~-'r 

111-~eds to knnw to carry UJl with t.lw dt>llllgging pmu:ss. 1\t H !t~s can lw hiddc •n 
and l~Xt!-' ncled. Tht: IISt'r r:an iiDSwPr IJy prcssi ug t>IH~ of t.lw shown upt.it lllS 
r:orTcr:t, inr:orTr.ct tll' r.anrrl. 

• soun:r code browsing: TIHo stat1:r--r.all qmph shows wh ic·h pn ~clicatP:; co11ld 
hP invokPd hy a giv1· n pron-:dnn·. \\' ith t. lw h1 ~lp of t. hi s windmY ;1. st.aLic 
program st.rnctnrP is di:;pla.yahlP w a co111p k n11:nt t hP dynamic proof t,rt 'l' 
window. The infonnation-r·rtrir.val displa:t; shows t.III-' lim~ JlltmbPr and th1-• 
clauses matching the pattPrn se lect.Pd by tlu·· IJSt'r. 

• editor· intr.rfacr.: By pn~ssing a mous1-: h1It1.tlll ovlcl· a lltldlc of tlH·' pmof t'.n" · 
an editor window opens and displays the part of t lnc P rolog program whi('h 
r:orresponcb to tht~ node, tlw sourcP code ht>eing l~cl itahl e also. 

• test dc.srription and data!Jasr. mJJ.na_qnnr.nt: All data is nt.ilisl-'cl hy TDTS c;tn 
be stored and loaclt!rl wit h a. few llJOUSI-' clicks. 

2 Small Example m IDTS 

In this SI-'Ction WP cl!-'lllllllStrat:• t.lw operati t>ll of rnTS in finding il false r:!<J.IISI ' in 

a buggy program. 
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2. I The proj!;rarn corrrputP 

'To iilirstr:rt .P h11w o11r int.q~ r;rtc •d d Phr rggr•r \\'orks . ;r prr>gr;rm r·m1t.p7t.tf' (horrc>11·r·d 
r·n llll ~ ii J :1111i listt•d in .\ ppr•ndix ) 11 · ;r~ r·ill>~r·rr ll'liich l'lllll]lllti 'S till' difrr •n •r!f ·r· 
ht'l\l'l'l'll Jilt• li ;;rs in till' pn·rlir·;rtc · r·rmtrlr ·wr·n/ :rwitiH · !' IIIII rlf t.iwir c:l r•llrr •nt.s II\ 
till' pn•dic·at .c• ·' '/.!]111.11 . Lc·t li S.""·'·· intn>dllc·c · ti ll' follt>ll'ill g h11gg_\' l 't'rsicrll trl' ci:II JSt' 
rlr ll'!r : 

(C8) del ete( X, [YIZ]. [XIU]) :- delete(X ,Z ,U) . 

(C8) delete(X,[YIZ],[Y]U]) : - delete(X ,Z, U) . 

Tlrt • ( 'l'l\l dc •snipt iorr fllr rill' pr · c · d ic·;rtl'~ "" 111.f11,. ill Ill tlr ldr i" listr·d tl rr · .\ p 

pr ' lll iix 1.2 Till· dt-•;;nipt ion IH'gllr:-- ll'itlr ti re• lirlf ' l,IJ/"(/mrfll ·n.lr· 1111.111.1 (. .. )) ll'lri1 ·] , 

d1•iiliPS ll' il!'t .iwr tl11 · p;ll'illllt'l.l 'l'S of tlrr • pn •d it·; rtr• ll illlll ' ;rn • print.r •d til' llt>l dtll 

in g tlrr • dr •h11 gging s r•ssitiiiS . Tiw c;rtr•gon·- p ;rni tit>rr s pr ·r·ilic<tlitlll for prt •dit·;rtr · 

l/lfl/l,hl'1 ' t'tll ll<tills two r·; rll'gtll'ir•s 1111.71/hrT_of_l'irl/1.1111 ., ;11 rd rf'ini'lon. Ti11 · fin·.t t'illt' 

gt~n · is di,·idr·d int.o till'l 'l' ill llitlic · St'l'tllld iJllt> ft llll' d rsjt1i 111 cl;r.~sr·s . For t'' "'"Pit •. 

r·;rtc •gtlr .' · n ·ln/wnr •xpn•ssr•s tl11 • 1·i r·11 tlr<tl rl11 · lll!lrrlH·r irr till' fir s t ;rrgllllll'lll ,,f 

111.1 '111.ftl'1' is ).!.l'l'<rlr•r. s rn :rllc·r t>r r•qn;rlto till' lirst r•lr •rnr •nl t>f rill • s r'l't>ilfl ;rr gl lllll 'lll 

Tilt ' fn11rt .lr clroic ·r· now· rs 11 s r•d if tl11 · list 111 !Ill' s l'l'tl lld :rrgllllll'Jit is 1'111]11\ l rt 

l ': II'Jr I';J SI' Sl'iii'I'] Jillg flllll ' lltlllS illl ' SI IIJJ)Jr • f 'Jtlit>g f:l<'ts 

2. 2 Tlrt• qrH·st.ions ;rskc•d in t.l11 • dc•huj!;ging prrrcc•ss 

Ti11 • IIIOSI r·ornplr •x p<tl'l of ti11 • S\'SI I' III Is rl rt • ;rl g tllllirllllt ' dl'h1r gg 11r g plr;r:-.1 ' l.t •J 
li S "IIJl]HISI' rilill tiH' til]> d01111 ll'ill'l'l'Sili ;rJgtll'lliiiiiiS sr•i t•t' lt •d Ill di ' llltlllSII'i ill ' Jill' 
I!Sl lirl IJIII 'S iit>IIS i\Skt•d h,l' till' S\'S tl'lll Ill 0111 l''illll]lil ' till ' S\S ll ' lll first iJ11rfcJ s I IJI 

tlw p11111f 111 '1' (st't' 111 F ig llll ' 2) fo r rill' g o.rl 

C'Ompute( [l ,2,3], [ ~ ] ,C,S) . 

If ~ir<tplll> ·s top dt>llll llll'tll•" i '" l'llrpill\l 'd '""''"'" ( ' 1'\ 1 """ .I Jt'tllr.J rl,, 
ftllftl\\ lllg fjlii'SI!IIII S ill I' 111 \'tlkt •cJ Ill !dt •)Jtlf.\ till iJII J.:.)-:1 t );ri JSt r/r/r/r 

Is the goal s 1 gma ( ll • 2 , 3] , [ 3 J , 9) (y/n) 'I y 
I~ I he goal comp l~>me n t ( [1 , 2, ;l] , [ 3] , [ 1, :l ] ) ( y/n) -~ 

Is 1 he p;oal membt• r (J, [ 1 , 2. :l ] ) (y/n) 'I y 
l:> h . goal deletc<3,[1,2, 3 ] ,[3,J]) (y/n) I n 
Is th e goal de let~>(:>, [2 , ;3 ] , [3]) (y/ n ) -~ n 
I. the p;oal delet.r•(3, [3), [)) (y/n) 'I y 
ThP f alsP clause 

d,..lete _vn (3, [2,.1), [3)) del •t _v •r (~, [ :i), [)) 

n 

If '-,h.rp11n \ lt!t'thoclrs tllllllrllll'cl ll'itlr tlw C'l'\l il'dllriiJIII' 1lr" ft~llt~WtllJ.:. 'I'" '' 
1 j, 111s \\Ill Ill' ;rsknl. 

th goal sigma( [1 ,2 ,3), (3] ,9) (y/nP y 

Is th . goal comp leme nt([l,2 ,3) ,[ ~]. [ 3.3)) (y/n)? n 

Is the p;o11l mPmber(3, [1,2,3]) (y/n)? y 

I t.h . goal de 1 te(3, [I ,2,3], [3,3]) (y/n)? n 

Is he p;oal d •1 te(3, [:l), []) (y/n)? y 
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c< mtpkna~nl.(i"3 .. i ].[ J.r 3.3}) 

SIH11([1 . .i j,5) ()is) 1-l 

~ 
SUIH(] j,O) rkklc(J,[L:q,[ :']) .! r ··········· 

:-.um([J].:q 5 i:-. J ·l } mcnibc.r(rJ.(3J) 

~ 
:-.u tH{l].O) 3 is 0+3 

n •Jt it t \TS1i!-!,:11c.d usilli!, Sh:-~piro1' s lliCih• lcj 

Fig. 2. The proof tree of the example 

But, if the slicing; method is used the following three questions are enough 
to identify the bug;: 

Is the goal comp l ement([1,2,3], [3], [3,3]) (y/n)? n 

Is the goal delete(3,[1,2,3],[3,3]) (y/n) 7 n 

Is the g oal de l ete(3, [3], []) (y/n)? y 

3 Conclusion, Further Work 

In this paper a method has been presented which combines Category Partition 
Testing, the program slicing; method with the algorithmic debugging techniques 
introduced in [12] . A similar method was presented in [4] to diagnose imperative 
programs but as far as is known the IDTS method presented in this paper is 
unique in the context of logic programming. This integrated system can be used 
in the testing and debugging of Prolog programs. 

The first version of the IDTS method has been fully implemented. However, 
due to the poor implementation technique the computation of dependence graph 
required for slicing is very slow, hence we have embarked on' a new implementa­
t ion of this part . 2 
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4 App ndix 

4.1 The romputc program 

program(Ll,L2,C,S) 
compute(Ll,L2,C,S) 
compl ment(L, (] ,L) 
complement(L,[HIT] ,U) 
member(l, [XI T]) . 
member(l, (YIT)) 
delete(l, [XIT],T) . 
delete(l,[YIZ],[XIU]) 
sigma (Ll, L2, S) 

SUIII([], 0) . 
SWII((l!T) ,S) 

compute(Ll,L2,C,S), prlnt(C), print(S) . 
sigma(Ll,L2,S), compl m nt(Ll,L2,C) . 

- member(H,L), de l te(H,L,Ll), c ompl ment(Ll, T,U ). 

member (l, T) . 

delete(l ,Z,U) . 
SWII(Ll ,Sl), su.m(L2,S 2) , S is St+S2 . 

sum(T,Sl), Sis Sl +l . 



4.2 Test description for the compute program 

type(member(+,+)) . 

type(delete(+,+.+)). 

/. first category for member/2 : number_of_elements 

choice_of(member,2, number _of_elements, empty). 

choice_of(member,2, number_of_elements, one). 

choice _of(member,2, number_of_elements, more). 

/. second category for member/2 : relation 

choice_of(member,2, relation, none). 

choice_of(member,2, relation, greater). 

choice_of(member,2, relation, less). 

choice_of(member,2, relation, equal) . 

/. first category for delete/3 : number_of _elements 

choice_of(delete,3, number_of_elements, empty). 

choice_of(delete.3, number_of_ element s , one). 

choice_of(delete ,3, number_of_elements, more) . 

/. second category for member/3 : membership 

choice_of(delete,3, relation, none). 

choice_of(delete,3, relation, greater). 

choice_of(delete ,3 , relation, less). 

choice_of(delete,3, relation, equal). 

/. searching functions: 

empty(member,2,_,[]). 

one(member,2,_,X) 

more(member ,2 ,_,Y) 

none (member, 2, _, []) . 

greater(member , 2,X,[YI_]) 

less(member , 2,X, [YI_]) 

equal(member,2,X,[YI_]) 

empty(delete,3,_,[],_) . 

one(delete,3,_,X,_) 

more(delete , 3,_,X,_) 

none(delete, 3, _ , [] ,_). 

greater(delete, 3 , X, [YI_] , _) 

less(delete, 3 , X, [Y I_], _) 

equal(delete,3 , X, [YI_],_) 

/. properties: 

p_empty(member, 2, empty, X) 

p_empty_del(delete, 3, empty, 

/. selectors expressions: 

. -

. -
X) 

length(X,L), 

length(Y,L), 

X > Y. 

X < Y. 

X Y. 

length(X,L), 

length(X , L) , 

X > Y. 

X < Y. 

X Y. 

member(empty, 

member(empty, 

L ==1. 

L >1. 

L ==1 . 

L >1. 

X) . 

X). 

cond(member , 2, none, X) 

cond(member , 2, greater, X) 

p_empty(member, 2, 

cond(member, 

cond(member, 

cond( delete, 

2, less, 

2, equal, 

3, none, X) 

X) 
X) 

. - I 

\+ p_empty(member, 2, 

\+ p_empty(member, 2, 

\+ p_empty(member, 2, 

p_empty_del(delete, 3, 

\+ p_empty_del(delete, cond( delete , 3, greater, X) 

cond( delete, 3, less, \+ p_empty_del(delete, 

!, \+ p_empty_del(delete, 

X) :- I 

X) cond( delete, 3, equal, 

X). 

X). 

X). 

X) . 

-' X) . 
3, _, X). 

3, _ , X) . 

3 ,_, X). 
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A Technique for the Implicational Problem Resolving for 
Generalized Data Dependencies 

Ivan Lukovic, Ph.D. , Assist. Prof., Petar Hotomski, Ph.D., Full Prof., 
Biljana Radulovic, M.Sc. , Assist., Ivana Berkovic, M.Sc., Assist. 

Abstract- A possible approach to resolving the implicational problem for generalized data 
dependencies in relational data model is presented in the paper. The approach is based on the 
automatic reasoning method. By means of generalized dependencies the other dependency 
types. such as: functional, nmltivalued, join, implied and inclusion, can be expressed. 

l. Introduction 

A mechanism for generalized representation of various data dependency types, such 
as functional (fd), multivalued (mvd), join (jd), implied (imd) and inclusion (id) de­
pendencies, has been developed in the relational data model theory. The initial sup­
position was that all the data dependencies (i .e. "mles" which hold among data) can 
be represented, in unified manner, by one, or more symbolic data templates, satisfy­
ing certain criteria, according to defined interpretation mles for such symbolic tem­
plates. On the basis of that supposition, the term of generalized data dependency has 
been introduced. so as to represent the other dependency types in the same way. One 
of the important questions, arising when new data dependency type is introduced. is 
how can it be stated if a data dependency IS a logical consequence of a given set of 
data dependencies. This problem in relational databases is known as the implicatw­
nal problem . 

At the beginning. the terms of: tableau, as a symbolic data template. generalized de­
pendency (j!,d) and 1ts mtcrprctat1on arc defined w1thout cxplanatJOns, because they 
arc considered as already known . In the central part of the paper, 11 is presented a 
poss1ble approach to rcsolvmg the unphcat10nal problem for ~ds By idenllfying the 
testmg procedure for the 1mplicational problem for gels . 11 IS established at the smnc 
tunc a way of testing the unplicat10nal problem for all the spcc1fic data dependency 
types wh1ch can be fonnalued by means of ~ds The proposed approach cons1ders a 
usage of the Automattc Theorem Prov1ng System (ATP). based on the first order 
pred1cate calculus and the resolution procedure ~~ith vanable searchmg strategies 
(sec [SI) 

The reader IS supposed to be familiar \\ith fundamentals of the relallonal data model 
thcon on the le\el of II[ . [41 and [81 (particular!} \\llh the term of wl and unphca­
tJonal problem) and the term of re olullon procedure. on the level of 161 

2. Tableau and Generalized Data Dependency 

!JeflmriOn I . Let an attribute set R, infin111.: but countable set of indi\'idual s, mbol -
van able ,','pn = {x. y, ;:, w. x1, ... , .\ '1, •• , x/ .. .. xm1 

.... } and a tuple (n-tuple) of . mbol 
I defined b) mapp1ng I; R •·'~:~~~~ be gl\ en. 'f'ahleau over R, denoted by t(R). is a 
finlle o;et of tuple of symbols t(U) = (1, 11,: R .\:~m} . [) 

I ' I II 
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Definition 2. Let '11 be the universal set of attributes, Dam= Udom(A) be the 
A e1.1 

union of all the domains of the attributes from '11, g: Sym~Dom be any function, 
representing a mapping from symbols to values and 1:(R), R ~ '11, be a tableau. 
• Interpretation of a tuple of symbols l E 1:, denoted by g(/ ), is a tuple of values, i.e. 

afunctiong(l): R~Dom, such that for each A E R, (g(l))(A) = g(l(A)) holds. 
• Interpretation of a tableau 1:, denoted by g(1:), is such a relation over the set of at-

tributesR, thatg(1:) = {g(l) I/ E 1:}. 0 

Like the term of the projection of a relation to an attribute set, the term of the projec­
tion of a tableau 1:(R) to an attribute set X, X~ R, denoted by nx('t), is introduced. 
Thus, nx(1:) is the set of tuples nx(1:) = {/[X] I l E 1:}, where /[X] represents the 
restriction of the original tuple l to X 

In the following text, the term of gd is introduced. Each gd can be either a tuple de­
pendency, or an equality dependency. By the next definition, a syntax of the tuple de­
pendency is established. Then, its semantic is defined through the interpretation over 
a relation r. After that, the term of equality dependency and its interpretation over a 
relation are introduced, too. 

Definition 3. Expression of the form <'t(R), 1:'(X)>, X~ R ~ '11, where 1:(R) = {l; I 
i E {l, ... ,k}} and 1:'(X) = {// IJ E {I, .. . ,m}} are tableaux, such that: 

(VA; EX)('Ifl/ E 't')(3B E R)(l/[A;] E n8 (1:)) 

holds, is a tuple dependency or generalized T- dependency (tgd). 0 

Let <'t(R), 1:'(J..)> be an arbitrary tgd. If it is l't'(X)I = 1, then <'t(R), 1:'(X)> will be 
written in the form <'t(R), (x1, ... ,xm)(X)>, i.e. <'t(R), l(X)>, where I = (x1, ... , Xm) E 
1:'(X). If the equality X= R holds, then <'t(R), 1:'(R)> is called full tgd iftgd). Oppo­
sitely, if it is X c R, such tgd is called embedded tgd (etgd) . 

Definition 4. Let the set of symbols Sym and the union of all domains Dam be given. 
A relation r(R) satisfies tgd <'t(R), 1:'(X)>, which is denoted by r I= <'t(R), 't'(X)>, if: 

('If?: Sym.~Dom)(g('t) ~ r => g(1:') ~ nx(r)). 0 

Definition 5. Expression of the form <'t(R), E>, where 1:(R) = {/;I i E {I, ... ,k}} is a 
tableau and E = {El(A/, A/) I i E {I, ... , m}} is a finite set of "equality" predicates, 
such that: 

(ViE {I, ... , m })(3A, BE R)(A/ E nA('t) 1\ Aqi E n8 (1:)) 

holds, is an equality dependency or generalized E- dependency (egd). 0 

If tableau symbols .Api and Aq; of a predicate Eq;(.lpi, A/) E E are used over the same 
attribute, then the predicate Eq;(.lp\ A/) is presented in the form EqiA(.lpi, A/), where 
A is the attribute, for which {.lpi, A/} ~nA('t(R)) holds. If for an egd <'t(R), E> lEI= 
1 holds, then it will be written as <'t(R), Eq(.lpi, Aqi)>, i.e. <'t(R), EqA(.lpi; A/)>. · 
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Definition 6. Let the set of symbols Sym and the union of all domains Dam be given. 
A relation r(R) satisfies egd <t(R), E>, which is denoted by r I= <T.(R), E>, if: 

(Vg: Sym~Dom)(g(T.) ~ r => (VEq(Jc/, Jc/) e E)(g(Jc/) = g(Jc/))). 0 

Detailed information, concerning the terms of tableau, gd and ways of representing 
the other dependency types by means of gels can be found in [1], [2], [3), [4], [7] and 
[8]. 

3. Implicational Problem for Generalized Dependencies 

Definition 7. Generalized dependency y is a logical consequence of the set of gds r, 
defined over the attribute set R, R ~ '11, which is denoted by r I= y, if: 

(Vr E SAT(R))(r I= r => r I= y) 

holds, where SAT(R) denotes the set of all the relations over R, and r I= r denotes the 
fact that the relation r satisfies all the dependencies from r. 0 

To resolve the implicational problem for a given set of gels r and an arbitrary gel y 
means to establish if r I= y holds. lt is not practically possible to test the implicatio­
nal problem 1' I= y by exact applying of Definition 7, i.e. by systematic generating of 
all the relations from SAT(R) and checking the implication r I= r => r I= y, because 
.V17'(R) is, in most cases, the set of high cardinality and it can be even infinite. 
Therefore. the other methods have to be applied so as to resolve tl1e problem. 

According to the nature of gds, it is concluded that for the automation of the test I' I= 
y, the resolution procedure can be applied. Therefore, the set r and the dependency y 
will be represented by appropriate predicate formulas. 

4. Formalization of the Problem by Means of the First Order 
Predicate Calculus 

In order to automate the conditiOn 1 I= y checking. the ATP System has been used, 
wh1ch is based on the OL- resolution with marked literals 151 For the sake of ATP 
applying, it is necessary to wtroducc an appropnatc fonmli;.ation for tgds and egels, 
which 1 based on predicate formulas. 

So as to formalt;c a gd. a prcd1cate representatiOn of a tableau 1:(R) - {11 • • .In} 
should be introduced The fact that the tuple of symbols (1 c. vanablcs) belongs to 
T.(l?) w11l be denoted by means of a prcdtcatc named P Namely. the pred1cate for­
malt;.atJon for I (Jc1, . • .4) e 't 1s P(A.1, .-4) i c. P(f). where A., (1 e { 1. . k}) de­
note the predicate calculus vanablcs. corrcspondtng to tho c symbols from s:vm, 
"h1cl1 have been used m T. Hence. 't(R) is represented b) the predicate fonnula : 

(I) 

Let y be a tgd 't(R). 1(.\}>. ' = { 11 .... ,1,} r c R, ,\'-vm(y) be the et of all symbols. ap­
pc.1ring in y S-vm(y) {A.1 , ... A.f). and I,(R) be an exten ion of the tuple 1(.\), de­
fined in the foiiO\\Ing way: 
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(/.(R))[X] = l(X) 1\ (VA E R \X)(l.(A) E Sym \ Sym(y)). 

According to Definition 4, i.e. the fact that for each interpretation g; the implication 
g;(-r:(R)) ~ r => g(l) E nx(r) must hold, a formalization for <-r:, l > is introduced by 
the following predicate formula T(y): 

T(y) : (VAJ)(VA2) ... (VAq)(3Aq+J) ... (3A,.)((P(lJ) A ... A P(ln)) => P(l.)), (2) 

where Var(T(y)) = { A1, A2, ... , A,.} is the set of all distinct variables, appearing in T(y) 

and Sym( <-r:, 1. >) \ Sym(y) = {Aq+1, ... , Ar} is (possibly empty) set of symbols, used to 
make the extension l.(R) from !()(). 

For each tgd <-r:(R), -r:'(X)> there is an equivalent set of tgds of the form <-r:(R), /(X)>. 
Let -r:'(X) = {1/, ... ,lm'}. Logical equivalence of the sets { <-r:, !/>, ... , <-r:, lm'>} and 
{ <-r:(R), -r:'(X)} directly follows from Definition 4 and Definition 7. Therefore, a tgd 

of t11e form <-r:(R), -r:'(X)> is formalized by using the equivalent set of tgds { <-r:, 
//>, ... ,<1:, lm'>}. 

Let y be an egd <-r:(R), Eq(A;, ~)>, -r: = {l1, ... ,ln}. According to Definition 6, i.e. t11e 
fact that for each interpretation g;, g;(-r:(R)) ~ r => g(A;) = g(~) must hold, a formali­
zation for <-r:(R), Eq(A;, A;-)> is introduced by the predicate formula E(y): 

E(y) : (VAJ)(VA2) ... (VAr)((P(li) A ... A P(ln)) =>A;= A;-), (3) 

where Var(E(y)) = {A1, A2, ... , A,.} is the set of all distinct variables, appearing in E(y). 

With respect to Definition 5, A;, ~· E {A1, .. . , Ar} must hold. 

As well as for tgds, it can be proved that for each egd <-r:(R), E> there is an 
equivalent set of egds of the form <-r:, Eq(A;, ~)>, such that the fonnalization of <-r:, 
E> is reduced to the formalization of the appropriate set of egds, which includes a set 
of predicate formulas, given by (3). 

If the resolution procedure does not allow the operating with equalities, the formula 
E(y) is transformed into the form: 

E(y) : (VAJ)(VA2) ... (VAr)((P(/I) A ... A P(ln)) => R(A;, ~)), (4) 

where the predicate R(A;, A;-) means that A; and A;- are equal and a new formula R(y) 

is introduced to represent the equality predicate R(/1,, -1y): 

R(y) : (V A,)(V -1y)(R(A,, Ay) => (VA1) ... (VAk.1)(P(A1, ... , A;.1, A,, A;+J, ... , Ak-1) => 
P(A1, ... , ~-1 , -1y, A;-+1, .. . , Ak_1))), (5) 

such that indexes i and} correspond to attributes A and B, for which A, E nA(-r:) and 
-1y E n8 (-r:) hold. The meaning of the formula R(y) is that if equality R(A;, ~) holds, 
then each appearance of the variable A; is replaceable by A;- and vice versa. 

On the basis of Definitions 4, 6, 7 and previous considerations, it follows the conclu­
sion formulated by the next theorem. 
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Theorem 1. Observe ti1e set of gds r = {y1, ... , y,}, n ~ 1, and gd y, such that all the 
tgds and egds are of the form <o;(R), ICX)> and <o;(R), Eq(A.;, A;)>, respectively. Let 
F(r) = {F1, . . • ,Fn, Fn+J, ... , Fn+k}, 0 :::;; k :::;; IRI. be the set of initial formulas -
assumptions, formed on the basis of r, such that: 

. { T(y; ), y;: is tgd 
('r:fl E {1 , ... ,11} )(F, = . I) 

E(y,), y,: ts egc; 

holds. The next k fommlas Fn+J, ... , Fntk arc of the form R(y;) , given by (5). Let F be 
the formula which is built with respect toy, where: F = T(y) if y is tgd, or F = E(y) if 
y is egd. Beside that, formulas F1, ... , Fn and F satisfy ti1c following condition: 

('ifF, , F'; E F(f) u {F})(i ""j <=> Var(F;) n Var(l~) = 0). 

The implication 1· I= y holds if and only ifF logically follows from F(f). 0 

Finally, it should be stated that the formulas: T(y), given by (2), and E(y), given by 
(3) , follow the same logic as the original definitions of tgd and egd, shown in [4] . 

5. Implicational Problem Testing by Automatic Reasoning Method 

According to the resolution theorem and Theorem I , the test of the condition I ' I= y, 
where r = {y1, ... , y"}, is performed by disproving procedure. on the basis of the set of 
initial as~umptions F(l' ) and the negation of the conclusion -,F. In that case, the 
theorem ti1at should be proved by ATP System is of the form : 

F(l ') ·~F. 

To prove the theorem, the clauses should be built from the set of assumptions F(l ') 
and negation -,F. They represent the input for ATP. Beside that, two additional 
input parameters arc: (i) maximal searching deep and (ii) maximal clause length. 
With respect to the resolution theorem. there arc three possible outcomes from ATP: 
(a) "postln•e" an empty clause has been reached. \\ htch means that the a scrtton F 
holds. Accordtng to Theorem l, l I y holds. too. (b) "negattl·e" the empty clause 
has not been reached and there arc no more possibilittcs for new clause generating. It 
means that the conclusion F cannot be dcnvcd from F(l ') According to Theorem l. 
we conclude I I y docs not hold. (c) "zmcerta111 "· the empty clause has not been ob­
tained, \\hcrcas ma\tmal scarch111g deep and maxtmal clause length have been 
reached. or memory resources have been exhausted 

Fxample I. Let the unpltcat10nal problem { J ~JJ JJC ~/)} 1 .1C f) be gtvcn It 
represents the pseudo-Iran tit\ tty rule for fils . Fds .1 . ..,IJ, BC -.f) and A C -.D arc 
gcncrahzcd by egcls <;;1 Fq}j(\ '1• Y: ) . < -r 1-qli(w;. w4)> and -r1, l:'q,,(w j, ~~·(,) >, rc­
spcct tYC I~ \\-here tableaux 1: 1• -r1 and <3 arc of Fig. I. 
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't] A B c D 't] A B c D 't3 A B c D 

XJ YI ZJ WJ X3 Y3 Z3 W3 X5 Y5 Z5 Wj 

XJ Y2 Z] W] X4 Y3 Z3 . w4 Xj Y6 Z5 w6 

Fig. l. 

Predicate formalization of the mentionedfds is F(f) = {F1, F2 , F3, F4 } and F, where: 
• F1 = E(A ~B): 

("il'x1)(Vy1)(Vz1)("il'w1)("il'y2)("il'z2)("il'w2)(P(x1, YJ, z1, w1)AP(x1, y2, Z2, w2)=:>R(y1, Y2)) 
• F2 = E(BC~D): 

("il'x3)("il'y3)("il'zJ)(VwJ)("il'x4)("il'w4)(P(x3, y3, Z3, w3) 1\ P(x4, y3, Z3, w4) :=::> R(w3, w4)) 
• F=E(AC~D): 

("il'x5)("il'y5)("il'z5)("il'w5)("il'y6)("il'w6)(P(x5, y5, Z5, w5) 1\ P(x5, Y6, Z5, w6) :=::> R(w5, w6)) 
• F3 = R(A~B): 

("il'y7)("il'ys)(R(y7, Ys) :=::> ("il'x7)("il'z7)(Vw7)(P(x7, Y7, Z7, w7) :=::> P(x7, Ys, Z7, w7))) 
• F4 = R(AC~D) = R(BC~D): 

("il'ws)(Vw9)(R(ws, w9) :=::> ("il'x9)("il'y9)("il'z9)(P(x9, y9, Z9, Ws) :=::> P(x9, y9, Z9, w9))). 

On the basis of F1, F2, F3 , F4 and -.F, the following clauses are formed: 
1. -.P(x1, y 1, z1 , w1) v -.P(x1, y2, z2, w2) v R(y1, y2) 
2. -.P(x3, y3, Z3, w3) v -.P(x4, y3, Z3, w4) v R(w3, w4) 
3. P(a1, b1, c1, d1) 

4. P(a1, b2, c1, d2) 
5. -.R(dJ, d2) 
6. -.R(y7, Ys) v -.P(x7, y7, Z7, W7) v P(x7, Ys, Z7, W7) 

7. -.R(ws, w9) v -.P(x9, y9, Z9, ws) v P(x9, y9, Z9, w9). 

With respect to the fact that universal quantifiers are inverted into the existential 
ones by negating of the formula F, the variables x5, y 5 , z5, w5, y 6 and w6 have been 
transformed into the corresponding Skolem constants a1, b1, c1, d1, b2 and d2 . 

ATP produces the positive answer. It follows thatfd AC~D is a consequence of r. 
In the following text, the extract from the resolution procedure which leads to the 
empty clause is shown, instead of the real output from ATP which is more complex 
and less readable. The notation "(m, n) & (k, !)", at the beginning of each clause, 
means that the clause is obtained by resolving nth literal of mth clause with /th literal 
of kth clause. 
8. ( 1, 1) & ( 3, 1): 
9. ( 8, 1) & ( 4, 1): 
10.( 9, 1) & ( 6, 1): 
11.(10, 1) & ( 3, 1): 
12.(11, 1) & ( 2, 1): 
13.(12, 1) & ( 4, 1): 
14.(13, 1) & ( 5, 1): 

-,P(a1, y2, z2, w2) v R(b 1, y2) 
R(b1, b2) 
-.P(x7, b1, z7, w7) v P(x7, b2, Z7, w7) 
P(a1, b2 , c1, d1) 

-.P(x4 , b2 , c1, w4) v R(d1, w4) 

R(d1, d2) 
-(Empty clause). 0 
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Example 2. By the implicational problem {[A ,B] c;;;; [B,C] , [B,C] c;;;; [C,D]} I= [A,B] c;;;; 
(C,D] transitivity rule for ids is represented. We generalize previously mentioned ids 
by tgds defined over R = ABCD: <(x1, y1, z1, w1)(R), (x1, y 1)(BC)>, <(x1, y 1, z1, 
w1)(R), (y1, z1)(CD)> and <(x1, y 1, z1, w1) , (x1, y 1)(CD)> and obtain: 
• F 1 = T([A, B] c;;;; [B, C]): 

(Vx1)(Vy1)(Vz1)(Vwi)(3x2)[:lw2)(P(xi , Y1, z1, w1) => P(x2, x1, Y1 , w2)) 
• F2 = T([B, C] c;;;; [C, D]) : 

(VxJ)(VyJ)(Vz3)(VwJ)(3x4)(:Jy4)(P(x3, y3, Z3, w3) => P(x4, y4, YJ, z3)) 
• -.F= -.T([A,B) c;;;; [C,D)) : 

(3xs)(3ys)(3 zs)C:Jws)(Vx6)(Vy6)(P(xs, Ys, zs, ws) A -.P(x6, Y6, Xs, Ys)). 

The following clauses (where /J , h. h,f4 are Skolem functions and a1, h c1, d1 are 
Skolem constants) are inferred from F1, F2 and -.F: 
1. -.P(x1,y" z1, w1) v P(li(x1, y1, z1, w1), x1.y1,h(x1,y1, z1, w1)) 
2. -.P(x3, y3, ZJ, w3) v P(f3(x3, y3, Z3, w3), .i4(x3, y3, Z3, w3), y3, Z3) 
3. P(a 1, b1, Cj, d1) 

4. -.P(x6,y6 , a1, bJ) . 

A TP also generates an empty clause, so the implicational problem is positive: 
5. (3. 1) & (1 , 1): P(li(a1, b1, c1, d1), a1, b1,.fi (a1, b1, c1, d1)) 
6. (5 . 1) & (2, l) : P(f3(/j(a1, b1, c1, d1), a1, b1,h(a1, b1, c1, d1)) , 

/J(/J(GJ , b1 , CJ, d,) , a1 , bJ ,h(aJ , b1 , C1, di)) , a/ , b1) 
7. (6. 1) & (4, 1)- (Empty clause). D 

Example 3. For the implicational problem { t><l(AB. A C), J1 ~C} I= C~B. which has 
a negative solution, ATP can produce the negative answer (it docs not generate the 
empty clause). The predicate fonnulas arc: 
• F 1 = T(t><l(AB, J1 C)): 

(Vx1)(VyJ)(VzJ)(Vy2)(Vz2)(P(x1, YJ, z1 ) A P(x1, y2, z2) => P(xJ , Y1. z2)) 
• F2 = E(A~C): 

(VxJ)(VyJ)(Vz3)(Vy4)(Vz4)(P(x3, y3, z3) A P(x3, y4, Z4) => z3 = Z4) 
• F - E(C~B) : 

(Yxs )(Yys)(Yzs)(Vx6)(Vy6)(P(xs, Y.s. zs) A P(xtJ, Y6. zs) => Ys = Y6) . LJ 

l::Xample ./. Observe the implicationaJ problem: {Jl C, 13 C} I= {(A , B)} ~c. 
which represents so cal led chai ning rule for 1mds. ATP gives the positive answer, 
where: 
• F1 li(A >0: 

(VxJ)(VyJ)(Vz1)(Vy2)(Vz1)(P(x1, y 1, z1) A P(x1, y1, z2) => z1 = z1) 

• /• 1 F(B ·>(') . 
(\tt"J)(VyJ)(VzJ)(V'x4)(V'z4)(P(x3, y3, z3) A P(x4, y3, Z4) => z3 = Z4) 

• I· F( {(A, B)} >C) 
(V'xs)(V'ys)(Vzs)(Vy6)(\fz6)(V'z ,)(P(xs. Ys. Zs) A P(xs. Y6. Z6) A P(x6. Y6, Z7) => ZJ = Z7). 
[] 
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6. Conclusion 

It appears the implicational problem for gds can be tested relatively easy by using the 
automatic reasoning method, i.e. by the resolution procedure. Therefore, the first 
order predicate calculus formalization of the problem is introduced and the experi­
ments are performed, by using the ATP System, which is developed on Technical 
Faculty in Zrenjanin. An alternative and similar technique to this one is Chase al­
gorithm. There are two reasons, why we decided to use the automatic reasoning 
method versus Chase: (i) the existence of ATP System, which is based on the resolu­
tion procedure and (ii) nature of gds, i.e. the fact that the structure and interpretation 
of a gd can be formalized by such a predicate formula, for which we believe it is ade­
quately readable. Nevertheless which of the teclmiques we use, there are two prob­
lems: exponential complexity of the techniques and general undecidability of the 
problem. 

As it concerns the complexity, one of the ways to improve that, is to reduce the prob­
lem on the specific dependency type (if it is possible), such as egds, or commonly 
usedfds, for which there is a polynomial membership algorithm. However, our aim 
was to consider gds as a unified manner of representing the other, various 
dependency types. There are also possibilities to improve average complexity of the 
resolution procedure in the cases when the equality predicate R(A..,., Ay) is used. One 
of them concerns renaming of R(A..,., Ay) into R;(J~.x, Ay) (i.e. its indexing), in the case 
where A,. and Ay have been used over the same attribute A; in the predicate Eq: 
EqA (A,., Ay). 

1 

In those situations when our implicational problem is decidable (it is always the case 
for full tgds and egds), there are several techniques by implementation of ATP can 
be "forced" to behave decidably and avoid uncertain outcomes. However, the uncer­
tainty appears for the implicational problems (nevertheless the answer is positive or 
negative) that include both embedded tgds and egds, such that there is an interaction 
in the resolution procedure of equality predicates and Skolem functions, which come 
from existential quantifiers. This interaction requires introducing of equality axioms 
predicates (reflexivity, symmetry and transitivity), which makes the complexity 
worse. 

Practical usefulness of described technique is limited to theoretical purposes and 
smaller examples due to exponential complexity of the problem (but it is the case for 
Chase, too) and the fact that gds are converted into the clauses by hand. One of the 
next steps is to build a translator for converting the set of gds into the set of clauses 
for ATP. As it concerns the design of commercial database schemas, the techniques 
based on resolution procedure or Chase are generally impractical. On the other hand, 
the implicational problem in such situations is bounded to fds or it is even avoided by 
applying the conceptual design techniques, such as entity-relationship diagrams. 
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Abstract: Mu lti-layered feedforward neural networks are highly parallel processing 
elements, with each node contributing to the final output response. The problem of pnming 
nodes in the network is studied, in order to determine whether the process of pnming 
degrades the network perfomwnces. An alternative approach to the process of pnming 
network nodes is suggested, as well as a novel way of reconstmcting the degraded network. 

1. Introduction 

Many problems, such as signal processing, natural language processing (Cundcva, 
1993). meet the problem of controlled pruning nodes. The most important objective 
is the improvement of network gcncralw1tion ability There arc various algorithms 
for pruning weights or nodes of a trained neural network. Here, the problem of 
induced, or controlled pruning of input nodes is examined and studied. Unlike other 
pruning algorithms that mterfcre the learning algorithm itself, the suggested method 
operates w•tlun the trauung set (111put/output pattern pairs). Th1s method disconnects 
and reconnects the mput nodes of the network The performance degradatron rate of 
the tramed network, when ccrt<un number of input nodes were pnmed, was also 
proposed and mvest•gated 

2. Theoretical Foundation 

The term zero-prumnJ! of a node 1 IS Introduced Dunng each network traimng 
1tcrat10n. when the wc•ghts arc adJusted accordmg to the backpropagatcd error 
s•gnals (Rumelhart et a/ 1986) all we•ghts connecllng the input node 1 and the 
h1ddcn nodes get tcro v:tlue When the tr:un1ng proccs IS tenmnated. tho e wctghts 
rem;un \\lth tero value. Nc\crthcless. the network \\Orks proper!) . w1thout the tero­
Yalued wc1ghts part1c1pallng 1n modeling the m:twork output The Hh mput node 
ca n be pn111ed, \\ tthout disturbing network pcrfomi<HICe. 

In practice, to achie,·e the tero-pruning of a node the followin' algorithm is u. ed: 

I' 1:.!1 
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Algorithm for zero-pruning 
i-th input node is chosen for zero-pruning; 
the learning algorithm is modified: after the weight adjustment in each iteration, 
the following cycle is added: 

j=1 
repeat 

Wij=O; 
j=j+1; 

until j>Nhid· I 

This modification of the learning algorithm has an O(n) complexity, where n is the 
number of hidden nodes in the network. 

The zero-pruning algorithm can be confirmed by analyzing the input signals of the j­
th hidden node according to BP algorithm (Rumelhart eta/., 1986): 

(1) netj = Lwkj ·ok = Lwkfok ,j=1, ... ,Nhid 
k loti 

because Wij has a zero value. 

Compared to the network trained without the above modification, zero-pruning 
affects the internal representation of the network, while the learning process remains 
equally fast. 

An important parameter for comparing two networks trained with same initial seed 
is the error function E (2). 

The following example (Fig. 1) shows that the number of required iterations for 
training the network with 4:3:4 topology (4 input, 3 hidden and 4 output nodes) 
(Madevska, 1996), used as a heteroassociative memory, is the same in both cases. 
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3,5 ·.-------------------, 

2 

E 1,5 Unmodified 
--- training 

0,5 

Iterations 

Zero­
pruning 

Fig. 1. Training the network without modification and with zero-pnming 

3. Induced Pruning 

The idea of setting certain weights to zero and pnming the associated input nodes, is 
used for developing a novel algorithm for pruning input nodes in the fccdforward 
neural network, through the input training set. In this case. the objective is to pnmc 
input nodes after completing the training process. without zero-pruning. The 
advantage of this approach is that there is no need for an intervention in the learning 
algorithm. i.e. the weights arc manipulated/rom outstde (Madcvska. 1996). 

The expression modtfled trmnmg set IS used the 1-th coordinates of all mput patterns 
get inhibitory activation. while output patterns remain unchanged. 

The method of induced pruning can be rcali;cd with the following algorithm. 

Algorithm for prunitrg the input mule i 
network is tra1ncd to the certa in value of the error funct1on E. 
trainmg set IS modtficd, 
network IS rctraJllcd \\llh the mod1ficd tra1mng set. 
1-th input node IS pruned I 

A thcorcllcal explanatiOn of th1 algonthm can be found 111 the foliO\\ mg cxprc s1on 
(net 1 nput of the J-th h1dden node) 
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(3) netj = Iwkj ·ok = Iwkj ·ok, 
k k;ci 

because Oi, the i-th component of the input patterns, has a zero value. 

Weight w;i is modified by the formula: 

(4) W;j(t + l) = W;j(t) + Yjbj 0;. 

Therefore, when patterns of the modified trammg set are presented during the 
retraining process, weight Wij remains unchanged: 

(5) 

This process is repeated over all hidden nodes. 

During the retraining process, all weights between the i-th input node and the hidden 
layer remain unchanged, so pruned nodes no longer affect the modeling of error 
function E. Therefore, pruning of a specified node i will not decrease network 
performance. 

The efficiency of this algorithm strongly depends on the retraining process. The 
number of required iterations should not be close to the number of training 
iterations. By analyzing this problem, it was concluded that the number of retraining 
iterations is significantly less than the number of training iterations. If the relevance 
(Smolensky, 1986) of the node i has insignificant value, its pruning does not increase 
the value of the error function E. Hence, the modified input pattern set will be 
recognized and no retraining is necessary. 

The relevance of the input node can be computed in an alternative way, which does 
not require modification of the learning algorithm. The advantage of this approach is 
the opportunity of operating via the modified training set: 

Algorithm for computing the relevance of the i-th input node 
network is trained to the certain value of the error function, Emin ; 
training set is modified; 
the error function is computed for the presented modified training set, Ei; 
the difference pi= I Emin-Eil is the relevance of the input node i. I 

The only additional computation in this method for calculating the relevance, is 
determination of the error function value E;, i.e. when the modified input pattern set 
is presented. 

In the cases where the relevance of the pruned node has a notable value (bigger than 
0.4), the network has to be retrained with the modified training set; however, the 
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number of retraining iterations is significantly smaller t11an t11e training iterations. 
The damage done by tllis kind of pruning upsets tl1e network, but it is quite likely to 
move into a state iliat has a large gradient toward the correct solution, so when 
retraining occurs, the network moves along tllis steep gradient and quickly recovers 
t11e solution (Beale, 1992). This is due to similarity of the training set and the 
modified training set (Rumelhart, 1986). 

The benefit of the suggested pruning met110d of input nodes is also in tlle ability to 
reconnect t11e pruned nodes, which were not actually removed. If needed, the 
network is retrained with the initial training set. This process does not require a 
large amount of iterations, for the same reasons as in the pruning case. All initially 
learned patterns were not lost from memory. 

4. Simulation Results 

All neural networks used in the following simulations were fully connected three­
layered networks with distinct topologies, trained with binary input/output pairs. The 
proposed pruning algorithm has been tested and confirmed by a number of 
experiments, including pruning more than one input node. Here, the modification of 
the training set was extended by setting all corresponding input components with 
inhibitory activation. 

If tile pruning of input nodes causes removal of distinctive input components. then 
no retraining is possible. The network falls into a meta-stable position, because 
different outputs correspond to the same input pattern. 

Network with topology 10:6:8, used as a heteroassociative memory. was trained wtth 
the given training set wtthin 1000 iterations until an error functton value of E 0 09 
Ftg. 2 shows the rcqutred number for retrammg 111 the worst case when difTerent 
eombmations of input nodes were pruned. 

10:6:8 

Number of Number of iterations for retr;uning 
iteratiOns the network when prunmg the 1nput 

for node 

(worst case) 

E" 0 09 number of pruned input nodes 

1 2 3 " 5 6 7 --
1000 10 50 'i() 'iO 50 so 50 

Fig. 2. Ncl\\Orh I 0.6.!! 
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The achievement and potential of these results motivated another, broader range of 
experiments, in which the network topology and training sets from the Nettalk 
project (Sejnowski, 1987) were used. 

The training set consisting of 200 patterns was used to train the network with 
topology 203:108:26. Results show that networks with immense topology and bigger 
training set, also give good results with pruning nodes. The larger numbers of 
network weights, the more retraining iterations are needed. Fig. 3. presents the 
results oftraining the network 203: 108:26 within 400 iterations (E= 15 .27) . 

203:108:26 

Number of iterations for retraining 
the network when pruning the input 
nodes 

Fig. 3. Network 203:108:26 

The Nettalk network has difficulties with learning (E=15 .27 when 400 iterations are 
done). The results can be significantly improved if simple scaling of the input pattern 
training set is applied, i.e. instead of using the default neutral and excitatory 
activation values, polar activations (inhibitory and excitatory) are used (Madevska, 
1996). Furthermore, the number of retraining iterations is smaller. Table 3 shows 
these results. 

203:108:26, polar activations 

Number of iterations for retraining 
Fuf':l~e':'Yf'o+<l the network when pruning the input 

nodes 

20 30 40 60 

Fig. 4. Network 203:108:26, polar activations 
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5. Conclusion 

The theoretical and experimental results described in this paper clearly indicate the 
advantages of the proposed pmning algorithm - the nodes are pmned by the 
modified training set instead of intervening in the learning algoritlun. Also, the 
pmned nodes can be reconnected in the network_ by retraining witll tl1c initial 
training set. lt was shown that the process of retraining is either needless or 
inexpensive. Future research would concentrate on investigating the possibilities of 
pnming hidden nodes via the training set. 
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Abstract 
Foreign functions could be described as a possibility for users to extend a 
functional language on th<.: implementation level. SK-graph reduction is a 
technique for implem<.:nting functiOnal languages which provides a , natural" 
realization of non-strict languag<.: semantics. In tillS paper we show an extension 
of the SK-graph reducllon ~-ystem w1U1lc>re1gn funct1ons 111 the (eager) procedural 
language Modula-2 and d1s<.:uss the poss1hilttics of delaying (forcmg) their 
evaluation with the goal ofcompat1b1hty wiU1 the la;:y SK-systcm. Thus, we make 
the SK-system faster and ut1l11e foreign functions The main contribution of the 
paper is to provide lazy evaluatiOn in Modula-2. 

We analy;e two ways or dclaymg the evaluatmn of fore1gn funet1ons · a) 
callmg ti1e SK-evaluatm wh1ch stops U1e evaluat1on 1f an expression m weak head 
n01mal fonn (WI JNF) 1s on the top of the spm<.: stack and b) unplcmentmg 
fme1gn functions w1thout <.:allmg the graph redu~.:c1 The second approach 1s 
based on addmg data stntctw·es and functions fo1 dclavmg and fmctng evaluation 

1 Introduction 

·111ere ex1st many programmmg st) band languages but none prov1de the generaiJty fo1 solvmg any 
kmd of problem h>l lhal reasons. lhe poss1biltties of eonncctmg dt!Terent program parad1gms arc 
tnvcsltgatcd 

Forc1gn functions arc func.;t1ons wntlcn tn a programmmg language that is dtf1crent from 
lhc language 111 wh1ch tile mam program 1s \HIIh.:n Forc1gn functions \\Ttllen Ill procedural 

P- 129 
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programming languages could be described as a bridge between functional and procedural 
programming paradigms. They are a good possibility to improve an implementation for the following 
reasons: 

A functional language could be extended with a library offunctions that have already been 
implemented in a procedural language. 
Programs written in functional languages execute sometimes much slower than programs 
written in procedural languages. By realizing the ,critical" parts of a functional program 
in a procedural language the execution of functional program could be made more efficient 
With the definition of a foreign function, one can extend the language without changing the 
implementation. 

In this paper, we give a short description how to extend an SK-graph reduction based 
implementation of a functional language with foreign functions. We concentrate on the 
implementation of lazy foreign functions in a procedural programming language. By the term "'lazy 
functions" we mean the functions whose evaluation can be delayed and therefore that can operate 
with infinite data structures. Since procedural programs are always "eager" to evaluate everything 
they can in advance, the implementation of lazy functions in a procedural language is a challenging 
task. 11rroughout the paper we use Modula-2 as a suitable representative of procedural programming 
languages. 

2 SK-combinator Graph Reduction 

First we define combinators and give a shmt description of the SK-graph reduction. 

2.1 Combinators 

The combinators are A-expressions without free variables. The following A-abstractions are for 
example combinators (K and S): 

K = A.xy.x 
S = Afgx.fx (gx) 

In practice we define a larger set of combinators to implement a functional language. This technique 
is called SK because every combinator could be expressed as a combination of S and K combinators. 

The implementation of a functional language consists of compiling the functional language 
into a combinator term and its reduction into a weak head normal form (WHNF.) The compilation 
process is beyond the scope of this paper (see for example tutorial texts in [2,3,5] for more details.) 
Let us now describe the SK-reducer (abstract machine). 

2.2 SK-abstract machine 
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The SK-abstract machine reduces the combinator term into its WHNF. The combinator term in 
WHNF is actually the result of the evaluation of functional program. The components of the 
SK-reducer are: 

combinator graph, that has to be reduced, 
"spine stack" whose top points to ti1e current combinator while ti1e elements below the top 
point to combinator "arguments." 

The reduction process consists of ti1e following steps: 

unwinding fue spine stack i.e., searching for the combinator to be reduced and pointing to 
all of its arguments on the way, 
reduction, i.e., replacing the root of the reduced expression with the result or evaluation 

Both steps are repeated until the top of ilie spine stack reaches ti1c WIINF. 
Next we describe fuc possibility of extending ilic 1mplementat10n of SK-abstract machme 

wiili defining foreign functions. 

2.3 Implementation of Foreign Functions in the SK-retluction Model 

For, ilie implementation of foreign funct ions, we have to define followmg: 

I\ new combinator COiTCSponding to fue calls or f(lreign functiOns (named Foreign) . 
U1e compilation rule for ilie translatmg U1e calls of foreign functions mto a combmato1 te1111 
(wiili combinator Foreign), 
reduction rules for tl1e combinator Forelf!l 

Let us show how fuc culls ofU1e foreign functrons arc translated mto u combinator tem1 and hmv the 
combinator Fore1gn 1s applied 

2.4 Translation of the Foreign Function Calls 

Let ti1e call or u foreign function slill1 With " " f(>r unrquc nammg purposes lh11s, eve!} eullof some 
foreign function has ilic followmg ronn 

whl.'fc FunName IS U1c nam~.: of thc unplcmcntcd ((>reign function und A 1 A 1 rl" nrc the 111 gwnenh 
or the funct ion (wc usc the hsp-notullon fo1 the !imction applicutiOil'\.) ' j he comhmulol tcrlll that 
represents ilie call of foreign functwn has to eontain f(>lhm 111g e mponcnt. 
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combinator Foreign, 
the name of the called foreign function, 
arguments of the foreign function. 

We have chose the following form of the combinator form: 

(Foreign FunName' (A '1 A '2 •.. A',.)) 

where FunName ',A ';, i = I , ... ,n are translations of FunName , 4, i = I, ... ,n, respectively In the 
following section we describe the reduction rule for the combinator Foreign. 

2.5 Reduction Rule for the Combinator Foreign 

The communication between the SK-reduction machine and foreign ftmctions is implemented 
through the global variables Argument and Result [I ,4]. SK-abstract machine is implemented as 
a coroutine that transfers control to the foreign function explicitly, passing the arguments through 
the global Argument. Every foreign function is implemented as well as a coroutine that explicitly 
passes control back to the SK-machine, passing the result of its evaluation through the global 
Result. 

The reduction of the combinator Foreign consists of the following steps: 

evaluation of the arguments of the foreign function, 
evaluation of the name of the foreign function, 
call of the appropriate foreign ftmction, 
updating the root of the combinator term that has been evaluated with the value of the 
variable Result. 

What follows is the Modula-2 procedure for the reduction of the combinator Foreign. 

PROCEDURE RedForeign (s : SExp); 
VAR Ind : CARDINAL; 
BEGIN 

Argument : = Eval(List of Arguments); 
FunctionName := Eval(FunctionName); 
Ind : = Find(FunctionName); 
(* finds address of the foreign function *) 

TRANSFER( ExecAdr, MF.Address[Ind]) 
(* foreign function call *) 
Update(s, Result) 
(* Updating root of graph with result of foreign function 

evaluation * ) 
END RedForeign; 
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The function Eval is the SK-reducer. 
We have so far described how to extend the SK-evaluation model with foreign functions. 

In the following section, we discuss how to define lazy foreign functions. 

3 Delaying the Evaluation of Foreign Functions 

In this section we give two possibilities of delaying the evaluation of foreign functions. The first 
possibility is based on the SK-machinc calls whose evaluating strategy is lazy. The second one is 
based on abstract data structures implemented in a procedw·allanguage. As an example we discuss 
the processing of infmite lists. 

3.1 Delaying the evaluation with SK-machine calls 

As mentioned earlier, the evaluation of foreign functions could be delayed by calling the SK-machine 
simulator, which is lazy. For example, if we want to operate with an in.linite list, we can force the 
evaluation of elements of the list one by one because the SK-cvaluator stops the evaluation if the 
cwTent node to be reduced is a list-constructor. 

Some procedures lor operations on infinite lists follow. SK combinator term is represented 
as an s-cxpression (abstract data type SExp) over which several operations have been de.lined 
(Atom, Eq, Head, Tail, .. ) with obvious meaning 

PROCEDURE LazyEqual(E, L : SExp) : BOOLEAN; 
VAR 

hE, hL, tE, tL: SExp; 
BEGIN 

IF Alom(E) OR Atorn(L) THEN 
RETURN Eq(E, L) 

ELSE 
tL := Tail(L); hL : = Head(L); 
tE : = Tail(E); hE : = Head(E); 
RETURN LazyEqual(Eval (hE), Eval(hL))) AND (*) 

LazyEqual(Eval(tE), Eval(tL)) (*) 
END 

END LazyEqual; 

PROCEDURE Mernb(E, L 
VAR hL, tL: SExp; 
BEGIN 

IF Eq(L, Null) THEN 
RETURN FALSE 

ELSE 
hL : = head ( L); 

SExp) : BOO LEN; 

IF I.azyEqual(Eval(E), Eval(hL)) THEN(*) 
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END 
END 

RETURN TRUE 
ELS E 

tL : = tail (L ) ; 
RETURN Memb( E , Eval( tL) ) (*) 

END 

Let us now analyze the procedures LazyEqual and Memb. The arguments of these procedures 
(hsts) are uncvaluated. When we need an element of the list, its evaluation has to be forced. The 
r ogram lines forcing the evaluation of the list are designated with (*). LazyEquai(Eval (hE), 
Eval(hL)) means "Evaluate the head of the list E, then evaluate the head of the list L m1d examine 
if they are equal." If the "heads" of the lists are not atomic the evaluation in SK-machine is going 
to be stopped. Through recursive calls of Lazy Equal and calls of the SK-machine (Eval) we force 
the evaluation step by step. The next procedure shows the foreign function Member that calls the 
defined functions. 

PROCEDURE Member; 
VAR al, a 2 : SExp; 
BEGIN 
LOOP 

a l : = Head(Argumen t ) ; 
a2 : = Head(Tail (Argument) ); 
IF Memb( al, a2) THEN 

Result . - Quo t e ( " T"); 
ELSE 

Resul t 
END 

Quote ( " F") 

TRANSFER (MF . Addres s (l] , Execute) 
END 
END Member; 

This model for delaying the execution is quite expensive. In our example, we had to call the 
SK-executor to evaluate every element of the list. That means, for every list element we had to 
unwind the spine stack, evaluate the element of the list, update the root with the result of the 
evaluation. We now show how to delay the execution of foreign functions without calling the 
SK-machine. 

3.2 Ddaying the Evaluation Without an Abstract Machine 

In the previous section, the lazy evaluation of the lists is based on the laziness of the SK-machine. 
Now, we don't want to call the SK-machine but implement the whole mechanism directly in a 
procedural language. We first defme the base data structures and functions for processing infinite 



IMPLEMENTING LAZY FOREIGN FUNCTIONS ... P-135 

lists. 
The main idea is to save the parameters for the creation of a list clement instead or 

evaluating the whole list. When we need some unevaluated element, we can simply evaluate It un 
the lly. Elements of iniinite lists arc represented as nodes which contain the functiOn and Its 
arguments for evaluating the next list element. The next several proccdw-cs show the dclimhon or 
an infinite list node (function New Lazy Node) , infinite list (function LazyCons) and the cvaluatwn 
of the list head and tail (Lazy Head and LazyTaiJ), respectively. 

PROCEDURE NewLazyNode(Fun: FunTypePtr; Arg: SExp): SExp; 
VAR Hlp : SExp; 
BEGIN 

Ne w(Hlp); 
Se tTyp e (Hlp, Laz ySE); 
ALLOCATE(Hlp A.La z yEl, SIZE(LazyNode)); 
Hlp A.LazyEl A.Func tion : = Fun; 
Hlp A.1azyEl A.Arguments Arg; 
RETURN Hlp; 

END Ne wLa zyNode ; 

PROCEDURE LazyCons (Car : SExp; CdrFun:FunType ; Cd rArgs:SExp) :SExp; 
VAR Hlp : SExp; 

LazyList : SExp ; 
BEGIN 

Ne w(Hlp ); 
Hlp :~ CdrArgs ; 
LazyList : ~ Ne wLazyNode (Cd r Fun, Cd r Args ) ; 
Hlp : · Con s (Car , LazyList); 
RETURN Hl p 

END Lazycons; 

PROCEDURE LazyHead(L: SExp): SExp; 
BEGIN 

IF IsTypeSE(L, LazySE) THEN 
EvalLazyNode (LJ; 
RETURN Head(L); 

ELSE 
RETURN Head(L) 

END ; 
END LazyHead; 

PROCEDURE LazyTa1l (L: SExp): SExp ; 
BEGIN 
IF IsTypeSE(L, LazySE) THEN 

EvalLazyNode(L); 
RETURN Ta~l(L) 
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ELSE 
RETURN Tail(L) 

END; 
END LazyTail; 
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LazySE is the data structure thet internally represents the lazy list node. The function Apply applies 
its first argument (which is a function) to its second argument and returns the result of the 
application. The function Odds below shows how to create an infinite list of odd numbers starting 
at n: the start element of the list is n, and the rest are the odds beginning at n+2 Instead of a 
diveregent recursive call, we create a ,lazy node". If we need it, its evaluation is going to be forced. 

PROCEDURE EvalLazyNode( LazyList : SExp) ; 
VAR 

Arg SExp; 
FunType ; Fun 

BEGIN 
IF IsTypeSE(LazyList , LazySE) THEN 

Fun : = LazyList A. LazyElA . Function; 
Arg : = LazyListA . LazyElA.Arguments; 
Update(LazyList,Apply(Fun, Arg) ); 

END ; 
END EvalLazyNode; 

PROCEDURE Odds( n : SExp): SExp; 
BEGIN 

IF (NOT (ODD(ValintSE(n) ))) THEN 
n : = Qint(Valint(n) + 1) 

END; 
RETURN Lazycons(n, OddsAdr, Cons(Qint(Valint(n) + 2), Null)); 

END Odds; 

The ft.mction NthEI shows how to find nth element of the list which is created with function Odds. 
The ft.mctions LazyHead and LazyTail force the evaluation of"lazy nodes.". The evaluation of odds 
(which could be divergent) stops in the function Odds resulting in a "lazy node." 

PROCEDURE NthEl (n : INTEGER; L : SExp) : SExp; 
BEGIN 

IF n = 1 THEN 
RETURN LazyHead(L) 

ELSE 
RETURN NthEl(n-1 , LazyTail(L)) 

END ; 
END NthEl ; 
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The appropriate functions for examining if an expression is an element of a list from the previous 
example: 

PROCEDURE LazyEqual(E, L 
VAR 

hE, hL, tE, tL : SExp; 
BEGIN 

SExp) : BOOLEAN ; 

IF (Atom(E) OR Atom(L)) THEN 
RETURN EqSE(E, L) 

ELSE 
tL := LazyTail(L); hL := LazyHead(L) ; 
tE : = LazyTail(E); hE := LazyHead(E) ; 
RETURN LazyEqual(hE, hL) AND LazyEqual(tE , tL) 

END 
END LazyEqual; 

PROCEDURE Memb(E, L: SExp) BOOLEAN; 
VAR hL, tL: SExp ; 
BEGIN 

IF Eq(L, NullSE) THEN 
RETURN FALSE 

ELSE 

END 

hL := LazyHead(L); 
IF LazyEqual(E, hL) THEN 

RETURN TRUE 
ELSE 

END 

tL := tail (L); 
RETURN Memb(E, tL) 

END Memb; 

We don't call the maclune evaluator at all The en lire evaluation is perfonned within the proccdurnl 
modi.!! This way prov1des a reulvatwn of fast fon.:1gn functions w1th delayed evaluation 

4 Futu re work 

·1 hen.: an.: a lot of functiOnal language compliers With runllme systems written in procedural 
lw1guagc:-; The d1scw;.'iCd method to define fore1gn lunct1ons wiU1 delayed evaluation could he used 
us an opllmJ/.alwn of such 1rnpli..mcnlllt10ns ror lrvy funcl10nallanguugcs We me cwn:ntly workmg 
on such un optirnval1on of Cll!lsgmv I I mkt!ll Complier (d1rccttrunslulton of'/ I aslu•ll funcltons into 
C-wllh unbo:xed values and cxtcnston or the Hnplementalton Wllh forctgn functions) 
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5 Related work 

The primary motivation for this work was to emend the SK-reduction based implementation of a 
functional language via communication with Modula-2. There are meny methods to combine Scheme 
and C functions and data structures via foreign functions . There also exists a foreign function 
interface which allows a Common Lisp progran1 to access a database management system. But 
Scheme and Common Lisp are strict languages and the evaluation strategies between 
Scheme/Common LISP and C are compatible. We defined foreign functions in a strict language but 
lazy environment and gave a model for their lazy evaluation. 

The Glasgow implementation of the non-strict functional language Haskell provides an 
interface to call C-functions from Haskell programs but there is no possibility to defme foreign 
functions in our sense (as an extension to the procedural language) . 

6 Conclusion 

We have shown how to implement the foreign functions with delayed evaluation within procedural 
paradigm when implementing functional languages by SK-graph reduction. The first approach 
shows how to implement lazy foreign functions by calling the SK -executor and the second one shows 
how to reach it by defining new data structures and runtime functions. The first way is rather natural: 
If something has to be evaluated lazy, let the lazy SK-reducer do that The costs of that are the usual 
costs of the SK-graph reduction. The second way is the way which provides fast foreign functions 
with delayed evaluation. The overhead of the latter are more runtime system functions and data 
structures. 
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Abstract. The effici ency of SK reduction machine implementation can 
be increased by extending the primitive data types set. Including pnmi­
tive data types (numbers, lists, strings, .. . ) into the environment of pure 
combinators, the quest ion arises about combinatorial properties of the 
primitive constants and their application and reduction. In this paper 
we describe a solu tion of this problem . 

1 SK Combinators 

We can define combinators as >. expression in which lhere are no occurrences of 
free variables [1] . Combinators have properties of operators which value depend~ 
exclus ively on the argument values . The formal theory of the combrnators is 
described in [2] . In theory any >.-expression can be represented using two basrr 
combinators called Sand K. Turner ([6]) described how fun ctio nal prog ra mming 
languages can be compi led to SK combinatorial express ions, and first used SK 
reduction machine for ils cvaluatron 

Even they can be expressed and defined us tng S and K, usually the SK rxprPssion 
language is extended by add1ng sets of constants and sornr prrrnrtrv1• orwralors , 
w1th mtentton to make cornbmatonal expressiOns shortly and to make transla 
tton from a functional languag si mpler \Vhen one adds sornr pmmttve types , 
for example numbers and stnngs, the questiOn of combtnato nal propNtJrs of 
added constants and operators often stay open !I rc we pay attrnt10n to these• 
properties defining some constants and orerators on them usmg Sand K l 'stng 
these constants and op raters , some complex type consta nts and operators arP. 
defin d Finally, we analyse the bchav10r of all dcfinrd constants and operators 
inside combmatorial expressions, and th 1r aprl!calron and r ducl!on, especially 
To mak combmatorral expr ss1ons stmplcr, we usc th<• extension of SK C'Xprcs 
ton language descnbed 1n [5] Thts rxtcns10n allows dtrrct r cursrv<• notation 

wtthout usag of Y combtnator 

Her we r mtnd on some baste combrnators (others than S and K) and their rc­
ductton rules 

I - SKK Ir- ~r 

B S(KS)K Bfxy •J(ry) 
C S(BBS)(KK) Cfry tfyr 
P S(K(SI))K Pry yr 

I' I :w 
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Let Kn,m be the combinator that selects n-th of m arguments The following 
equations holds : 

Kt,2 = K 
Kt,m+l = S(KK)Kt,m 

K2,2 = SK 

Kn+l,m+l = KKn,m 

2 Realisation of Logical Constants And Operators 

The definition of the if operator is tightly related to definition of logical con­
stants true and false. These two constants have to be defined in such a way 
to be useful by if combinator and other logical operators ' definitions . It is very 
suitably to define true and false as selectors: 

true= K 
false = SK 

true x y --t x 
false x y --t y 

Now, the if combinator can be defined as: 

if = I if x e 1 e2 --t x e1 e2 

Using these definitions it is possible to define logical operators not, and, or. 

not= C (P false)true not x --t P false x true --t x false true 
and= C C false and x y --t C C false x y --t 

--t C x false y --t x y false 
or= P true or x y --t P true x y --t x true y 

3 Realisation Of The List Constants And Operators 

To make the usage of the lists possible, it is necessary to define list constructors 
and appropriate operators. Lists are built using nil constructor which denotes 
the empty list , and cons constructor which builds a new list from an element and 
an existing list. Operators head and tail (for extract ing head and tail of a list), 
isemptylist and notemptylist (for testing if list is empty or not), and append 
(that joins two lists) are defined . We show that some other data types can be 
defined using these list constants and operators, for example natural numbers . 

The cons constructor has to be defined as a combinator whose application on 
arguments H (head) and T (tail) results in combinator from which we can extract 
either the head or the tail. Because of that, we consider cons is three arguments 
operator, where the third argument is an operator that applies to list: 

cons H T F --t f H T 

The combinator that satisfies these propositions can be defined as: cons = BCP. 
As a consequence, the combinator that represents a list operator f has to be 

. defined as P f: 
P f (cons H T) --t cons H T f --t f H T 

The head operator is P f, where f selects the first of two arguments , and the tai.l · 
operator is Pg where g selects the second of two arguments: ., 

head = PK head (cons H T) --t cons H T K --t K H T --t H 
tail= P (SK) tail (consH T) --t cons H T (SK) --t S K H T--t T 
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To make the lists ' manipulation possible, it is necessary to allow testing on the 
list emptiness. We do that using the notemptylist operato r that reduces to 
true when applied on non-empty list , and to false when appl ied on nil 1 . Idea 
is to represent an empty list wi th a const ant operator, which will guarantee the 
different result than the notemptylist ap plication on a non-empty list, when 
cons is evaluated. Appropriate notemptylist operator can be defi ned as: 

notemptylist = P(K(Ktrue) ) 

with reduction rule 

notemptylist (cons H T) ---+ cons H T (K (K true)) ---+ K (Kt r ue) H T---+ 
---+ K t rue T ---+ true 

Using notemptylist we defin e i semptyli st and append: 

isemptylist = B not notemptylist 
append I m = isemptyli s t I m (cons (head I) (append (tai l I) m)) 

Constructor nil has to ensure th at not emptyli s t nil evaluates to f a l se. It 
is simple to achieve th is const ructing a constant operator that red uces to false 
when applied on one argument: 

nil = K false ni l x---+ K f al se x---+ false 
notemptylist nil ---+ nil (K(K true)) ---+ false 

Notice th at head and t a il evaluate to false when appltcd on nil. 

4 N atural Numb ers Intro d uction 

The set of natural numbers can br introcluc tl using lt sts, wtth J>cano's arith­
metic as basis. We consider the empty list IS zero constant, and introduce larger 
numbers us tng succ operalor2 

No= zero 
Nn+l = succNn · succ"+ 1 zero 

Dcfinr zero and succ combtnators ustng ltsts 

zero nll 
succ cons K 

Define pred operator that evaluates nurnlwr smaller by ont• using lbt operators : 
pred - tall pred Nn+ 1 tail (cons K Nn) ---+ N,. 

ottcc that pred is apphcahlr only to numbers largt•r than zero, ~wc·ause appli ­
cation of pred on zero evaluates to false, which IS not a nu111hcr c·onstant The 
testmg, 1f a natural number is zero or not, 1s defirwd a.o; · 

notzero= notemptyl1st 
1szero = isemptyl1st 

otice lhal we can define the l' combinator in oppo Ilc ditt·ct ion , ddinmg fir l 

iseaptyl1st a: rornhin;llor P(K(K!alse)) whrch t·,·alu."lte fals . wlwn applud lu 

a non · ·rnply lr L, and d« fining nil comhin11tor Ktrue wluch cvalu.,t«· true wlu n 
nppliNl on one, q~unwnt. ' I hrn , rt is; not.l!aptyl ist. • B not llll!aptyllllt. (·1] 

2 The pow r of comlmi<llon; rs ddirwd .~ I 0 'I y, I "11 y I (I" y) . 
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The comparison of natural numbers can be defined using Lisp-like syntax as: 

eqnum x y = if (is zero x) ( iszero y) 
(if (iszero y) false (eqnum (pred x) (pred y))) 

which can be transformed to combinatorial expression 

eqnum = C(BS(S(BB notzero) (B(S(S iszero (K false))) 
(B(C(B eqnum pred)) pred)))) iszero 

Accordingly to the last expression complexity, in the fu rther text we use Lisp­
like syntax instead of transforming expressions to combinatorial language. 

Operators that evaluate relations 'less than ' , 'less equal ', 'greater than ' and 
'greater equal ' can be defined as: 

isltnum x y = iszero y false (iszero x true (isltnum (pred x)(pred y))) 
islenum x y = or ( isl tnum x y) ( eqnum x y) 
isgtnum x y = not ( islenum x y) 
isgenum x y = not ( isl tnum x y) 

After all, we define addition, multiplication and subtraction operators: 

add x y = iszero x y (add (pred x) (succ y)) 
mul x y = iszero x zero (add (mul (pred x) y) y) 
sub x y = iszero y x (sub (pred x) (pred y)) 

Notice that subtraction evaluates correct results only if arguments are correct. 

A different approach is used in [2], with idea to use numbers as iterators3
•
4

: 

Zn f x -t fn x. Our definition is used to make the creation of combinators, that 
compares constants of defined types, possible. Notice that it is not simple to 
compare iterators from inside the combinatorial language . 

5 Other Data Types 

It is natural to represent strings as lists. A character we represent as a number , 
and a string as a list of characters: 

emptystring = nil 
concatstring = append 

We define vectors as lists of constant length Vector implementation is based 
on newvector (the constructor of a vector with given size and initialisation), 
getvector (the extractor of a given element of a vector) and setvector (the 
operator that replaces given element of a vector with a given value) combinators 
with the following definition: 

3 Numbers are defined as: Zo x y = y, Zn+ 1 x y = x (Zn xy), zero = false, succ 
= SB. This approach produces interesting outcomes. Some numbers operations are 
defined elementary: add= S' B, where S' f x y z--+ f (x z) (y z), mul= B, pow= I, where 
pow Zn Zm --+ Zmn. 

4 A variant of this approach is pointed out in (3), where the next definition is used: 
Zn+I xy= Zn x(x y). The result is different succ operator definition: succ= BW(BB), 
where W= CSI. 
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newvector n I = iszero n nil cons I (newvector (pred n) x) 
getvector v n = notemptylist v (iszero n (head v) 

(getvector (tail v) (pred n))) false 
setvector r n x= notemptylist v (iszero n (cons x (tail v)) 

(cons (head v) (setvector (tail v) (predn) x)) ) nil 

Notice, that application of getvector with incorrect arguments evaluates to 
false, and application of setvector on inco rrect arguments evaluates to nil. 

Every combinator presents a program by itself, but in complex operations against 
combin;ltors it becomes important if combinato r involved in the evaluation pro­
cess reprrsent a constant, a data st ructure or a program. \Ve introd uce a data 
type that makes using marked programs possible: prog is constructor of marked 
program, and appl y is its <'valuator. It is goal to differ marked programs fro m 
other data types 

Idea is s imilar Lo one used when lists were defined, but prog o perator capt ures 
on ly one argument, not two as cons docs: 

apply (prog comb) ~comb 

The next defin1l10ns of t hese combmalors present a so lutio n of previous cond i­
tion, but allows rnuch more than s1m plc usc of rnarkrd program (in oppos1L1on 
to, for exarnplc, clrfin1t1on prog "' K) 

prog 
apply 

p 

' PI 
apply (prog comb) - PI (P comb) -t P comb I -~ I comb -t comb 

6 Consequences 

lkhaviom analysing of ddirwd typ<'s of comh1nators Is based on th<' lr appliCa­
tion and cornpartson .\pplwat1on an;dy~is IS donr exarrnning constructors of all 
IIH'nl IO!H'd data typ<'S 

'llu• logJ< al constants ,lf< s<•lt(tors of Oil< front two arguments and tlwy apply 
with Jli'Xt fl'sldts 

true I' y 1 

false 1 y ~ y 

An Pill ply list always r·valualt•s lo false (wlwn appli<·d on one argu111ent), while 
a non <'lllpty list applicalio11 d<·per1ds on Jts argunwnl' 

n1l r ~ false 
cons H T 1· ~ r H T 

'I h(' natural number applwat1un IS similar to the list appltcation . If"'" do not 
, sum that a p rtftr •l<'lllClll 1s us •d Ill thr· list rcpn · cnttng a nurnbr·r, numbers 
cvaluatt• 

No 1 nil r false 
Nnf 1 r + conz H Nn I r H N, 

l ·~"P nally, tf \\'('. urnc that :1 numbrr ts a ltst that rons1 
tor:; some otlwr rc:.ults arts< 

only of K comhin -
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Nn+l X --t cons K Nn X --tx KNn 

Nn+l Nm+l --t (succ Nm) K Nn --t K K Nm Nn --t KNn 

Nn+l No --t No K Nn --t false Nn --t SKNn 

where KNn is a constant operator that evaluates Nn when applied on one argu­
ment, and SKNn is an identity operator, same as I is . 

The strings, the vectors and the matrixes apply as lists do. 

Shown application rules should be considered when incorporating these primi­
tive types in combinators' reduction machine . The reduction machine implemen­
tation is not correct if primitive constants' reduction is not supported, because 
there are non-strict functional languages that can be expressed and programmed 
using combinators' reduction machine. 

Another aspect of data types' behaviour is the possibility of their comparison. 
It is important to implement such data types that can be differed from inside 
combinator language. At least three different equality can be considered: syn­
tactical (=t), reductional (=2) and semantical (= 3) equality. 

Two combinators are syntactically equal iff the expressions that represent them 
are identical: 

K(KK) oFt S(K(KK)) 
S(KKK) # 1 SK 

Two combinators are reductionally equal iff they can be eager reduced to syn­
tactically equal expressions: 

K(KK) #2 S(K(KK)) 

S(KKK) =2 SK 

Two combinators are semantically equal iff they evaluate same results in all con­
ditions . The semantical equality is often noticed as extensional equality : 

K(KK) =3 S(K(KK)) 
S(KKK) =3 SK 

Syntactical equality . is most specialised, reductional represent somewhat wider 
relation, and semantical is most wider considered. For every two combinators Q 
and R: 

Q =r R =? Q =2 R 
Q =2 R =? Q =3 R 

Semantical equality is not calculable, i.e . the universal algorithm evaluating the 
semantical equality of two operators does not exist. Syntactical equality is cal­
culable using metalanguage (the language in which reduction machine is imple­
mented) and there can exist a primitive combinator that evaluates the syntactical 
equality of two combinators. Reductional equality is not calculable because re­
duction of combinators expressions if semi-calculable. 

Here we consider only a segment of comparison problem: Is it possible to differ 
basic combinator types (logical constants, lists, marked programs) from within 
combinatorial language? Because all other structures are realised using lists, it 
is enough to recognise only mentioned types. If we can differ basic combinator 
types, it is enough to differ the constants of these separate types to differ all 
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avai lable constants. Notice we already have defined the number comparison op­
erator eqnum. 

Assume our type testing operator is selection operator that selects appropriate 
of given arguments: 

{ 

is boo/ iff x is true or fal se 
testtype x isbooltslist isprog-+ tslzst iff xis nil or (consH T) 

isprog iff xis (prog comb) 

Combinator can not be analysed from outside- only technique to examine a com­
binator is by exam ining its behaviou r. It is necessary to apply the tested combi ­
nator in conditions that prov ide a unique type depending result. Our testtype 
operator has to be of following form . 

testtype .r a b c . .. -+ .r a b c . . . 

Tht" arrity of testtype is not obv1ous. We have to compare applications of de­
fined constan ts. 

true a b -+ a 
falseab -+b 
nil a b c -+false b c-+ c 
cons H T a -+ a H T 

prog comb a -+ a comb 

In many cases the rrs ult is a rgument a or its appllcation. After repl ac ing a = K5 ,5 , 

and supplrmcnllng to seven argumrnts, all typed constants g1vc different rrs ults· 

true a b c d (' J g !3ool Lt.st flmg ~ a c d c f g Boo/ Ltsl Prog 

false a b cdc f g !3ool Lzst Prog 
nll a b r d c f y !Jool /,t~l !'rug 
cons H T u /; c d c. f g /Jool Lt.\l f'rog 

-+ g !Jool Ltsl Prog 
-+ b c d c f g Boo/ Ltsl Prog 
-+ c: d c J g !Jool Lz.~t l'rog 
-+ n H T b c d 13ool Lzsl l'mg 
-+ d c' f g !3ool Lt.~l Pr·oy 

prog comb n /; r d t ' J g !Juol Lr .~l J>mg + n comb /; c d t ' f 9 !Jool /,t .\1 Prog 
t' f fJ llool /,t.\l f'rog 

Now 1t 1s p<>ssJb!t' lo d<'fitl<' other argunwnts as scll'ctors 

(J = K5.r1 
r. - KG ,7 

e -= K5 ,5 

b = K, ,,K 

rf - K5 ,G 

g - Kt ,:l 

while f is unimportant and ran be K, for example-. 

Finally, the drfinitton of testtype is : 

testtype 1 -+ J Kr,,s K~o , s KG,7 Ks ,G K5 ,5 K K1 ,:J 

'ow w•• c·an d fill': • pec1fic test 111g operators. 

1sboolean 1 - testtype I true false false 
1slist :r 
1sprog r 

- testtype I false true false 
=- tecttype 1 false false true 

Bcrau ' of unpo tbthLy o I..'Olllparr programs, we can define · 

eqprog r !I = falne 
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It is not complex to compare two logical constants: 

eqbool x y = if x y (noty) 

The list comparison is somewhat complexly and can be successfully evaluated 
only if lists, constructed of acceptable constants, are used: 

eqlist x y = if (isemptylist x) (isemptylist y) (and (eqcomb (head x) 
(head y)) ( eqlist (tail x) (tail y))) 

where eqcomb is used, which evaluates the equality of combinators of any of de­
fined types: 

eqcomb x y = t esttype x ((isbool y) (eqbool x y) false) 
((islist y) (eql ist x y) false) 
false 

where this is applicable on numbers , if t hey are used strictly, as lists of K-s . 

7 Conclusion 

Some combinatorial data types and appropriate operators are defined. The com­
binatorial behaviour of constants of these data types is analysed. It is proposed 
that an implementation of combinators ' reduction machine, that contains these 
types as primitive ones, should preserve described behaviour of constants . 

The equality operators are defined for use inside these types, and an operator 
for comparing data types is defined. Using previous, an operator that compares 
all introduced data types is described and defined. By this we suggest that it is 
possible to create any complex type in a way its constants can be distinguished 
from constants of other types, from inside of combinatorial language. For that 
reason it is good to implement primitive types in reduction machine considering 
preservation of their constants combinatorial behaviour. 
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Abstract 

:'llumlwriugs a.re OHP of tlw fnnda.memal milestones on which logic a.nd 
comput.er scieucP <Lre ha.~e<l. Despite this, thPir study has been so far 
sotnPhow Jl t•glected, ma.y lw hPcause t.hPir simplicity lPd to thP erroHPous 
a.~sumptiou tha.t, a.fter al l, there wa.~ uot much to sa.y a.bout them. In 
this paper , we sta.rt to shPd sotnP light. ou uumlwrings, exploriug their 
structurP with n•spPct to thPir Pcouornicity. WP int.roduce the fra.rnPwork 
of 11111nlwriug syst.Pms, a.ud n•fiup it. imposiug a. monotonicity couditiou . 
Within thPSP <'Oilct>pts, tha.t. properly formalize HUmlwriugs for sPqUPllcPs 
of tla.t.a, WP show that t.hPrP a.rP 110 most pccHwmical uurnlwrings clue t.o 
t.hP nclnwss of t iH• numlH•riHg struct.urP. ThPu WP consider those uutnhPr­
iugs systems that a.n• allowed by ma.c!Jiut•s as usPd iu computer science. 
This leads to tlw n•sult t.ha.t. there are still 110 most economical uurnhPring 
systc•ms Pxcept. for Oil!' uot icPa.hlP ca.sP, the two <'Oillltc•r registPr ma.chim•, 
wlwrP th!'rP is a. most Pcouotnica.l uumlwriug syst!'tn. quite surprisingly, it 
t urus out t.o l>t' just the• origiua.l 11111nhNiug systt•m usc•d hy Gi)del to prove 
his famous t lu•on•m 011 thP iurmn pl<'tPII<'SS of formal tlworiPs . 

Mathl'mattr\ Sub]Prf Cla.mjirallow 031)10, 03D·15, 03E15 , 03F40, 03F60, 
03F65, 68Q05, 68T30 
CR Catt'gont•,, D 2 0, D.4 0, K4, F.O, F.l.O, F I l, F 4 l, II .!. I. 
Kl"yuwrd.\. uumlwriup;, Pronmnicity, rc>p;ist~>r ma.!'hlllt', n•cursivP fnut 11011 

1 Introduction 

·lll nlH'rin gs arr. ubiquitous both in logic and computc>r scic>n<·l'. ThPir introduc­
tion dati's hark to Kurt GiidPI who, in his !lliL'itPrptPn• {Giid.-1, 1931) proving 
t hP iti<'Oll tplt•tPm·ss of formal tlH·orit•s, had 1111' brilliant id!'a to <·mll' signs into 
{natural) ll\JllllH•rs llis so-callc·d !\1Ptlwcl of \nthtrwtintion, cf. tht• discussions 
of H B BratthwallP in {Giidl'l, 1962) and of S (' Klt·Pnt• in (Giiclf'!, 19 G), ;L'l­

stgns to an • finitf' s!'<[llf'nn• 11 1 , ••• , 11 k of nat ural nlllnllf'rs t lw 'GiiciPI nmnht•r' 
2" ' · 3"' · 1r~'• (whc•rt• 'II'J; is tlw k-th prim<' nutulH•r) . Via this munlwring map 
PVt·ry string {h~· a."-'iociating to f'Hl'h of tlw primili\'1' syrnhols a distinct nutnlwr ) 

I' IIi' 
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or finite sequence of numbers can be coded into a single number. This map, that 
was the core tool of Godel's proof, was naturally generalized to the concept of 
numbering (also said Godel numbering), that is an injective map to the natural 
numbers (sometimes with the additional requirement that the image is decid­
able). 
This notion plays a fundamental role in a multitude of disciplines, ranging from 
the study of logical systems to recursion theory. However, its importance has 
been somehow inversely proportional to the number of studies on it . This is 
due to the fact that, after all, numberings (besides their 'philosophical' mean­
ing) seem more a technical toolbox to be utilized rather than a topic to study 
on its own: indeed, the (to the best of our knowledge, negligible) work entirely 
devoted to them (e .g. see Manin, 1977, pp. 233- 238) depicted numberings alone 
as trivial mathematical objects. For instance, the usual notion of equivalence 
between numberings (d. Manin, 1977), saying that f and g are equivalent if 
f o g- 1 and go f- 1 are computable, give!'! the flimsy result that all numberings 
are equivalent . 

In this paper, we start to shed some light on numberings for their own: 
we formalize the numbering for sequences of data using the obvious concept of 
numbering !Jy!Jtem, much like recursive functions ha.'> been formalized using pro­
gramming systems (Machtey and Young, 1978; Kfoury, Moll, and Arbib, 1982; 
Phillips, 1992), and natural numbers has been formalized into the >.-calculus 
using numeral systems (Barendregt, 1981). 

Then, we refine this notion introducing a monotonicity requirement, roughly 
stating that the coding of sequences of a given length encompasses that of se­
quences of minor length, that has also a practical relevance for its natural con­
nections with knowledge representation. Next, we address the problem of eco­
nomicity of such (monotonic or not) numbering systems: a natural notion of 
'expensiveness' is introduced, and it is shown that, due to the rich structure of 
numbering systems, no most economical (viz. minimal) one can be found in the 
general case. 

We then relate numbering systems and machines (computationa l devices like 
Turing or register machines). Machines act by performing some operations on 
their internal memory, hence defining a class of partial functions over it. To com­
pare the computational power of a machine with other classes of functions (like 
other machines' ones, the recursive functions etc.) one must use encoding and 
decoding functions. These functions play for machines the role that numberings 
play for logical systems (also under the point of view of their so far neglected 
study). It is so introduced a notion of allowedness that says when a numbering 
system can be safely used as an encoding function for a given machine, in the 
sense that it doesn't diminish the computational power of the machine itself. 
The question of economicity is then tackled again in this new context, searching 
for the most economical monotonic numbering systems among the ones allowed 
by a machine. The answer is in all similar to the general case, except for one 
case only: the two-counter register machine (the 'smallest' among the regis­
ter machines). For it, there is a most economical encoding that, surprisingly 



enough, turns out to be just the pioneering Godel numbering from which the 
whole story began, thus showing that Godel's original idea of numbering is not 
only an elegant trick among many, but has a deeper significance. 

The paper is organir,ed as follows. After introducing some notations in Sec­
tion 2, machines are presented in Section 3. Then, Section 4 introduces number­
ing systems and monotonicity. In Section 5 economicity of numbering systems 
is discussed, both in the general case and in the monotonic case. Section 6 then 
establishes a link between numbering systems and encoding functions used in 
computer science via the notion of allowedness, and performs the analysis of 
economicity in this new context. 

2 Notation 

The symbols 11\' and 11\'+ stand for the set of natural numbers and the set of 
positive natural numbers n>spectively, <md JNi will denote the cartesian product 
11\' X··· X 11\' (j times). We indicate thP ·i-th prime with 7r; (viz. 1r1 = 2, 1r2 - 3, 
7ra = 5, etc.). With Pfin(A) we denote the set of the finite sets of elements in 
A. The symbol RECk stands for all the (partial) recursive functions from INk 
to 11\'. 

It is well known (sPP e.g. DavPy and PriPstley, 1990) that from every (partial) 
order relation ~ onP can recover the corresponding strict order <l, and vice V<'rsa. 
H.PncP, in the following WI' will arbitrarily usP orders or strict orders. 

As usual, given <1 function J: A-> Band an element bE B, J 1 (b) dPnotPs 
tht• set {o E A : f(a) b} . Also, wp will often writP f(C) to denote thP ~wt 
{!(c) : c E C}. Finally, thP cardinality of a set A will lw indicated hy card(A) . 

3 Machines and Programs 

WI' fix thn•p spl:; of symbols: FUNC (lhf' function symbols). PRED (the pn·d 
icatP symholH) and LABEL (UlP lahPl symholH). LABEL ts also rt>quired to IH' 
infini tP . and to havl' a distinguiHhPd Plf'trH'nt narnPrl START. 

Tlwn, a marlunt• ;t.-;signs to I'Vt•ry function symbol f E FU NC (rl'sp. to Pvt>ry 
predicall' symbol p E PRED) a partial fundicm M1 (rPsp. a partial prPcli<-atP 
Mp) ovpr thl' sl't IAfl, which is said tlw mt•mory .~l't of tlw machiiw M. 

Tllf' strinp;s of symbols of tht~ form 

i) START: GOTO L; 
ii) L. DO J GOTO !./: 
iii) L: IF p TIIF. . GOTO L' ELSE GOTO !/'; 
iv) L: HALT 

with J E FU C, p E PRED and L, U E LJ1BEL, an· said tlw in.~tror.tion.~. 

A pro!Jmm Pis tht !Il a fimlt• sf't of instructions that has t!xactly CHit' inlitrue'tion 
of typP i), that is only onf' start instruction, and for f'Vt>ry lalwl L at triO. t orw 
instruction lw~inning with that lalwl. 
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Given a machine M, every program P defines a partial function Mp over lll11 
defined in the obvious way, simply ·computing' the program P starting from the 
(unique) instruction of type i) present in P, and using the function MJ in ca.se 
an instruction of type ii) is found, and the predicate Mp in case a test instruction 
of type iii) is found. The computation ends when an halt instruction of type iv) 
is encountered. The formal definition is trivial but lengthy, so we omit it (see 
e .g. Clark and Cowell, 1976). 

This way of defining machines is absolutely general, since it can represent 
all of the usual machines, like Turing ones, pushdown automata and so on (see 
Scott, 1967; Clark and Cowell, 1976). 

For every program P , the function ll1p is defined over IMI: if we want to 
compare the functions computable with M with other cla.'ises of functions having 
different domain and/or codomain, two fixed encoding and decoding functions 
must be introduced, where an encoding function is a computable function with 
codomain IMI, and a decoding function is a computable function with domain 
I MI. This way, we can compare some functions from A to B with the correspond­
ing functions of a machine M by means of an encoding function e : A ~ IMI and 
of a decoding function d : I M I ~ B, taking for every program P the function 
do 1\1 poe . 
For every machine M, if e and d are an encoding and decoding function for M, 
let us indicate with :F(M,e,d) the set offunctions {doMpoe IP is a program}. 
Hence, saying that a machine M has full computational power equals to say 
t hat 't/k E IN there are functions ek : .IKk ~ IMI, dk : IM! ~ IN such that 
:F(M,ebdk) =RECk. 

The n-re_qister machine SRn has as memory set n registers R1, . .. , Rn, each 
capable of holding a natural number (viz. ISRn I = INn), instructions R; +- R; -1 
and R; +- R; + 1 and predicates R; = 0'? (1 SiS n), with the obvious meaning 
of decrementing/incrementing a register by one and testing if a register has a 
zero value. The register machines SRo and SR1 are readily too poor, but if 
n 2: 2 then SRn ha..'> full computational power. Hence the most ;economical' 
register machine having full computational power is SR2, sometimes said the 
two-counter register machine. 

En passant, we note how the importance of SR2 is not only purely theoretical, 
but even practical since, just to mention a few recent applications, it has been 
used to give the simplest known proof of undecidability of termination for logic 
programs ( cf. Apt and Pellegrini, 1992) and for term rewriting systems (Bezem, 
K lop, and de Vrijer, 1997), and to provide the link between many seemingly 
unrelated topics in computer science (Kanovich, 1994). 

4 N um b ering Systems 

Definition 4 .1 
IN. 

A numbering is an injective computable function with codomain 
D 

Note that this definition, present e.g. in (Barendregt, 1981) for .\-terms, is not 
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cornpletel,v st<wdard: many other authors (for instance Manin, 1977; Phillips, 

1992: Ebbinghaus, Flmn, and Thomas, 1984) rPquire also that the numbering 

imagP is dPcidahle . We preferred here thP rrwrP general definition: anyway, all 
the presented results hold using the rnorP rPstrictive dPfinition of numbering a.s 

WPIJ. 

Definition 4.2 A nu.mber·in,q 8Y8tern f[] is an <;.ssignrnent to each k E .IN of a 

numhPring f[k]: .INA· -+ ll\'. D 

To avoid confusions, an historin1l digression on 1 he terminology is nPedPd. 

Tlw 1 Prm "( Giidel) numlwri ng" has <tlso lwf'n usf'd in anothf'r context with a. 
differf'n1 mf'aning, naulf'ly initially by Rogers with his seminal paper (Rogf'rs, 

1958) with thf' mf'aning of an enumf'ration of the partial recursive functions. 

To hf' prPcise, in thP afon-•mf'ntionPd p<qwr Rogers dist.inguishf's between the 

"us1ml" meaning of (Giidel) numlwring (that is the one we Prnploy) and his, 

which h<• calls of "s]H~cial sort". Other latf•r studies on Htf' subject (until Hart­
I!I<LIJJS <tnd Bakf'r, 1973), ha.vt> usf'd this narrw. Otht>r works within the period 

1958 1977 (<'.g. Meyer, 1972) ust•d tbt• n<LIIlf'>i "f'f['l"ctive Pnum<>ration of thP 

partial n•cursivP [uudions" or '·indexing". Finally, roughly from 1978 onwards. 

tht· more appropriat!' lf'nn "programming system" wa.s introduced (d. MachtPy 

<Lnd Young, 1978; Kfoury, Moll, ;wd Arhib, 1982), and ha.s lwcorw' thf• actual 

staudard (Phillips, 1992). 

Definition 4.3 A nurnlwrinp; systPill f[) is monolonu· if 

n 

Tlw ahov!' dPfinition fonrlilii ·t.t•s t h<• concl'pt that f'VPry nlli!IlH'ring flkJ : ll\'k • ll\' 
t>IH'Olllpa .. -;sps all !ht• pn•vious IlllllliH•riup;s flil (O :::; 1 < lr). In f<~ct. tht> usual 

11\lilllH•ring to cop!' with sPqiH'IICI'S of mt!urals (thE' numhPring syslPm) can lw 

s<'Pll JUS! a .. -; a !lllllllwnn!!; with domain U,t II\ ll\'', thus t rt>aling sPqul'nn•s of 
diffPrl'nt IPnp;lhs a.'i <'OJJlpiPtdv IJJirPI<dPd ohJPds: IIIPrPl_y a collt•clion of numbt•r 

ings IIPrP, instP;ul, WI' l'tllhPd ;t>cptl'ftn•s of k»sPr IPnp;th into onPs of gr!'a!PI 

ll'np;t hs ulil11ing tl11• c·;u1onic al Ptubt•dclings ll\'k .__. II'I"' (lr < k'), givPn by 

(I 1, .Jk) >-+ (.r1, .. ,J'k,O,. ,0) What wt> art• doing, intuiliVPiy, is to giw 

tlll' flt•xil11litv of considPnng on!' nnmlH'r as a 'span•' svtubol, forp;Ptting about 

IPadtll!!; sp;H·c•s (just lik!' 111 natural languap;P pron•sstng WI' nm find convPniPn! 

not to lrPat H .. 'i indistinguishah]P ohJ••t·ts tlu• !ivP-charac·(pr word ' lwllo ' and till • 

Pight charactf'r word ' hPIIo ') 

'I h1s notion has a prPciw JJiatlwlllalical significancl' too : instl'ad of takllll!; a 

nurnhl'rinp; with dnrnain U, r II\ I:\' , tt c·orrPSJH•nds to tilkt• a.o.; domam thP rlntrl 

/m1 tl of t ht• sPtpii'Il<'l' 

ro ,, , , 

(\\'ht•n• tlw c 1c : ·k --. L'\" 1 1 arr· tIll' < arwnical t·lnlwddiugs (.rt , . . , rk) 
( f.t " .. ! J ' k' ())). 
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Moreover, this approach allows to arbitrarily enlarge the 'domain of the dis­
course' without changing everything regarding the domain: that is, if we worked 
with, say, at most sequences of length k and we want to enlarge the input do­
main, we can use longer sequences with the assurance that sequences from the 
original domain of the discourse (of length ::; k) are numbered exactly the same 
way as before. As a meaningful example, consider usage of numbering as an 
encoding function for providing inputs to some computing device: if the -input 
domain is extended with some optional parameters, the old algorithm has only 
to be integrated to process the optional parameters when present, and not to be 
rewritten as a whole algorithm from the beginning. 

We now introduce the well-known Godel numbering system: 

Definition 4.4 The Godel numbering sy8tem G[] is defined as 

G ( ) Xt X2 Xk 1 
[k) XJ, ... ,Xk =7!"1 ·7!"2 ···7rk- 0 

Note that G[ l is monotonic as well. The '-1' that distinguishes this definition 
from Godel's one is simply due to the fact that it is customary to consider register 
machines with registen:> IN-valued, hence count ing from 0 onwards: if we decide 
to count from 1 onwards defining JSRn J =IN:;: (and putting in place of R; = 0? 
the predicate symbol Ri = 1? with the obvious meaning), then the '-1' can be 
dropped. 

5 Economicity 

In defining whether a numbering is better (that is, more economical) than an­
other numbering, we have first of all to define what is the cost of a certain 
(finite) set of natural numbers D, let's say v(D) . For instance, we could set 

v(D) = L x, or some other more involved me&'liHe. Abstracting, we generalize 
xED 

as much as possible requiring the cost function to be increasing, in the sense 
that greater numbers have greater cost: 

Definition 5.1 A (cost) function v : P fin (IN) --+ IN is said to be increasing if 

v(A) :::; v(B), r < s, r (/.A, s (/. B => v(A U { r}) < v(B U {s}) 0 

Hence, if we have a numbering f : INk --+ IN, the cost of codifying a certain 
set A<;;; Ptin(INk) can be defined as v( {f(x) : x E A}) or, briefly, v(f(A)). 
Then we could say that a numbering f : INk --+ IN is no more expensive than a 
numbering _g : INk --+ IN (! ::S _g) if 

VA E Ptin(INk). v(_g(A))- v(f(A)) :2: 0 

(where v, the cost function, is an increasing map from Ptin(IN) to IN). 

It can be proved that 



Lctntna 5.2 Tht~ 1·dntion ::S dr!ft:nt•s r1.n onlt-1' on n.nmberings . 

f'iow it ha.-; comP thP mmnPnt to df-JinP thP t·nrrP.sponding cost ordP.ring for 

'''' m lwriiii'; svst PillS. 
\Vhat is thP minima.! rPqnirPmPnt WP can i111posP on such a rP1<1tion'! If a 

tlllllilH'ring svsfl'III i 11 is ·!1•ss f'X]H'!lsiw' than YIJ · tlwn thPrP should hP. at lP.a.st a. 
A· sll<'h th;!f i lkl -< Ylkl (iY. at !Past a lllllllhPring of i[ ] should hP. !Pss PXpP.nsivP 
I l1iin I hP t·orn·sponcling llllrnhPring of fi ll). (hi t liP othf'r h<Lnd. thP rPVPrsP sho11ld 

11<>1 !H' t nlf'. that is to sa:v t.hPrP sho11ld In' no k such that Ylkl -< flk]· This is 
fonl!ah/,l'd into tllf• following dPfiuition: 

Ddinitiou 5.:l Ta.kPn two nntnlwring s.vsfPms i [] and .1/]] 1 i11 is less e:r;pensivl' 

than .'Ill (notation i11 <J .1111) if 

( -:lA:. ilk I -< .1/lkl) 1\ ( •:lk. Yjk ] -< ilk I) 0 

It f'iln IH' provf'd tlw following: 

L<'rnrtla 5.-1 Tht• n•lnl.wn <1 1.s r1 sfnf'i onlt·r· nn 111.on.olrm.u· TL1LmbPrin_q sysl.t-ms. 

C(lnsirlt•rinj.!, l't'flllfl!lli('it .v ll'.r.t. <J, WI' ohta111 tlw fr.IIowing rPsnlt: 

ThPnr·<'ITl 5.5 Tht•7·t· 1.s no/ fl 11101/0ioml' T111.11dwn.nq systf'rn tlwl is mm.imnl 
111,1',/. <J. 

6 The General Case 

~~~ f;11 . Wf' h;tVI' finly t'lt ll :-.idf'JI'd llllllltlfr,ni!' nn!IIIH·rinl!, svstPms. ln thi s s11hsPc t ion 

Ill ,.;tJJdl' till' sfrncflln' of llllliiiH 'Iing SVSff'IIIS Ill ('OIIlplf'fl' 1-;l'llf'fillify, droppillj.!, 
flit IIIIJI!tilt>nlt'Jfl' lf '(j llirt ' llll ' nl . 

lilt' jllfli,Jf'lll \\Jfh 1\\IIIIIH' III\g SVSI<'IIIS IS t!Jaf fb1· n•]a.fion <J IS liO !IIOff' il 

" Inc I "n!Pt Jndr •t•d. it 1s not trausiltvt •, as it is not diffinllt to SPI'. IIPJWP, WI' 

11111"1 l'll!Jl]fll illl f'Xjlf'IISI\t'llt'SS tf'l,lflfl!l ... thaf fulfills fill' llllllilllill fi'<Jiliff'lllf'!lfs 
11·1 h,\1'1' jllf 'l'illllsll· Sl'l'tl (i I' i ( ... If 

11'1'11 . 

~ i ..; J y1 ~) il tlll that is a s f rid ft!df't as 

\nnth• ·t lllill illl;tln•cpllll ' tllt 'tl l fiJ,. tl'!ation ~should satisfy is that ifVA- . f [kJ-< 
1/ k f lwn i : ... If (i .l'. If I 1111 ·y lllllllhl'rJtlh Ill i [, is l1 •ss I'X]H'IISiVI' f han f Jw 
<llllf'SJHlllrlinh 111 f1 , tlwr1 it should IJ .. th" c·;1s" that i [' 1s <'onsidPn•d to IH• ll'ss 
• xp• nsJI'r• than 11 ],, t lw n•lation ~ ). 

In 1'i1•11 "f wh;JI 'l'l'tl w•· h;J\'t• th" f111lowm v, n•sult· 

I. i , I ... IJ , I > f t J 1 .'Ill 

J. (Vk i1 ~· J -< !l,kJ) > ! 11 ..,. '/;' 
'1'/u 11 l/11 lr '' tlfl/ 11 """.!u nTIIJ "f'lt 111 lhnl '' 1111111111111 "'· ' I ..,. 

ll• •tu••, th•'~>•' n~ults show th;ll th•• stnwtun• 11f tllltlllu•ri nv, sysft ' rtl ll, l1111h in 
till' )!,Ptlt'Jal ,.,,,.,"and in tht • tn<~t lllf<~nk ,.,L""•ts s11 rub th a t tlll'tt' ,u•• 11" "l'titttfll' 

lllltlllll'fiiiJ.; h\ '1-> lt ·ttl l'. 
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7 Relating Numbering Systems with Machines 

So far wP viPwPd nurnhPring systpms as abstract ohjPcts: howPvPr, thPrP is a. 

natura.! way to rP!atP thPm with machinPs, narnPly to considPr thPrn as Pncoding 
functions. This standpoint !Pads us to considPr what numhP.ring systems can hP 
usPd hy a. givPn machinP, and what not. 

First, noticf. cts propPrly spPaking a nurnlwring systP.rn cannot hP usPd a:< 
f.IJcoding for rPgistPr ma.chinPs sincP it outputs to 11\, whPrf.as an P.ncoding for a 
machinl-' AJ must havt-' as codomain IA11. 

HP.nct-', givPn a particular machirw AJ wP nPPd to fix somP PrnhPdding f M (i.P. 
an injt-'ctivP function) from 11\ to IAfi. 

Definition 7.1 A nurnht'ring svstPm PI] is allowed by a. mach inE-> A1 (w.r.t.. f.M) 

if 
D 

In thE-> cast-' of rtegist!'f machinP.s. sincte ISR.,., I = 11\n, Wt-' can simply HSP as 
fSR" thl-' natural temhtedding 'l.n : 11\ '-----> ll\'n givPn hy rn >--+ (rn, 0, ... 1 0). 

ThP rii<:P fad is that this choicP is not rPstridivP. sine!' this natural PIIlhPdding 
Pnjoys t hte following uni vPrsal propPrtv: 

Theorern 7.2 If a numbf'.r·ing system lH allowed by SRn w.r-.t. wrne f;rnbeddinq 

f.SR" , then it i.~ also allowed w.r·.t. ·'·n· 

In tl1P SPCjHP.! , we will thterdorP omit rntentioning ln., which is a.ssumPd to lw 
thP HndPrstood emlwdding for SRn· 

WP co11ld so try to WPakPn HIP richnPss of nmnhPring systPrns just SPPn in 
Tht~orPm 5.5 by considPring only (monotonic) nurnbPring systPrns allowPd by a 
givPn machine. It turns out that for all us11al machintes (te.g. Turing rnachinPs 
de:.), teven imposing thte allowPdnPss requirement thPrte arf. no most P.c:orwmical 
(monotonic or not) nHmhPring systPrns. ThP only PX<:Pption is, noteworthy, thP 
ca.~!' of thl-' two-coHntPr rnachinP SR2 . 

BdorP going on, WP. nteted a prdiminary dPfinition, which genP.ralizPs thP HSHal 
notion of injectivf. function: 

Definition 7.3 Ld f: INk --+IN, and I= { i 1 , . . . , im} a s11hset of { 1, ... , k }. 
Thten thP. function f is said to hP I -injective if (x;,, . .. , x; ) --/. (x'. , . .. , x'- ) 

rn T 1. 1 1. n~ 

irnpliPs that f( X 1 1 • •• 1 J:; , 1 • • • 1 :r;.,. 1 ••• , :rk) =/= f( X1 1 • •• 1 :<, , ... , :r;.m , ... , :rk). D 

Through a not Pasy proof, it can thus bP givten thl-' following cornp!PiP char­
actP.rir.at ion of the numbPring systems allowed by SR2 . 

Theorem 7.4 A number-ing system f!] is allowed by the two-counter- register­
machine if and only if for- ever-y k E IN 



I, - 1 .-•. -l 

• "'·k > 1 

• h 1 , ..• , h "'~ an• l'ompntn!Jl!• f1t.nl'l.ion8 

a:n.rl.i.hr•n · 1..~ a mnpptnq '~lk: [l,kj ___, [J,111kj .ml'h llwl Vj E [l,111kj 11 7 1:8 f j-

1.TI:JITI.1:111', wht'?"l {1 'J k 
1 (J). 

Thts n ·sult, lwsid t->s ht->in ~ important for its own , allows us to s tat e thP fcd­

lnwin~: 

Theorem 7.5 ThP Giirll'i nnmlwnn.rJ 8Y81 1'711 C: rl 1,8 lht• minimum (w. r·.l .. <l) 
Tll.mtolom.c· rt:nr11.lwnnq 8)/8/.t•m nlllrll ll'ri hy SR~. 

Hl ' ll<"l' , C: r] is less PXJwnsive than l ''llt' r~tJ ol.ht·r· monotonic ll11Jlllw rin ~ s .v stPIII al­
lowPd h.v SR,. 

:\s sai d pn•viousl y, t h1 • di ilracl••r of I'X<"Ppl ion oft hi s rPs ult is st rPn).!;t hr •JJI'cl 

whf'll '''" tr.v to s tudv what h;ip pPns for th e oth,•r rP~.;is ter machiiii'S, sinn• wr• 

hal'f' : 

Thi'OI'C'Ill 7.6 If n 2 :3. 1'111'77} 1t1171tlwnrHJ 8.f18 11'711 1.' nllc!1111'rl IJy SR, . 

il TI<I so h~· Tlwori'TII G.;J Wt' ob tain 

Cnrolhny 7.7 '/'hr·1·r· 181111 1111Tf711111i1IIOTtolrmu· Tt1 t711ilf•nnq sys /1'711 11t.1·. 1 <l fm 

/fu 1'1(}1.'/1'7' 1tffLcfl17/f'.' sn, Wftl'!t II ':1. 

T lw saTIH' happPns ~>lu•n t lllllilll!, to ;J]] t lw nt hPT llsiiid TIIHChinPs likP ' luriJJI!, 

111i1ChiTII'S , l'ost 111achint>s and so 011. FollowiiiJ.', t lw Sil T Ill' lwHdlint•s hPn ' pn •spnf t>d 

fen tlll' r••gist Pr Tlldc·hirws, It can IH • provpd t h;tl 

Tlu•or<'ITI 7.H /'!tnt '·'no 7r11Ttl71trli {1111/T/Oicmtc 111 no/} 1111111itn ITIIJ .~1js ln11 "' 1 I 

·1 fm 11'11.'/ 7/llld/1711
1 rbJTnntl fm!ll sn .. 

' [ hns , tlwsl' n•s1dts sho\\ that tlw struclllrt' of ;dlowt•d llll!Hlll'nng s\·sft ' III S 

IS 1''\tn•Jiltlv rich, snch not to allow t·C'CIIIOIIII«d t•IPTilt'TIIs '\P\'Prllll'lt•ss, tht•Jt> is 

only m11 l'nH wht>rr• thinl!,s ;n•· dJir,.TPTlt till' twt>-e·ountt 1 n ~Tslt r tn;l('hin,. (th•· 

si111plt>st illtl!t111!, I ht• rt•)!;isll'r T11i1ChinPs). For it. t ht•rt• is not onh an l'('ll!TOTIITC'<d 

t•IPTIII'ITI, InTI 1'\'t 11 llt1 rnost t·ronotHical on••. whirh turns out to hi' Ju st tlw 
fi1st JlliiTTI trill!; 111111tlu nng syslt'T11 int Joduc •·rl hy (;odd In c·tmclusitiiT, what 

st·t'TI SIITJII hem jllstlfil's till' fact that !'ill far illl' stud\· ,,r TlllTIIltt •nugs JHT .\1 has 

ltt ·t·n Jll·gl•·c tl'cl Wt' hal't' .~ hown that tlwir sinH tun is"" 1irh that Jt dot'S 11111 

allow l'f'flllltlllil'al t•ll'lllt'ITil'i TIT <liT\' CiL~I', lnll f11r IIIII' TTIIJHIJtanl I XI t pt11111, Whi'TI' 
it HnPxp••ct .. cll\' rt'\'t•als IITII' 11f Ku1t Ciid,l's jt w1l 

1 11t•r .. · .. ,.,.,y rnouh111•• ' lllt'•H' " ''"''''" tand.ud ru;u· lnn•· 1n tr udnn•d 111 tlu• lit•·ratun•, •·r. ;til 
th•• lllilfhiJw ito (!'l,IJk .11uf ( uwo•ll , l!17h, lfuprtuh and I !1111.111, 1'17'1) 
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Using quasigroups for one-one secure encoding 
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Ahst.rac t .. In t . hi ~ ;1rt.i c: l<' we· •IPJll y a lll l' i.l1 od for ··ncry ptin ).!, 111 css:tge·~ 

hasl'd " " t.h v IH<l p c rt.ic >~ ul t. l1 l' qun.~ i f!, ro nps. i\n:u rdill ).!, t. o t.lll' ana l y~ i~ 

givl' ll i11 t l1 c art.ick t.l1< · 111dhod i ~ • ·x t . n · n~< · l .v ~l'C IIrc. ll l'~ id l' th a t . til l' 
pl :ti11 i<'xt 11 nd it.s c: ipl 1< ·r t.t'X I arc · u l t. ll t' ~ll illl ' il' ll ,t.; i.h , il !ld t hc· t'I\C()( Iin ~-; 
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AMS Snh.iPl'l. C las,.;ifind.iml (l!Hll): •ttl i\rill, l iX I '~ '' · 211 N 11 :, 

1 lntrocluc:-t.ion 

l 11 l •ll iii,Y lll< Hic· rn ltti PI'II! ' I. riv ili z<1t inn lll lll'r' t.i1 :1 11 c•vc• r Wt ' :~rc· farPd hy t.llf • til'' d 

,f 1'11 ,.; 1 1111! 1 se ntrc· rnt llllllllti ratinn Till' sc•ntrily itt ilw ro tttltllltt ir:dtotl ts ttttpl <'· 

111• ttl< ol tlt llllll .\o t ltrolt)!,lt two 1.\ Jll '" .,r :tlgnrtl l1111" I Alg<ll'tl It ill" that " "' llltillir 

kc '" [:1 1:1 :L] (;1 typ1ral t' Xa 111pic· Is tlw ll'c· ll KIIIIWJI HSI\ algoritltttl) wlttrl1 nrc · 
appr"prt:llt ' for cdllitlf ' cnttllttlllllrilltolls and for al!l!!t'!ll iraltnll " Inti t lie ·" :u·c II SII 

:till " '"'' r"r fill IIIII' ('11 11111111111< .il tflll :L i\ i)!,nrtlltttlS t Ita I liS! SI'Cf<'l kl'~ (a I vptc::d 

<'Xil 111pl c ts till "" c·:dlc •d /)n/n !llciiiJIII!III ,0..,'/anrlllnl- /)/;,o..,·•[• l , I:L , Ill]) wlttcll 

Ill'• !l!ool't ' :tpproopri ;ilc ·d 1'"1 ootdttlt f'fllllllllllli< ·; tliii!I S l' lw PI!CtH!ttl)!, llt• ·iltcJtl 1\'t ar• 

P'"i'""''')!, 111 llti" l' ·ll" r 1 oil It• "' nlttcl lypc . 
(>I ccll tr"' ll'itt·IJ lit ' :tr• • dc ·: tlttl)!, willt lltr • algnrilltttJ:- willt sc·crl'l k• •j, fill< 

Ill'• d :- <t sr·ct tr • cltalltl<'l !rot k• \ I l'lllt,.;fc •r .ttld llt.JI prohlc •tll c·:ttl !11 • "" '"' 'd li"ill)!, 

"" ill• nlgcoril lttll willt plllllic kc •y. ( '" tllllillllic;JIJ<t!ll\'tllt "'err·! kc •y 1111plio •s lit:ll f111 ' 

t'\t'l~ r'flllplr (111' g1'1111p) tlt:tl \\'dill :- il "' 1'111< f'fllllllllllllf':Ciillll. :t I<I' Jiilildf' 1-'t f'lt I 

kr ~ -. ltnttlcl !11 )!,<' IJ •'rllll'd Hl!ci lilt lilfi!IZ< 'd 

J'Jt, IJJ• 'llt"d 11• ,J, ,..,.,till' Jt, rr II S•'s :-c·rrl'l k• y llt<tl r• •pr• •:-••ttl a qtta ~t)!. r"lip 

r qdt• 1 ill f;wl , cpt:tstgrclltps lt:t\• ' '' 1~ Jl st• l'ttl propPrtic ·s wltidt can J., lls• •d '"' 

c·niJ'ilrll<tiott crflutt•·li"til' for • tJt ' typli"tl :tnd clc·rnpllott ' lit• • prrohJ, 111 ••fnhlatrl 

i111; ~o uil.tl•l" 'l"a"igronps is :cl~" c'flllf'idc ,, .,J i11 llw art tclc • (i) wll!'t•· tl 1 ~ !-i lt<J\\'11 

lt<JW j,! IJ'>ill)!, l1>11l11JII:- "' 'JIJII SI)!, f<JIIfl ", •lilt 1'0111 Jlittdllf'• (lll)'i cfiflc i't Ill tjll:!,i 

g r .. llps 1111 " '" ' rt• ·r "r P"~~'''' 11 II • r• \\I " "'' ,, ntculili• d lf ,dJ .d~;ortllttlt (ti] '"' 

1' - 1 ~,; 
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p;<~ n c r a.. i . ing ·n x 11 Latiu ::>lJ IIC\.res a nd thel'f' ;ue a.L least nl(n- l)'. . 2111 s uch 
latin sq ua res. Clearly , ;my Latin squarP ran he viPwf'd as a lJI Ias igruup, and vic<" 
V<~r ,; a .. V\le a l,;o IJWI1 Liou lw re t·.llii.L [5] contains a ITlPt.hocl t. l1 aL can lw rPcl ucecl to 
t.il<' o w· considf'red i11 thi s p;qwr . 

2 Basic mathematical definitions 

Here we give >'01 11<' h<J.o; ic tJOtion,; fnr quasigro11ps. 

Ddiuitioul. A qn <-t.~ i gro 11p i,; i-1.11 algrhra ((J, *)with ow-' hiu a. ry o per; tfinJI ,;;tL­
isfy illg t.lw law (\fa, {, E (.J)(31:J:, y E (J) a * :1: = b 1\ y * u = b 

Ddiuition 2. A /.: x n L<LLi 11 re'c f.a.ngl e on an a..l plw.het. A = {a 1 , .. . , a 11 } i>< a 
111af rix witb P.Htries o; ,j E A, i = J , 2, ... , k, j = I, 2, ... , 11 s uch th at each rmv 
;Lncl <"ne ll co hu1111 cnn,;i,;f".s nf cliil<-' 1'<' 111. r-' l enH~ Jlb nf A. If k = n we ""·Y a Ldiill 
o;q ll <l.l'<-' in ;;t.ea d of il l,a f.in r<-'C f".anglc·. 

If. i;; c!P.ar t.ha.f. if J\ = {rt 1 .... , o.11 } i;; a carrif'r nf a qua.sigroup (A , *) t.l1eu 
it.;; C<ty l<-~y t.ah lt> can he co usidc~ re cl as an x n Latin square, nnd viet> vnsa. This 
corrPs po nd t> nre a.llows us tn llSP a ny ll l<~f . h od of const.rn ct.inp; a. Lat.in squarP for 
nht.ai11ing il qur~sigro11p. OnP sncb nwt. hnd gives 11 s a rorn ll a 1· y of t lw we'l l knnw11 
1-'- Ball' s t.henrelll ([G. x]). whi ch o;t.a.t.,,, tba.t any k X 17 La.tin n~c t.angle catJ he 
c xf.<~ndc-' d t.o a (k: + I) x 11 La.t.iu rc~c f".a.ngl e, for ea.d1 k = 0, l , ... n - l , a nd Uw 
<' xt·.,~ nsinn ra n he· ltJ<tdec in <ll. l e-~ ast. (n- k)l ways. As a. C.O il SP.CJl!<~ ncc~ we ha,vp tha.l . 

t.lwr<' are <1-f, IP.ao-;1. 11-'(n - l ) ' ... 2' l' 11 x 11 La.!.in squares ov<~ r au a. lph;tlw t. wit!J 
r<H dinalit.y n . A t.ah le of the-' IIIIIJdw rs of f.h<' n x 11 Lat in >'CJII a rcs fo r n = 1. _ . , 10 
i,; give' ll in [ll] 

Proposition 3. C:·i ·nr11 a qno.siqronp ( Q , *) defin e rt. binary oz>r.m t. ion \ on (,J us 
follows: .r· \ y = :: <::::==? :1: *:: = y , for all :t:, y E Q. Then th e qro?tpoid ((J, \) zs 

0 

Definitinn4. V\lp say thai. t he-' operation\ is clna.l to *, ami t hat. (Q , \) i ~ a dw:d 
qua.sigro11p f.n (Q , *)-We' i\.lsn say t ha t. the-' a lgebra (Q , *·\) is a. qll a.sigro np (-an 
ex p;,,n,;i o ll of (Q , *)) . 

Proposition 5. [I] Thr q·lw.sigroup ( (J , *, \) salis flr•s lh f' following idndilirs . .r: \ 

( :r * y) = y. .r * ( :t: \ y) = y. 0 

3 Description of the method 

Lei A= {rr.1 , a:.!.--- , a,_}(n ~ J) he a n a.lp ha.bet, and ld (A,* , \) he the quasi­
grnllp clcfi.twd <lS in t.lw prc·vin11,; ,;cx tinu. Denote by A+ tb e set. of allno iWlllpty 
words of t.lw a. lp balwt A. Del i ue-' two unary op e~ rations f . and .f\ on A+ as l'o!J ows: 



I' - I ,;q 

Ddiuit.i()u G. L•·l 11 , F . \ , /.· I. 1'111' 11 

f. ( 111 lh . · · IIJ.· ) = I' I "c · · · l 'k 

~ 1'1 - ul I 111 . 1'1 + 1 I'; I 11 1 +1• i - l , L ..... .\·- 1, 
( I ) 

.f\( u 1 u" .. . u,.)- 11 1 ''" ... "A· 

~ IIJ- 11 1 \ 11 1· ' '•I 11 ,\ "i+l· i - ! ,:!, .... .\· I . 
{:!) 

\\ 1 ,.;; 1_1 lll'li lllt ,.; j\li1Jdt • (, \ l,\.u 1,f. . .f\) 1,.; 'I <JII;J ,.; i).!,I'IIIIJl ripJit'r t>\1'1' lilt · 

"''"1'11>< ·1 \ . 

Lt'llllll'l 7 . If ( \ .I.\., , I ./ •. ") ,, II lfll!l'"/'11/lfl I,,,,, I 111'1 ,. '"I "''""''"' 
ia1 11 11 f.//, 11 f \ • f. I 1 -1 11 '1!1 11 I i + 1., /1!1 u/1 "'""'""IJI "" I t- 11111/" I-' 

f/11 I 111/lfll"lflll/1 11/ 1/lllfh 

f',llu/ 1.•·1 " • f- I . .1-

.f\(11 I'J.· II ' I ll 'k 'I' I \1' II \\'c ' 

Ill \ II II', t-1 I ' I \ 1, I I· r" 1· I 

Ill \(Ill I Ill) "I· II ', II , ., \ ( 1', 

Ilk) 

il :llt ': "I Ill 

I :! .. . A-
I 11 •1 1) II, t I 

II I · · II/. , ./ \ " f. ( II I .. II k ) 

I 111 , 1' 1 Jl 1 1 I 11 1 t t. II 'J 

Sn I>\ l 'r"Jl"si J i.,ll ~>. II 'J 

r.,,.,. 1.:! .1- u 

\.,\\ II IS IJII!lt • l'lt <II J'it>lll l ,t 111111 ;1 tfJI;tl \1'1 I : 111 l :d\t ' f , f . ;1 ,.; ;J II t lll't>dill)!, 

l1111 • llt>ll . :111.! f,, ./\ "" " tl •·1 """1", I'II IJ <'llt>ll. l'"r <'llrip l ~t • rill )!, :1 11d d ··r q>l1• 1111 c, 

"''I dll ;,J pJi ;dH ·I \:1111<{1 , II II I I 1 Is o1 pl:1111 lc \I, 1111 ' 11 f, ( 11) 1" lh I' IJdl< 1 

I • '\ I , d II cl ; I,.; II < l1; 1\ o I c II ./\ (./ ( II ) ) II 

/111111f•/1 / I .e I (11 , /1 I') dllcl lc I ill<' tpl;\s i).!, IIIIIJ> { \.I) I 1. ( \ ,I,\) !11• d t· lill< ' d 

1<1 ill< ' l'; dllc I . l ,t•l II II .111.! II 111'11111111/JI'll '1'111'11 lilt ' t' ljlll< ' l' It \ I cd' II I" I' 

I .I,, I 
flf I tl II t./11 <I II 

'J';d>l" I I lc• 'I"·' lt.;lctiiJI ( I.'·\ I 

• ,, ,, f 

fl ,, f fl 

,, f ,, ,, 

I , I I~ l 

'l'' ,, ' 
. , f ,, ,, 

''I''' II I fj /, 

4 Soil II' propt•rt it•s of' llw lltl'l l10cl 

\1 Ill I \\< ,J/Ioll(duo It I hal l(lt tl11o\t' 111oii1111J prt~dlll't.., 1 I'JjlbtJ' It XI Willi lh• 

1111• l·u~lh ,, II•• ph111l• ·1 \l"r"'''• ·'·lrliltll•r"fllit l'l.lllli•X' 1"'11""'"' 

(,~ 111J.d• (, 11 • I ollltl Ill fu I lbt o lit 111111).! IS •I .1 II• lllll ll'llllr ' IJI 'tl tilt' 

n .1 111 1d1\ 1111,.. Ill• I h .. ,J 1 .qopr •ptl.tl f, 1 ,, Ia I 1111111 • • 111111'•11111< 1111111 \\ htJI 
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cnrnputer realizat i o n ~ a.r<·' co u ~ i d·-~ r <' d. in cornparatimw with DES algoriUuu which 
1 1 ~es seve ra l rOil!1cls of sintp lP co rn puta.tions , this mPt hod net~ds only access to 
i.lw IIIPlllOry. 

Ano tlwr nice property of this nwtbocl is its rolmstHess on Prrors. Na.m~~ l y , we 
bave: 

Proposit ionS. /~ c/11. = 11. 1·11 '! ... 'Ilk E .4+ li e a. plam tn:t. 1> = f , (v.) = u1-u:; ... v~;-
ils , .. ;J,iJ.r ·, l.eJ-1 and 1'

1 = v , v" ... v;_, u;vi+l .. . Vk (v; E A) . Th. en 

fur su111r u.; , u.;+l E A. 

F'nw/. lt follnw;; directly rrf' t.l w def'iHiLiull ur Uw decod iug function .f\. 0 

The last. pro1wrty impli es Lha.t this method can be ltsed fo r design in g senu·e 
da t.aha.scs , the sPcur ity heiug levelled a.t !.he c.0 11tents of th e fie lcl s of a database 
[9]. 

As Wt' already liH'.uti ou<-' rl , t.hi :o: rn et. bod call he used for nnlinP digit al row­
lllllllicatinll,.; wlwre da.t.a a rP rr-·pr<cSeltf·.rcd by K hiLs, i. e. W<' take l.llP n.lpha.bet. 
A= {0, .. . , L5fif. lu that. rase tlw re Me a.t. leasl. :Lfi(jl:lfifil. · -2'l' > 10'"'1100 quasi­
gt'<llljl':'. Nnw . s 11ppus r-~ th a t. cUI iutrudr-~ r knows a cipbn· text. v = v 1 ••• uk = 
.f.( :1:1 ... :~:~:) , wlwn-' ·"l ... :q, re pr"~e nts Llw unknown pl a in te~x t. Then for rec.ov­
erin)!; !.he quasigroup (A,*) , whirh is the key of the encoding met.bo cl , hr~(sbe) 
sho uld so l v<~ a syst.<-' 1'11 of '"qua.lit·,ip;:; of thr' form: 

., I =a, * .c1 

'll:z = u, * ;I:" 

'llf,: = Vk- I * :q. · 

B11t. , t.IJP a.hove systPnl of P(! ll a. li t.ie,:; h <LS as Jll>~.ny so l1tt.ions as t.bew are qua.,;i­
grO IIj lS of' flrde r :l5(), which rn eans th at the method can ,; uc.cessfnlly res ist. on the 
hr11 te force <d. tack. 

! lnfort.unal.e ly, if an int.ruder knows both the plain and the cipher t. <-~xt , 

lw( s lw) can easily recover the quasigronp (A , *)- To avnicl t his weakness of the 
method we propose two (or rnOI'e ) quasigronp~ as a lwy for the encodin g. Na.rnely. 
lf't (A, *) and (A, *' ) he t.wo cldferent and not rnllt.ll ally clued qu asigro11ps, wi t. b tl1e 

co rresponding qu a.s igroups ciph ers (A , ,I 1 , *,\ , .f*, .f\) ancl (A,a~ , *' , \',.f*' , f\'l­
T iwn a;:; encod ing aucl decodin g function::; we take 

f ,. = _r,, 0 .f,, .ftt = h 0 ./\ ' · 

Now , if i'.l !E' plain t·,pxf. ·u. = u 1 . ·u.~: and its cipher text. v = v r . .. ·u~; = .fe ('u., ... Hk} 
are kn ow11 , for 11nding the key cousist.ing of two qu a.sigroups (A,*) and (A.*') , 
thr-' intrud er should solv<c a syste l!l of eqnalities of the form 
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I ' I u 'l t' ,,. , , ' ''.! = I 'J ,' ,. ._~ . .. .. l ' l · = flk - 1 ll .l' k , (·I ) 

ll' llt ' l' <' <11. u '1 . . r 1 . . . . . .1 '1: :11'1 l lllkll "\1' 11. II' (:l) :111<1 ( I ) <1 1'1 ' ('tl ll >' id , · r~ · d ~~ · p : 1 1': 11 1{\', 

1111' 11 :1 11 .1 q 11:1,;ig, l't1 lll ' ( . 1. 1) ( i .1' . (. \. 11
)) i,; :1 "" 1111i 1>1 1 ol' (:l) ( i .1 •. ( I )). ll11l . 1111 1 

''' II p:1ir .. r q l li l " i ~ l'llll\' " i,; ' ' "" 1111 ill ll o l' tl w "·"" I. <' III ol' <' q11 :dil i< ·s (:1) :u 1d (·I ). '!'Iii :­

'''' '' ''' " tl1:1l if' <>l it' 1V :111l ,; !.11 ,;tdl' t' !,\It' :d HtVI' :-;,\ ' :-; ( <' Ill of t' q11 :1 \it il',;, \~t • (:·dlt' ) ,; l lll ll\d 

' '' """I' "'' <~rl , itl·a r .l ' q 11a:- ig, r"' 'l' ( . I . 1 ) . a11 d a l'l <·r ll t: ll 111 l' l ll'r k il' tl w <' l(ll:dlli •·:­

( I ) a ro • " " ' i,; li l·d ill "" lil t' t (ll dS I)!, I' Il ll jl ( I . t 1
) . or ('tl lll' ,.;c · . II II I ' 111 <1.\' !i ll( )!,< ' ll t' l' il l l' ill<' 

ll ll ll lt• ' l" ' "' i)!, l' ll lljl ( . I . t ) 1'111' r l wl' kill ~ t i lt' ,.;: lli ,; li a hilil..l .,r ( 1). :-; illl 'l ' diil ' ill )!, tilt' 

('1' >111 '"" od l ll 1ildi11 ~ 1d. ( . I 1) , :-; il ii ll\i :lll l 'll ll s \.1 1'<1 11 \, , • r \wr k1·d (•I ). 0J< ' I <' I'I\ w \l'"" · 

" " ' ,., j, , ii\d l ll<~ko • " " lll :t ll .\ : lll t ' l ll jl l ~ ' ' " 111 •' 1' <' :11·1 • l( ll: ts igrn ll jl" (. I . I) 

II 1·1 r 

11. 1:! 

!1 . 1 

II .W' 

IIIHi 

II 11 ·1 

II I I ~' 

I,! 
II 

' ~\/\~, 
L 

II ~~ ~~ 11111 I ~I ll :wo :! "Ill 

Fi ;.:, .l. lh , ttd ol!ll t> ll .,( oh .ll .lolot-. lt> ll!ld 111 " ' " ·" 1'1 -:.\ It\. j-.oo lu l l11w).11 11 i lh • dt , ltdll t 

1!10 11 ., ( ( ""', , It,, ' " """ Ill II ' '' I''" ' It XI (.\li l t """ ' I 

1\ 1• r•:- l,. l <l lltt " f1l 11 lt it' ll uod •>ll s i :IIJ i tt. d : illa l·ksst•t lll"l"l" \tl\ wt\1 l 11 

1)!. '"' 1 "'' I • 1.1, ·. · u t lh· " ' 'l ll hllllllll""'lh• ,·h .... .. ,.t. I " .. r ''"1"1" ' ' x1 . 11 1.\ .. r 11 ... 

•lj.\1 r I• XI .11111 t h • lll ll l 'lrtll cll:-;lrdnlll"ll ,,f t h o r h :tl ol!' l c r:-; nl' 1111 c qd lt 1 l o XI i,., 

, 11.!1 111 \\·, 1111l• 1h:d lh• """'' 111111"'"' dls ll !iiiiii'IIIS "" lll!<'d 111 < \l'l'j of 111•11" 

111.111 IIIII I,, .. filii• "'' \\1 ll ol\1' llloll lt I ho '<llllll I'"' II >lilt llol .O (' jll HI ... whl II p.olr" 

·llld llljtltt ..... rch 11 . 11' 11 I" ol l t '"ll"l"• rod 

l in ('1'""'' ' 111 ttf t oll.,lllld Ill)!. ol I Ill f"lll op111'1)!.llllll• of nrtlt f II I" t ' '"~~) 111\ 

,.f,lo l ula•l \\t t. t llj'l'lldll• lith o1 •(ll·'"'h'"lll' lo1 111-111~ lht .11).\"rJIIIIII f.,r f111tl111).\ 

1 I• 111 of dill'• r•lll ft ('f"" lll ' lll\t ol a f.1111d~ ol ' Is If, J 
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5 Conclusion 

l.n t.b is a rf.ir lf' we descri bed ;1 rrwf.ho d for Pll cip lwrin p; rn Pss<tgrs f.haJ. rr ses f.nu rs­
l'orrnal. in rr s deii rwd hv qu ;l;; i,t!J il11ps. T hP ru d lw d is r>x trernely rrs isf. ivP •m 1·. Jw 
hnrl.<' fnrc< ' "~' an y s l.at.i ,., t.ica l a.t.I'.;J.ck, "·" wdl as hy t he at.l.ack wl wn both pl a irr 
<~ . rrd r iplr <' r f.ex f. a.n ' ku mv u. Besid e f.llal. . it is robu st·. 01 1 erro rs . En ciph e rin g ca n lw 
do rw VPry fasl. a ucl t.lw co rr<'Spondi ug ciph er l.ext ha.s the sam e lengt h as t he pl <:oi n 
i.<'XI . lu pracl. ica.l irnpler rH:~ nt·. ;t.l . i o ns it p;iv"s ciplw r tPxts at t he Oll l'.put. t ha i. h as 
111 .1 ifo rnr di s I ri bnt.ion . T he rne t~ b o cl is pra.rtically i 1 rrpl en rented in p rugra r nrnill )!; 

languag'' ( ; !'o r nn li rw cn rrrrrmni c <~ t i o n as ;111 u t ili ty fo r UN LX. 
VVP rr ot.l' t ha t in ,., f·.P <~.d of qu ;l.>'igrn rrps, une can nse ldl ca!lc,~ l a. f'.ivP fini te 

grm rp"ids ( f1 , *). s in ce t.lwn t. lw erpraJ.inns rr. * :1: = b bas t.lw rrniqr JP so lrrt.io n 
.t: = 11 \ b. l.l nl'w'trm ;o.t ely. in !.Ir is casP had s l. a.t is t.ica l prop erl·.ies may app ear . 
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A b s tract. T hi s pap vr dt · al ~ wit II :111 inl.q.;v r invari :u11 u l g r:t.ph s w l1iril 

IV! ' ~ h :dl r('f<'r 1.<> as tIll' inli11111111 o l :1 g raph : inf r: := lll ilXIf <c; h( II ). 1\ ft .e r 
:1 hi1 o llll l) li vat.iu ll , we· prl'M' Iil a11 U(11 2 ) :t lp,o ril.linl 1.() co n~p nl- <' inf(,' for 
•Ill arhil l ilr,V g raph(,' , 

AMS S nl>j•:ct. C lassili.c :d.iou ( l!JfJ 1): ll !i ( ':-;!; 

N ot.aLion and Prelimin<\ries 

'l'ilfilll ).!, ill >lll il w pap Pr . h.1' :1 '11"1'h II'< ' ll ll'illl a ''"'ll fr 111111rl171r-l1rl fi"''' qmph 
11 ' 1!111111/ fool" C:iVI ' II il p;ra ph (,' , I ((,') cl1 ll lllt •,.; I ll < -~~ · 1 ,[' Vl' fii C't 's o f'(,' w l1d 1· 

/ ' ((,') d c•11 o l c·s illl' sl' lol'c •d p;<'sl) f (,' Ltl n((,') 11 (<,')! iiiHilll((,') W((.')!. ll .Y 
11 1 ;(1) we · "' ' '" ' '' tlw dl' ).!, rl '<' .. r a v••rlt •x ,, i11 (.' Till' s 11hsrri p1 1s II SIIall y n 111ill <' d 

if ihc l'll iii <XI Is ll ll :t iiJi >IJ.!,IIII il " i. l' l h((,') ~ IIIIII , F t (1; 111(11) Jly il Sllh).!,r:tjl h WI ' 

1111:111 """l>p; ro~ph 11r lh• 1'.1'' 11 p;1aph lllcilln •d '" " -• ·1 ·>I· v• rl1r• ·,., II (,' ,.,talll l,., 

!111 " // 1s a >- llh p; rapll , ,. (,' 1111 ~ I((,') , (,'[II] d• ' IJ <ill 's tlw ,., IJil ).!, l'iljlh "' (,' 

ind11n ·cl l>y II \,P I ""h(,' {// II < (,' 1\ 111(1/) > !Jf . 1,,.1 ,.-(<,') dt ·n ol<' tlw 

t lll ll lll d ll l 11111111 11'1' o r( ,' Lc•l , f I U·' ) he • :til illlllll'ill'\ \('J' Ic•x (,' " li'i d J.; l'aph 

l>h l illlll d il-<1111 ( ,' h~ l'<'lll•l\111).!, t l1c vc 1 lc •x 1 .uttl a ll t l11 c·d p;• ·s i111' 1d P1il 111 ,, A 
I< ill''\ (I f= I((,') IS 1:-11\:111" Ill lit;{ I' ) -= 0. 

Till" pap• 1 1'11 11 '-idc •rs an ilil< ' ~<' l 1111 <11 1:1111 nf ).!,liiJi h" w l11 ch Wt ' :-;ha ll r• [, r l11 

;1, ({,, 111]111111111 11] II IJitiJifl' 

j II f ( ,• II Iii X/)( II) 
/( I, 

Sc • c ' ll<~ll 'L jj,,.., .,,.,, r;tl ~ l :tph · th•-~~1•11< ' 11n111111" I hal arc · l'llllll<'f i l'd lo the llillllllllll 

<If a J.!.I"Jih :tlld J-;11• '" th•• lll"li\'alillll f"r lh• r• 11lt Sc ·c· tinn :l prc •sc •nl. a ()(II') 

al~·~ritlllll lc1 ~'~lllljllll• • inf(,' f•11 ; trltitrar~ ~raph (, 



P-164 DRAGAN !vi ASULOVIC 

2 Motivation 

Playr-~ rs A and B play the following game: each play(cr is given a copy of a graph 
(i and player A marks an edge e* E E. P layer 8 is required to nncl the edge r* 
by a sequence of test:o; . Each test is a set S ~ \1, and the answrcr to a test is () if 
r* n S = 0 or 1, otherwise. Let c(Ci) he the rnininLUm number of tests required 
to find any edge iu C:. A graph G is called almost 2-optimaJ iff 

It is proved in [ 1] that. a graph 0 is almost 2-optirna.l if inf 0 :::; 5. 
The algorithmic nature of search problems on graphs is, however , sharply 

contrasted with a "non-algorithmic'' definition of inf G. This contrast initiated 
an attempt to provide an eflicient ctlgorithm to compute infG. Before we tnrn 
to the algorir.lun, let us look at a few more graph-theoretic concepts which a re 
connected to the inJ-irnurn of a graph. 

The vertex-arhoricity, nv(C;) , of a simple grap h C: is the minirnurn cardinality k 
of a partition {W1 , ... , !iVA:} of If( C:) with t.lw property that irtdll('ed sub graphs 
U[W;] a re forests for all i = 1 . .. A:. Similarly, the edge-arboricity, rt e(O) , of a 
simple graph G is the minimun1 cardinality e of a partition {F1 , .. , F!} of E(C;) 
with the propert.y that induced subgra.phs Cr'[FiJ are forests for all j = 1 . . 1 
c;iven a graph G with at least one (-~dge , in [2, 5] and [:3 , :3] the following boundc; 
for a,,((;) and ne(G), respectively, are given: 

, linf GJ a,((,) S 1 + ~ and f 1 + inf Gl 
a , (G) 2': I 2 . 

In [4 , fi] one can find the following upper bound for the chromatic number of a 
graph: 1.:(G):::; 1 + inf G. 

3 The Algorithm 

Given a graph G with m.( G) > 0, let o+ ( 0) denote the least positive degree of 
a vertex ofG, i.e. o+(G) = min{5G(v) · v E V(G) 1\ DG(v) > 0}. If m(G) > 0, 
then , obviously, inf (; = JYJax{o+(l-!) : H E sub G}. 

We shall now present all other approach to inf c; based on a sequenct' of 
vertices of "small'' degree . This sequence can be easi ly det(ermined. As W(, shall 
see, considering such sequences suffices to determine the infimum. Let us start 
with a technical definition. 

Definition!. Given a graph (,' with at least one edge, consider a sequence of 
vertices vn, .. . , Vf and a. sequence of sub graphs An , .. . , At, Ae+J of G constructed 
recursively as follow,; : 

(i) Ao = G 



A N AL<:OHJT II ~ IJ< ' APPHOA<: II '1'0 T il E INFIM IIM OF A li i{JIP II 

(ii) II; is a ny Vl' l' t PX or A; >' ll (' h t hat h ,l , (ll; ) = n+( ;\; ). i = () . .. f 
(iii) . \ ,+1 =. \;- II; 

(i1 •) 111( :\ r ) > () :1nd 111( . l r+ 1) = () . 

f' - J(i!i 

!\ Sl' liii<' IH'I' l in , ... ' li p is n lil l'd hll,;ll - sl'qll <' ll ('!' or V<' rti rt' S, whi iP An . .... Ar , i \ f +l 

is c:IIJ ,•d h111111 - S<' qll<'ll(' f' of' Sllh)!;n1pl1 s 11f' (,'. VVP say that l.lt t• l.wo SPqli<' II ('PS ill'<' 

('(I I' I'< 'SIH111! I iII )!; . 

Nell .!' tliill. h 111111 - Sl 'qll< ' ll <'<' ~ a r<' 11<1!. uni tpl t> . What. fo llows IS a IP111111 a. w hi ch 

(' lll lll ('(' b; hm 111 - SPqll<'ll CPS o l' Vl ' l'i.i rP,.; with Sllh)!;1'<1phs o f'(,' , 

Lmutua2. (,'u•t 11 a .rJI'II]Ih (; 11 •1/h at ! ((lS I o11r ulyr . a1'i)l/1'!t7':tf /) 111111 -srqnrnrr 
1•11 •.... 111 of 11n-lu·r ., of(,' onrl rt subqm]Jit II of(,' , t/u·7·r I-' rt'll mlr·.r~r · t · ~ · E 
{ () ' ... ' I'} "II r'!t I" (L I II k E' \1 ( II ) (/ 71 rl (~ II ( II k ) > () . 

/' mu/ . H <' III<IV<' :dl t.l11 • isnl :ll.<'d v•·rti r<'s l'ro 111 f1 i liHI d< ' IIOt<' t iii ' II I' W gn1p lt wit h II' . 
O lnoi t lll >' ly. 111( II') - 111( II) · () :111d II ' E s11h ( : . I ,P I 11 s show I h at I lwn· is 

il \ '!' I'll ')\ "~" SII CII i.llal I'J.- ~ \ ' (II') Suppm:•·. llll I lw (' ll lli l'ili' ,V. I il :l l \ ' ( II ' ) n 
( 110 ... llr } - 0 . '1'111 ' 1111 ' ~ (; "" "' . l l t l· ll•lfln( , \ r+ l) U, whiiP 
Ill ( II I ) > () . ( . I) IIi I'; I d I(' I i I 1 II 

It Is now l' il SY In >'1'<' tl1 :t1 "~" E: \ ' ( 11 1
) i111p l i• ·~: l 'k E V(ll) :ul(l l> 11(1•k) > 0. 

Tht '<ll' l ' lll:l. /, d (,' /11 11 IJIIIJI!t 1111flt 11/ lr r1sl m11 rr/qr /, !1 ""· .... 1'1 /11 It 1'> 11 11 11 -

" Ifill li ft of 11< ti ll·" of (; aurl l.t ln. . 1r .. \ r 1 1 hr 1/u r·o rT r ' )11171 tlruq 1'> 111111 -

" Ifil l I ll I of \ ltfl.tfl"fl) l ft \ of ( ,' /'/1 1 II 

111f<,':..: lll iiX{h 1,(1;). I -= () /'} 

/ 11110 / . ( ) 0.., 11 1('( Sll h ( ,' _l ( \ 11 \ 1 } , \II lt .t\1' i111' ( ,' .> ll lilX{/1 4 ( 1\ ,) I -

() . If - 111 '1X(Il 1,(r) i -:: () .. q 
( ) F ir~ I I) WI' sh1111 I h :lf fi11· ••a•· h II ~ su b ( ; tl w n • Is il ll 1111 <').!,' 1 J s u r l1 I !t a t 

,~ t ( I I) :_ /1 1. ( 11 ) \\ ' I " ).!, \\< ' r', \1 1 :1ss 11 111< I !uti II h as 11 11 1sn l a t • d V<· r t l l'<'s. 

' ''"idln)J, f " l ' ' l ll l llil'l.lh•n· isallilll<')!,<'l ~·s l l cllt h :li 1'1 ( \ ( ll )a nd hu("k) ..> 0. 
I • I .1 1,. I h• ' 11 1i111 11111111 ,of all I h""' ' k's \ ' ( I I) (l { ' '•1• . , 1; - 1} - ~ <1 11d II ~ 
(, r· 1 I ; 1 .1; l'r111111 JE \ ' (II)audll//(r •1 ) >!lllll<'<'a~i l ~r· ll l l<' l lld<•s 

1ha1 to 1 (II) :_ 11 11 (r 1 ) Si11n II I; w• · h:i\r ' hu(r •1 ) ' h, t ,(111 ). 

' l lwl• ' lllll , r .. l <'l llh II sulr(,' \\"1' halt ' II'"{ II) ~ lll:tX(h,,,(t•, ) : i = 0 ... 1} . 
Taklllj.!, I h· 1110\Xillllllll <Jf I h· I· It hand :-ldt nr Ill!' in··qllaiii,Y 11\( I ;dl II (: :-;ulr ( ,· 

\\t )J,<IIIJI(;_III.!X{II (11) · // :-nlr(,'}<lll:tX{IIt,(V1 ) r - 0 . . 1) . 

' I h• I''' vi1111~ tlu"r< ' lll 1,., l' llaij.!,hl f<H\\;lldl~ 111tr•rpr• ·l• d 111 t lu f"nn11 ,f ;lll .d­
).!,111 II hIll 
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fuuetion in{( (: (,'m.y1h) cardinal; 
var 

d l:ardiual; 
., ·ncr! o: ; 

begin 
d := 0; 
while m.( ( :) > U do 

I! a verl.r-~x or(,' w il.h j·,lw least. pos il'.i vr ' deg ree; 

d := max(d, r\;( n)) ; 
(; := (: -I ' 

end; 
return d 

end inf 

The Linw-complexity nf t lw algorithrn is O(n") , where n = n(C:) , wb ich j n st. iii Ps 
t.lw acl verh "dl1cir, nt.' ' . 
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Structural properties of intersection types 

E111iliP Sa.va~, YlidiPI '\I!;,HTJy• 

Ahstract. y..·,. s111dy an ini PrS<"c·J. illn I.,YJl"' s.vsi.P III whicl< is a. rPsl.ricl.ion 

11f ill•' inl.c ·rs<"l'l. ion J_vpP clisc iplit<P . This rPs l.ricl.io n l<"itds l.o it p11rPly sy n­
I;IC ·Jic and nllnp l<"i<" ly c·llit racl<' ri z••cl lll>l.ill ll of principitl l.ypPS . l Js in K t.lw 

<''JllivaiPtiC'P i>PIWI'Pn principal l)]l <"S itncln orn mJ for111 S1 WP d PfillP <Ln f'X­

Jl •III Sillt l ll JH' r>tl.io n o n I.,Yp••s w hi c l1 a llows 11s 1.11 rf'I 'OVP r a ll possihiP t.ypPs 
f11r a n,v lll >nn a li za hl ... .X - tl'rlll . T l11· l'll nl.rih11t.i o n nf 1.l1is work is <L IIPW <L ncl 

s iii<Jll <'r clc·•linilit>n t> f 1l1 " " i" ' r;Lt.illn 11 f <'XJ>'Lns iot> ;Lnd 1.111• c! Psc ripl.im• o f 

ll~t• ' I r11c111n· o~f prin < ipal 1 I' Jl•'s 

I nt.roduclion 

In I Ill' a pproa('h of tltlfvp <'cl >. C'aln d11 s a.-; a tnod<•l of pro!!;rillllllllll )!; l;.lll!!;llrlf!,PS, 

C'111rv's 1\p<' svs l< •tn is th< · 1,;,,-;js "f tvpl' s.vs tPm s of pro)!; ramming l;ut)!;llil)!;PS likP 

\11. lnclr>r>cl. Currv's tvp< ' svs t< ' lll It ;~~ tltP prin ('i pal t.VJH' prOJH'rt y t.r•., for f'<t(' lt 

lvpahl r> >. IPrrn llt Pr<' I'Xts t s a l y p<' , th< • prttt('ip;d tvp<', from whi (' h WP nut find 

all p11ss tl 1lc• t\'jli'S for this t<'rnt. ll ow<'VI'r. this t v p< • svs tPm ha.-; SOJIII' limif;·ttiolls: 

polv tnorph ir ahstrartH>ns a tl ' not allowl'cl aliCI t yp<'s ilTI' uot ptPS!'TVI'cl 1111cl<•r 
j l'll tll<•r,.,tcotl 

leo ~11pplv a IVJII' S\'SII'tn th,il dOl'S not haVI ' th<'SI' clntWhrtl'ks, til(' tntPr,l'cfiClll 

II' Jll ' clis< tplitll' ha.~ lll'ln cil'\'c•lojwd 1 s111~' tntPrs<·< tH>tt tvpPs, l<'rtlls ;utcl tf'Tlll 

vanahl1•s <an ha I'<' tltllr< than 11111' I .VJl<' ' IItts allows pol vutorpltt< ahst r;td 11>11, 

<tnd l\Jl f'" olll' it!l'illiillll ltlldf'f j I Olll'l'tSiOtl of tPrtnS 1.1', two A tPrtiiS Wlti!'Jt ilTI' 

j I'IJ Ill \';til' II I lt il \'I' t ht• Sil llll ' t \ Jll' \ Jort'OVI'r, 111t I'T:WI'f lOll t j Jli 'S d tilTill'f Prt)'f' li OT· 

nt altl<~ hlt • ..\ -t i' TIII ": a l t' tlll ts IIOIIIIalilahiP tf aud o~tlv tf tf ts tvpa hlt•. [ul l' rst>rttou 

II I"' S\"ili'IIIS art• I hPn•fon \I'll ' · pn•sstVI' . 

JJcl\\1'\'11 , till' (1111'1' of thiS I'XJIII ,_,:,IVI'III'SS IS thl' JosS of tl11• pr1111 ljlitl fV(ll ' 

prc>pl'rtY 111 tl w d;r.~sllal SI'JJSI' \sa lll a lt l'r of fa<t , iu ordl'r to fiud all possthlc• 

IVJII'S 11f il II'TIII [JOIII oiiiiiiiJIII' 1\(11 . WI lllllSI holl'l ' III OTI' tltilll jllst sll hs l llllf HHIS 

lu 1'1 1, 7. 1'\] a propc rlv whit h ts sunrlar tot lw pnuc1pal tvpl' propPrty 1s prov. ·d 

h\' .rddiu~ 111'11" lljH'IilliOIIS Oil l\' jH'li. ' J 1!1 • lllllSf iiiiJlOflilllt illld the IIIOSt I'O IIIjl ii'X 

of thc•s1• llJH'I•IIious is llw 1'. p.tusiou whitlt is ••S.o; t•u t ial for tit< • t_ypt • iufi'TI'Il<l'. lu 
lac I . •• Jl·lll sill lt is ;1 <"IIIII pit • "l"'r:rt 11111 1111 p.t irs. ,\ s S. \'ill I Bak1 •l P ·plaius iu 17], 
t lw 1· pau si1111 of a ::.u lt · f<'rlltfl of a h 'Jll' 1/ rt•plan'li th<' <HTIIrTI'IH ~ ~"' 11f (J iu (1

1 hy 

a 111111tiH'r of l'opito:> 11f tltat suh·f1• rlll . T" lw appli•·d au,. pausiou IIIII Kt tltt •r<'fot<' 

spt·c·i f\' thl' IVJ>I ' to lu• I'." Jiillldl'd aud tlH • ltiiiiiiH•r 11f 111'1 I'S.o;ary t·opi<os . 

' I•,JH.td {F.mil il! .Sayap;,Hich!! l.Hauny}Ci nria . fr 

I hi 
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Iutui ti Vfdy, Pxpansion corrP.sponds to tlw d 11 plica.tion of <1 su b-dPrivation in 
a. dP.rivation trP.e. So it is not emmgh to duplicatf~ 011e typP: WP. must also copy 

all thP types of this suh-dPriva.tion. Gntil now, this point was tlw so11rcP. of 

tl1e complexity of tl1e definitions of expansion [2 , 4, 3, 7]. EvP.n if the llP.P.r! of 
duplicating rnorP. than OI!P. type is well undPrstood, the dP.finition of the set of 
typPs to be copied , is still a. diffic11lt. prohlPm. So far, no conviw:iug justificatiou 
has beP.Il given. 

In this paper, ir1 order to fill this gap, we propose <L new approach to intPr­
section typPs. The work presented hen' is hasted on thP intP.rsPdiou type systP.rn 

introduced in [5]. This type system is a. restriction of thP one JHesP.nted in [l] 
in the sense that intersections occur only in tlw ld't hand side of arrow types. 
lr1 [ 5]. WP havP dP.fi ued a nPw notiou of prirH:i pal type, corresponding ex<tc:tly to 

thP notion of norrual form in thP A-cakulHs. Wte now extend this notio11 to all 

normalizable A-terms and 11sing the strHdHral prnpPrties of principal types that 

we provPrl in [5], we give a simpler definition of tl1P expansion opPration than the 

one proposPd in [2, 3, 7, 8], and a simpler proof of tlw existence of a. principal 
type for each normalii',able ,\-tP.nn. 

The general outline of this papPr is as follows: ir1 sP.~:tiou 2, we recall tlw 

type system of [5] and its ruai11 properties. In sP.diou 3, we dtefine thP operation 
of Pxpausiou and we give sornP of its properties. Tlw main result of section 4 
states the principal typP property for uormaJizable terms aud sectiou .5 givPs 

<LU ovterview of the relater! works. Fiually, section 6 contains a. few concluding 
remarks. 

2 The type theory 

For more dPtajls about this sP.dion, 011e can see [5]. We recall here only the main 
dPfinit ions and propterties. The set of typtes is dPfinted as the following: 

pET::= n type variahiP-
I [PI , . · · , Pn] ~ fJ for n 2: () 

We a.'isumP a couutahly infinite set TV of type variables . 

Definition 1. WP rlefinP the positi1w anrl n~_qativ~ occnTTences of a typP variable 
u in a type p by induct ion on tlJP structurP of p in the following way: 

- if p is a typP va.ria.hlP, tLPu tl1P. possible occurreucP of r.v iu p is positive 
- if {I= [Pt, . . . , Pn] ----> p1

, then the po:-;itive (resp. nPgativP) occurrences of o 
in pare the positivP (resp. uegativP) occurrPnces of n in p' and if n 2': l , tl1P 

uegativP ( resp. positi Vf') oc:currencPs of u iu p; for 1: = l, ... , n. 

Definition 2. Let p he a type in T and ex a typP variable. We say that u ha.-; a 
final occnn-er1.ce in p if one of thP following ca .. -;es is vPrified: 

-p=a 

- P = [Pl , ... , p,] ----> (1
1 anrl u ha.'> a final oc:c:urrP.ncP. in (1

1
• 
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f- .T' : f l : { .T' : (p]} (VAll) 

I t 1. fJ l: A, 

r- >,,,. ,,., ~ A,(.r)- p, ---:-:4 ,\"fr1 
' 

I 
I. 

1 , . , :(p ~, ... , p~]- p 1 : ..1 1 I t ·~: r'i :Ai ... f- r ·').: p ~ ;A~ 

,. , ,-~: p, :A , +Ai+ ... +A~ 
(n ~ 0 ) 

Fig. 1. lnfPrP JIC'P rnl!'s 

Defiuition :L LPI {' f T , th P :-w t Ln(fJ) of ll'jl. suh - t. r ~ 1 ·m.s of fl 1s d Pfi nPcl lrv 
indn ction on tlw s trndnrl' of{' , in til(' followin).!; way : 

- if /I ~~ . Ln(f!) 0 
- i r f! [f!t , · · ·, fJ , j -> {1

1
, Ln(fl) {{II , . . . , fi n} U Ln(p') . 

\V.- ;llso clr•finr • a 111 a ppi11 1!, 7)/111 Vrl'r fron1 ty pPs to spfs of ty pe• v;tri a hl l's. Thi s 

fnnC'Iio11 rl'fnms fil l' sf' f of t,v pr · v;lria hlr •s wiliC"Ii CH'C' liT in a ty pl'. 

DPfiuitiou4. ,\ r·m,shnw l 1'11!11.1'11/1.111.1' 11 1 11. is ;1 111 a pp ing fro111 tlic• s.- t V of fPflll 

va nahlc ·s t o til(' s.- t of nlldfi sC' t s of t v p r•s. 

:\ ,._ II Sll aJ, WI' C'illl TI'Sf rir •f f iJ C' drllllilill of il C'OIISf r;tillt C'liViTOIIIII!'!Jf : 

1\ \ {I }(,1/) { 
l{y) if ,1/ I I 

[] of hr •rwisf' 

w iii'II' LJ IS fill' II !lion of lllll ifi-sC'Is. 

Urwm~ \\ p 11sc• lllt ' f <~Vana hlt •s 1 , y , . to dt'liOft • tr •r n1 vanahl l's a nd o , 1 l . ')', 
!111 t\p l' \afiA IJll's 

'I hr • t y pe' a.-;sip; nrnc •n t n•blfiOII n•lating .X -tPrrn s, t ype's aud r·o11stmint l' u virou­

lllt ' rlfs, is dc•firll'd 111 hgun• I \\'p writ" tllf • c·ons tr;un t <'IIVITII!IIII' llll 'lll , \ at tlw 

11 g ht of t hr • rpJ;llltlll S\ rnlH 1l to lllslst <HI t lw f;u· t that \ is r·o rnpllt f'd during tvpl' 

111 ft rt ' l!ll' lllsft•;trl of ln •1 11g a Sl lllp lt• <~rgll lllt 'll t ,._-;i t IS 111 lii! Jrt' < I;L'iSt<al sys t l' l!I S. V\r 

noflft that in tli1• JIIIC' for apphr;llions, 1f 11 () tht •n tlwn 1s onlv o r11• prt' IIIJs. ... t 

111 fh;Jt infl'TI '!ICt• rHit• and tht ilTJ.\Illllt'llt of tl w •lppiHa fton do1•s not tntPrfl'n' in 
thr• dt•rt\'att<JJI, As an I'X:tlllpll', wt• c·au dt•fl\t•: 

1- .X 1 .A!I· 1 {,t/ 1 ) [n, [rl] r] !H ")' ; { } 
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--------- ----
lnft>r·(N) = 

• Cas!' /\" = .r 

let o Ju .. '' tiP\'\ typ~-' \'driithle 
r e turn ( n . { :r · 1 n j } ) 

• Case .1\· = >-..r.S, 
let. (p 1 . ··11 ) lnf,r· ( .'\" 1 ) 

return (.4, (. :·) - - ,, , , -\ 1 \ { r }) 
• Case /\" = :r ,1\·, .1\·., 

let {p 1 , .-11 ) = lu.ft-r( .f\"i) 

(p, . . -\.,) = ln}t-·t·( /\",) 

" he· a "'"'"" 1.'" p•· ,." ri" IJJ,> 
return (n. {:r · [lf' ' ' 

~i B-t.ypes 

~ !' "' - n i } - 1 1 - • • • ~ .-\ .,) 

\\',. II!J\1" st nd1· tlw st rnctnn· of p a.irs which an-• r·]r,sf'd nndPr PX)Ir\.llsiOIIS. 

\\'p giw· Illllll!a.llv n·cursii'P dPtinitions 11f 'T,.,,, ;md T,. 'h :., is thP sPt of tlw tvp•-· 
r·o11stra.ii1t:s of tPnll variahiPs, th;tt is tlw sPt. of tvpPs 1vhid1 r><Tilr iii co!lstra.int 
Pllvin>IIIWiliP!lts or iii tlw ]pft hil.IId sid P of arr11w f.'·pPs . T0 is tlw sPI of tvp• •s 

11f A-IP!"Ills , tha.t is t.lw sPt of t.vpPs wh icb '"Tllr iii ti1P ri~ht ba.l\ll sidP of <trrm\· 
IV)lPS. 

i' f Tr.,
1 

: :== n 

"".it !1 n > I I, Vi E { 1 , . . . , n } , 11 , E Tq , 1!n w Vu:r ( 11 , ) r I Tmw Vu:r ( u ) -=- 0 a.u d 
V.i E { 1, ... , n} such t bat .i I 1. , Tyj11: Vu:r (11 , ) n '017'" Vu:r( 11 1 ) =- 0 

Jl. E 71 ::= n 

I [1/11 • 1 1/n] - fl . 

wit.l1 n 2:' II ;-wd ViE'- {l, .... n}. u , E= T,.; _, ron1 llll\\" llll. mPI.a vilr i<thlPs 11 ;wd 11 

dPuotP P!PHWI!ts of "T,.;,, aud Tv I"I"'S )IP<"l i vp h ·. 

h1 t.lw follr 1\viug; , WP a.l wavs st udv pairs r ,f t V)lPS a.l\11 cr l!lst ra.int PI!Vl!"r JII ­

IlPIIIPIIbi. Iu order to Pa.sil_v ba.udiP thesP pa.irs , WP defiu~' B-tmws from T,.;, i\.Jld 
T<l, i11 tlu• follmvi11g way: 

I ! ::= [11 1 .. . . . u, ]=>JJ. wit.h n 2:' ll 

Tlw tf"'l"lll va.ria.hles of <:IIW;tr;tiut PI!virolll!ell!Pilts disa.ppea.r to simplifv t.lw uo­

ta.tiorJ aud lwc;:.nsP they dou ' t play a sigu ifir:aut w!P i11 tlw following. We liSP a 

do11hiP arrow to link nmstra.iut ~!I l V irr,IIII PIIIP l!ts <llld types to bi)!;hli)!;llt tl!P simi­

la.ritv h PtWPPil the typP r:oustra.iut.s a.IlC ! tl!P types 011 the left h;Llld sidt• of a.rr"ws 

iu typPs. So WP PXtP!ld Pa.si ly to B -typPs tl!P uotiou of sig11 of a.u occllrrP!lCP <llld 

Typt: Vu:r. 

Tlw uotim1 of ]pft sub-terms doPs uot ta.kP into a.cr:cmut thP f1111 rer:nrsiv~· 

strnctllrP of a. typP. We now dPfillP a. notiou of _qi 'WTu.l£u:d il:jt suh-t1:1·rns, followi11g 
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th~· rP<"lii'SII'P s tnr<"f •rrP of fi ' JlPS 111 c · c·n~irl•·r iill possi ble• suh- IPriii S \\'hid, ill't ' to 

fli P )pff of iln iiiTfl\\' ; If illl\' lt•\'P) in tht • n ·c·r1rsii'P s truf'furP of il h ' JII '. 

DE"finit.ion !'i. Lf't 1- h" ;, H- t v pt •. \1 '1 ' clf'fillf' till' ~f' l C(T') of .'1' '"' '1'11 /i.z,,/ lift 
,·ul• -lt ·,.,,,., (If 1· in till' f .. ll"'' ' ill):, ,,.;, ,·. 

{,"({') {111, .... 11., } LJ J. 11 ( /1 ) iff ' h , ... ,II., J > !' 

- Vn ~ tl . f_ ., (f· ) U,.. 11 1 1. 11 ( !' ) 

u .. ' 11 f. , (1'1 

D<'finition 6. :\ ll - 11'1" ' I ' i~ "'"·'" ' if r·;lf'h II '!" ' l'ilri;th!P 11f T!IJ" \ 'ur ( l ') !J ;,,., 
f'Xil<"fJI• IIIII' Jllls ifil'l ' II(Tlll'f'l'lll'f ' illlll fi lii ' lll '):,i lf il'f' fl( 'f' lll'l'l 'nn • i11 f ' . 

De-finition 7. Lf't 1· 

unt;rh!P n in t lw fi n ill fi<T ilrrt ' nf't ' "' I' is a!~" in ti ll' fiwtl oc ·c·llrrt'll< 'l' ,,f· ;1 t \' )" ' 

\1 lrl<'h '" ,.J,·nlr 'nl 11f {, 1( 1 ') 

l><"tinit.intl ~. 1.1'1 I ' '"';, II I I JII ' I 1~ llllnwwii!J r-lu.,,/ if lh• ·l< ' '" Ill• ''"~ • · rl 

ll I 1 I" ' s ll lf'f h- lH•i rl 111 I · 

Tlrr• f"ll~>ll' in):, dl'!initi•"' ):,il'r's ;1 s lr 11r f \\'ill' 111 t ;J\k ;tlH>llf tl 11 till' '' ' 1"' ' ' \11111 ~ 

Jll'll) ll ' lllf 'S Sll lllllf illlf 'l>II S\1· 

Dc•finit.ion H. ! ... t I ' ,,, , . . , ,,., ] >11 ill';, \l - t v!" ' \\'"sill' tlr;lf I ' 1" '" '"' ''''' 

1f I ' Is clflsl'cl . lll i<i\JI < '"""" <i !icl lll lnllll odh· f'lC>St•cl 

Dc•finition 10. \\", . " " 1 !J;,I I ' '" " '/ ~'~""" ' II l liJ" rf I ' 1s < ''"'Jll< •fc · " " " Jl 11 '" 
01 111 1 ,f I !J, !11 \lo >\\Il l~' filii li s 

,,,] " I' \Ill h ,, t T., r) r, 
[ llj, , /1 0, ] ) II oll icl -< 1 f- { J, 

,,, ;,. .., I ',, (' " 

w tl\ i fl .> fl . • rud-{1."1 ) 1,_, 1 il jl >~ rltl lfl n • d [ i 't .. · '' • 1. 1' , , 1 . 1'] 

s11t"\ 1 t lr;Jt ' ''" h /."
1 

? /1
1 

'" , , g r11111id ll I 1 I" 

I ,,,1, 11 J "' ' '· 1• , ,,,,.,,] • ,, ·wi th ' ' 'I· . , ,, .,, ,,] >11' "~ l fl llll rl 
fl f I Jll 

f(,, , ,J:. Tl w pii rl i t iu n ( / ' 1 ) , ,,, rslllii<J ll l' St ncr ( ' '"· ' ·d . P;ocla ii 'J" ' 

lill \o1lt l1 lr ii.s " " '·' twu <lf< llfll 'll <f'!-> i n I ' >111d II• ' la ;l\ 1' Jlfl cla fi!C t <Il l 11 11' d ••fl!ll f lflll 
(If l'il! II , ., 

r-:.~ '""'''' I, ·I· I -· I· 1J /'o , [n j - · , l, n , • J >lo is 11 !11 a du "" ll- h ' JII' , l11 1f 

lb· · i:~ ] [.1] - · I . H 1, ft ,"q,;_J ~ ,'1 IS,, g ru 111 111 11 ·1,\' l" · llln , jn j IJ 
11 ... . [/1] - • jr'l JI ) •, IS 1 

'" · ' ' " · fiJJ,llll' f'!n. I' " 111 11 IIII I ll ll ll i lll•dJI' C '" f'tl. 
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(ilo8( I'· r T) = 
• Case rr = [p]=>p 

return [P] 
• Case 7i = [v1 , .. . , un ]=>n 

let i E { 1, .... n} such that u, = [I"~, .. , I '· ~ 1 J - · · · - [,,,;, ... , l'·~" ] =>n 
Jet ( F;j' )j = l , ... ,p,A· = l , . . . ,n .i tiu·'! partit.io11 of [v1, ... , l/ 1'- 1, l/i+ 1, ... , l.ln. ] 

such t h at Vj E { 1, ... ,p} , \;/k E { I , ... ,nJ} , r;;;·=>I'·J· is a. ground n - typ" 

if =:i j , k such t.ha.t. I'· = I'·~· 
then return r;; ;· else 

if =ij , k sue: It th a.t .1'· E L:( r;; ;· => I'·J·) n T1-;,
1 

then return (;lo -' (1'·, p, l· =>l":~·) . 
else fail 

• Case ( i == [v, , ... , l.ln ]=> [t/n+ l , ... ,1.1n+7TI J - Jl· 

L_ _______ r_e_t _u_r_n __ ~_·z_"·_'(_l_'"_[_u_, ,_._._. _,_u_n _+_'"_J_=> __ I•_') ________________________________ __j 

Fig. 3 . CloS!JrP a.lg<>rit.lml 

In on:h~ r to define Hw expansion operation , we need to describe several further 
notions a.nd provP some properties a.hout the structure of ground B-types. The 
cmnplexity of the expansion operation comes from the definition of the set of 
types that tlw exp;.wsion nmst duplicate. The expansion operation corresponds 
to tlw duplication of thP typing dP.ri vation of a sub-term in a derivation trP.e. So 
all types of this sub-derivatioii must hP d uplica.ted. 

ThP. contribution of this section is prP.cisely tlw definition of th is prob!P.rn­
atic set of typP.s . The justification of this definition is obvious according to tlw 
prP.vious resu lts about thP. struct.urP. of principal types [5] and B-typP.s. 

We definP. in figure :3 an a lgorithm constructing the multi-set of types that 
WP nmst duplicate when we P.X pa.nd a. type. 

Lemma 11. Let U b~: n gnmnrl B-typ~: and Jl. E L(U ) n Tg. Clos(Jl., U ) is wdl­
d~:fin~:d and Vf:Tiji~:s tlu: following wnditions: 

Clos (11., l T) C L( U) n T,,,, 
Clos(J!., U )=>Jl. is a gnmnd B-tyw: 

- Clos(Jt,U) is the uniqw: .mb-rrmlti-set of L(U) n T,,-,, which v~:rifies tlu: pn:­
vions condition. 

An PXpa.nsion makes a rmrnher of copies of several types . We want Pach copy 
of a typP to be disjoint from all others , i. ~:. two copies of the same type havP. uo 

common type varia.hlPs. In order to bP. precise, we define specific substitutions 
which wi ll make the copies of types exactly a.s we nPed. 

Definition 12. LetS be a. substitution , we say that Sis a n ;naming substitution 
if for a ll a E Dom(S), S(O') = (1 whPrP. (1 is a type variable and Sis injective on 
its domain. FurthermorP., if Range(S) is a set of new type variables, we say that 
S is a fr"~:sh r~:naming substitution. 
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Definition 13. LPt Jl lw ;w illtPgPr. Fo r ;L] l t y pPs Jl. i11 T9 WP d Pfiii P <111 o pPrat icm 

of 1:1:pansion of Jl·, 011 tlw g ro1111d B- ty p P U, writt PII E(p,,l)• by: 

E (U) = { [T if 11 (/ .C(U) 
( p.,L) [T' o t hPrwisP 

w hPrP U' is ohta i11 Pd from [T hv n"pl al'i ll g, Pal'h oc·nJrrPIH'P o f a.11 PlPIIIPilt 11 o f 

Clos( JI , U) h:v R 1 (v ), ... , fl r(v) a ud 11 by fl 1 (Jl ), .... fl r>( Jl ), if fl 1 , ... , Rr> a rP 11 
frPsh rPil rtlll ill g S11hs t it11t ious o f d om ;till Typ1· Vm·( Clos( Jl., U)) . 

vVP rPIIl<Lr k tha t s illC 'P fli P rPil itlllill g Sllhsfitlltioll S fl, , ... ,flp arP 11 0 f llll i<jl lP , 
t] ]{' PX Jl itiiS iOII o f Jl ill ( " is d Pfi J]("d 11p fo it rt"ll <l lllill f', . \ Jorc•OVP r . WP lll <l kt• 11 11 

li y p otli Psis 0 11 p If p = 0 . t liP PX pa us io u E(p,,l.) n-•mov<'s a ll t h P oc·c· ll rrP II< 'C"S o ~ Jl 
aud of th P PlPm euts of it s l' losnrP. 

R:w .mrdl'f:d . E(2 ,,. 1([[!]-+ [/'I] -+ r\ [rr]--. {'i,o,l]=? h) 

' 1' (I ,,,, 1:!]-=> h 

Si 11 n" cl\Jr work 1s PSSP JJt ia ll _v ha .. ·wd cHI fli P s t rn ctn rP o f t _y pPs. wP w;u lf to 

provP t!J a t PX Jl il iiSioll s d o 11 of l'li il ll f',P th is s t r nl' fll rc'. So we• p rovP tl iil t th e> sP t o f 
gronllcl prtirs is l'losPd n ud<'r PX pa usio u . 

L<' llllll a 1 -1 . Ll't I r /u (/. ynmwl IJ - I1f111' Ji E Tq, nnd Ji rL11 '/,WI.rJ1 '1', Tlwn ,..;(J',/1)( 1 ') 
1..' 11 ynmwl R- lmu . 

4 P rincipal typing o f n orm a li zahl <' .A- U'rms 

This sPctiou sl;t!t•s tlw c>xis tl'ucl' of priul'ipal tvp••s for all uor!llalit,;thl" A to •nu s 

i11 corollarv 17 TbP iufpn•st of thi s s l'<' t\CIII is 11of tb1 • fi'Sidt ifs<'lf. hnt its pro11f 

Whi<'!J is COIIC'P(ltliilllV lllii<'!J Sl lll(llf'r t\i;uJ t!J1 • proofs Ill [2, 1, f, X] fff'll ' \\'1' ilff' 

ouh lllfPn•stPc! 111 uorruahtahll' A ft •r !IJS "I bns, th ;tuks to tb l' s tallllih 11f tvpllif', 

llllc!N / ~ - C 'OIIVI'fSioll [u] , l( I S I'IIOllf',!J to li St' IIOflllill foJIIIS \\'p do lllll lll 'l'd lll 
I!Jtrodlln ' approximauts wlnrb slgudil'aull\' s1 mplifiPs t ill' proofs. 

'I flp s nhs t 111111011 and PXJlilllslon opt•ra1Jous <Iff' hoi h nt '!'l'ssa n to fi nd a pos 

sdlll' p;ur for a tlCirtllHI fortu frotu 1t s pnllt lp<tl pair l lowi'VI'r 1lll'sl' t> JII'raltt>lls 
mu s t ht• appliPcl Ill illl appropn;tlt• nrdPr 

Dl'fi n it io n1 5 . \\'p llill ll l' 1-lwm a t'OlllJIC>stllon of s nhs litntiou s, t' J~<llt sions ;uJd 
fl 'nrlllllll).!; SliiJs tifnf iOli S, of fflt • fortH ,'·i n 0 0 ')l 0 (} ,. 0 . 0 ()l W]lf'rt' '-i IS 

a s nhs ttlntwn fort 1, , rt a ud () 1s t'l fl ll'r ;1 n•na111in).!; snhs t ilnt ion or''" 
t'\ Ji il li SIIIll for J 1, ..• , r11 . 

Th <'0 rC' Ill Hi. Lt I 1\' lu ll I 1.1 w m flllf"f/1111 /tWill ·' w· h tlw I f- N . 11 : , I. If 
frt/t f ( \" ) (Ji r, A,) 1/11 '' t/11 n 1 .lt\1., rt dwm (' ur·lt tlwt C(Ap >it ,.) 1\ >11 . 

Pmof. B \' i nrlnd ion 011 tIll' s t rnl'lll n · 1 ,f N 



lf /\' = .1:, hv dPtiuitio11 of [rrf, ·r· a.ud t.lw dmiu is oulv <l snhstitn iou of a typP 

V<lria.h[P hv JI. 

If /\- =- >..r .N1 , tliP i1Jdncti o11 hv potlwsis t; ivPs tla• cli a.i1 1 C. 
l.f N = .r N 1 ... N, , WP ca.1 1 n>l l!Jlt>SP tlw cliaiiJS ~iVPII hv t.lw iiJdndioll 
-hvpot.IJPsis for p;l.( :li N,. 

Corollary 17. Ll'i. , . lw n no·r"rrJ.n.lizrr.!Jl, · In "'ll. snr:h t./w.t f- t ' 11 : A, N its rwT­

"'·"·1 Jnnn 11.nd _( !1 1, .. -\f!) = fn {1 :'1'(N). Tlu:n tlu·n u :·ist.., n dw.in C snr:h. th.nJ 

(' ( .-\t "> )II') - .-\--c> j i. 

5 RelatPd work 

T he· antliors of [2. 4. 7. 8] iiJtrodnn"! a 11otio1J of uppm:r:i'/1/Jr.nts , also u;.unPd >. ­
f! - ruwrrw.l Jrr/''111 .. '. <111d df'f ilw prill('ip ;tl typiug for tlws t> PX 1.Pilc!Pd uorrna.l forms 

'" ' f"r• · geoiJPralil'.ill g t" >. - t. PI'IIIS nsiug a.11 approxima.tio11 propPrt v. i. e- . B f- I ' · Jl. if 
a11d " nh· if th eo r e• e•x ists a.ll <q>proxima.l!t 11 of, . snch that 8 f- n: Jl. S. llollchi 

.j, .. J];, ilo<T<l pr"JI"sPd a sP m J-;dgorithm for t vp P JllfPrP IJCP 111 [:·!]. Tlwseo rPsnlts 

giveo importaJJt t.lworPtica l I> PIJPtit s. hnt nufort niJ a t Plv, tliPv provid P <1 good 1111 -
deor"tauding 1wit llf'r of th P s trnctnrP of p riiJc ipal t\·Jws 111rr of ti!Pir cha.r;.u·tPristic 

prr•}H'rti eos. Fnrtlwrmon>. tl w sPIIJi-;dg orithm prop!lsPd i11 [:1 ] is not. prac:tica.l lw­

,." 'l st ' of its I'!IIJCPptnal n>It!plt·xitv. 
:\ s fil r a.~ WP KIJow , ti :P work cd· S. va.!l B akPI [7. Rj is tlw first rp;t) a.dva.JicP i11 

tl w si lllp lica ti cJII of th P prPsPIJtatioiJ of tl w illtPrsPctioll tvpP discipliuP siJJ<:P tl1 P 

ill iti;d prPse· llt atim ls. FnrtlwrmorP. ill [7]. S. vall B;lkf'i d Pfi iJ Ps ill! ill tPrsPdioll tvpP 

svs tt •JIJ c]w;• • tcr the• Ol!t' i11tnrdn• ·•·d ill [1] with th P. sal!IJ> partial ordPr rPiatioll 

"" 1\' jlP.S . He stndiPs t lw PXistt•u•·t·' "f pruwipa.l t v pes for t his svstem. HP Wii.S 

indJJc e• d '" dPhllf' sPv<>ra.l snh- se•T s 11f tlw s~·t •>f pairs of a tvpP <l.IId <1. ha.sis, 

t~rderPd },y incl usioiJ. His sd of 'i''·onnd Jill.'l. 'l's is •>quiva.iPI Jt to t llf' se t of grcnlJid 
n - tVJIE'S t!Jat \VP dt • fiJI ~' ;wd his n :lr:·t/fl.nt !Ill PrSel't ioll t\')lP SVS(P IIJ , prPSPJ JtPd iii 

[RJ . is prt>ttv closPd to tilt! oi!P prPSPlltPd h PrP. l11 this work. WP C:OJICP.I!tra.tP 

(IJ J pradical a.spe-cts of iiJtPrsPdioiJ t.vp~·s , I P<~.v iu g o ut filte-r >. - modPls . This 1.-,d 
11 .~ to s tndv till' rPhtioll s hip h e• twP~'II pri11cipa.l illt.J>rs<'dir•l! t vp<>s a ud >. - norma.! 

fo ri!J S [r>] i\.JJd to prop<>st• a.11 opPratiottal d Pfi nit ioll of th e PX pa.usioii opPrrd.icm , 

\\·h il r-' prPs~· n·iTig ti ll' fuuda.m e• IJ t;d prop ••r ti ~·s •>f illtPrsPdioiJ t.v pP svst.Pms: u.ll 
If o·t ' III.UJ't.Zn /ilf · ). - il:'f'//1,., fw.111: (J. )I 'I"J.'IIJ "l]lll.{ f:t/111 . 

o Conclusion 

li1 this <Lrt.idf"!, WP t.a.kP <J.ch·a.ut ;lgP of till' stnidura.l properti<>S of iu tPrsectirlll 

lVJIPS to prl>v id P simpiP proofs of t.hP pri11< :ipa l typP proJH··rt y for uorm ;.tli za.hi P 
>.-t P riU S. 

\Vt> proposP au iutt"!rsPI'fioll tvpt> svstP.IIl ll! which t-!X Jl<LIIsious a.ud suhstitn­

, t iou s MP PI!OII gh to fiud a ll possibiP t v pPs of a. IH>nnalizahi P >.-t. Prm from its 

prin cipal typP. 

Th~!SP rPsTilt.s siiPd a. JI PW lig ht rm iu tPrsPctimi t.\·pillg , w hich GUI h P prPSPl!tPd 

thn>llgh priiJc:ipa.l typPs isomorpliic: to >.-t.Pnus i11 IJOI'IIta.l form. 
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The completeness theore1n for a temporal logic 
with probabilistic operators 
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hili s li < u p t· ra t u rs is pr•·s•· ttl t'd . Th ,· cu rn ·s lll llttlill i!, f t· IIIJi u l' .tl ttto d t• ls .1n · 
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propos it ion,.; 11 sin.L'; negation (• ), <:Oiljllli d .iuu (A) , lwxt·.t.iwe-opertato r (Q ) and a 
proh a hi li,.;t,ic O]w ra.l".o r ( f'.::_,) for <CV<-~ ry s E ,)'. If T = {r~<t , ... , rv,} is a liui t.t • :;et. 
o r fnr lllld a.,.; t\T denotes '"I ;\ ... ;\ !1' ,. 

A lll o del is a. t.11ple fit{= (J!V,v , ft.), whPrc> J.V = {wn , w,, . .. } is an infin.it.e 
seq i H-~ IIC P of wor lds (or rnorucJlt,s), v : Hi x r!J ,__..,. {T , .. L} is a proposit ional valua­
t.io u, <~ . nd p. assoc ia t,es wit h eve ry wE H' a. fini tt,ly acld.it ivP probahilist".ic nwas 1uc-o 
fl(w ) : :zi¥ ,__,_ [0 . 1) which sat.isii es ft (w;)(wi) > () iiT .i > i. Wc-o will a lt. c-~rna.t i w ly 
write 71 ' + i tn dt~ u o t·, t-' 111;. lt. follows f'r uLu the ahnvf;' definit ion that fr om a pa.r­
timlar wur ld a ll wo rl ds in t.lw l"u t. m e and o nly th~~y have posit ive probabi]i:-;t.ic 
Lil !'aS II I'!"S. 

T lw sat.i;; li a.h ilit._v o f a fo rn11d <1 " ' in a. world w from a model M is d Ptim~ cl h_v: 

a) if"' E rp , rvll- n· ilf t> (w){ll·) = T , 
b) wll- P?_, " iff ft( w)({w + i , i > 0 : l/! + ill- rd 2:: s, 
c) u:ll- Qn iff w + ll l- "'• 
d) toll-'"' ill' it i;; 11 uf. wl l- Cl' and 
e) wll- rv t\ J} ilf wl l- '" and wll- f-l. 

It i;; <-:asy to see that. Q ll· ho lds i11 <1. w if n· will ho ld in the twxt ru mnent. T he 
il l t-llil . i v~> 111<-'il.uin l!; of l '?._, n· i:-; t hat t.lw probahi lil.y u f n· is g r t~il.l". er or •~ •pla. l t·.o -"· 
In 0 111' loJ.!; iC. tiLt ~ we ll kli (>WIJ t,C~ Il l iWl'a.l operato r r:, ' it is a lways go in g t.o lw t. lw 
case 1 h a l ,' . can lw dt~ -1-it wcl hy f'?_l. Sonw ot.her proha.bilist ic ope rato rs can a lso 
be d<-'fitwd: F'<_,n by •F'>_,n', P<_," by P> 1-s•n·. P>s '-~' by •P<_, n:, a ucl P=s'" IJy 
f'?_ .'" ;\ • f\_, u·. \VC' a.hh i~' V i aLe -Q0 rr by~~-, and on+ I (t by Q Q" I.L 

3 An axwm systen1 

T be a.bove cla.s;; of rnodds i:-; characterized by the fo ll owing set of a.xiorns: 

I. a. ll i n::~taH ces of proposi tiona l f".lwon~ tn s 

2. Q (u· - ,d)~ (Qrv- Q,rJ ) 
:t '0 (\ ~ 0 •(\' 
4. T'?_ 1r.r- Qn t\ OP?.,n· 

5. F'>u n 
()_ P?_tO- f'?_., ll' , I > s 

7. P<sl.l' ~ f'<t!l~, I. > S 

8. (i5?. s'-l' t\ P?., -fl t\ F'?_ l( •n· V • iJ))- f '?_min( l ,.•+rl(r. r V j]) 
\J. (f'-:; __,cv t\ P<r iJl ~ f'<·n:in( i .(s+r))(!i~ V /3) 

10 . P<_, n· - P-:;_,rv 
[[_ f-)?_J{It - /3) -+ (F'?_.,O ~ F'?_ ,(J ) 
12 . Qr.t- P>on 
[;). 0 P>nn· ......;. F\nn· 

a.ncl r11l es: 

I. fro 111 {n:, rv ~ f} } infer ,1) 

2. [ron! r.Y infer Q u· 



'i' IIF l '<l~ I PLETION I ·:s;., TIIEorm~l FOil,\ I 'E~I I' Cll! ,\1. l.oc:l!' \VIT I! . 

:l. i'l'olll { /i- O"+'" n l'c )r illl arhiLr(ll'.\ ' 11 2: () :111d c•vc• ry 1ll > Of inl'<' r 

1i- 0" / '> II¥ 
I . l'r ll lll ( J:i~O" f'?.•-t- 11 , r()(' C'VC' I'.\' 71 -::: () :J ild 1'\'C'I',V " ~ ~} inl'c• r 

t1- 0" {'>s (l 

1'-179 

·>. fr1111111 - -=-, (0•71 1\ ... I\Q"- 1 • ji i\0" J>I\O" /'2 1'/1) WI IC' I'C' I' E ''' IS nul, i11 

n . 11 > () i111'c• r •n. 

1\ ii11iLt• ,;c• l nf' f'orlilltl i iS ' / ' i ,; C'II IISi ,., l t' lll il' lf •(/\'/'). ;\II illii11i i<' ,;C'I 1d. l'o>l'lllltliis 

IS Cllll " i"L'' III il' <'il Cii ol' il ,; li1 1il.r• " 11h,;<'ls is c·c> ll si ,; l.<' lll. 

4 The completeness theore m 

Thl'ort•Ju 1 (Sonudunss). { ;'11 r I'IJ II"""' 111 r~f lhr "'"" '' (11'/IJI/1 ~lf.'. l c 111 " ""lui 
111 ''" rf, " ·1·1hr rl !'/as., "/' u""' ' Is. 

/' mr~f. I I. i ,; 1':1,;,\' "" SI'C' 1. \u>l I 'V c ' r.~ iiX II>III i ,., 1:1\id . T \1 1' i11kn·11 ''1' ntlt •s prr 'SI ' I'VI ' 

v:didi I.\ . \·'. >I ' i li S I :Ill ('(', \c•l 

(J - •(O•t> l\ .. A(')"- 1 • j11\(}"j11\()" / ' ... ,-.,,) 

lw :1 1·:did l'cll ' lllllia , w l ll'l'l' 1111' pri111il i1·c• P~'"P""iLi1111 / ' d 1>c's II!>L <I PI' ' ' ill' i11 11. \ ,1' 1 

,\1 ( II . I'. JI ) IH' :1 111 1> d r· l . :111d II '~ II \,1'1 ,\/' ( II . 1'
1 tt ), w l w r c 1'

1 (11)(/') T 
Ill' 11 11 '+ 11 . :111d ,, ' ' l'or 1111' ~>l l 11r pr111111i11 ' jli'IIJHcslll"ll"' TIH ' II , J1(11)((11 f-

t. I II : 11 I· ill· t>l ) 0 . :1nd /'(")(l" + 1,1 • (J 11 I ill- • 1ifl I II""""" "' 

1\i :JI 

1\ ( )"-I ' /' (\ (')" ,, 1\ () " I) . I.,, 

o11111 ,.,,ll,.,,''flllllll .l ll1al 11Jj I/ '," l ltll . ,.1 :1 11d ' ': 1).!.1'1 ' 1' 1111 all prlllllll\'1 I''"IH•slll<lll,., 

Ill rc "" \\'1 il.tll 1111 \1 •II ~1111'1 ' '" itlf\d,., i11 :111 :1ri>ll 1':11\ \\'11ric\ i11 oill olli>llliil~ 

IIIII" I I II I" \ ;( "" 

Tht'OI'< ' lll ~ (Co!upl t• l t• JH ':o.s). Cu II/ '""'I''' 11/ /tJIIIIIIIo 11 ho~ 11 Ill uric/ 

/'1""' \,1' 1 1'1 . , I', ill< ' : t\lp111111li\< ' \'l'!ljlll,..llillll ~ Ill II , :tllci '/l o '/ ~ <Ill 1'1111 

1111'1':>111111 111' iill pri1111li\'< ' fll"\'"'ilillll,_ I \1 '1 j>l I'J . , 1'1, \.1 I Il l), II 1· j,, illl 

>lllllll>l:lllllll"l•dllnllllldoi,;~"lh:lli"l 1 ' \> ' 1~ 11 r) ' '/"(\ .1\( )" 1-,,,,1f\,...)",t 11 /\ 

I' I ,,,, ;'1'1"';11" Ill lilt "'''flll'lll'l' '" 1'1111 ' :til~ Ill hi I II IIIIIILiil I h:>l 1'11111 :.ill.',,,. 

\\ , d1 li111 .t :-l''flll'lll'l' "' 'il ' l" 111' li111111Li:1~ i11 I h~ · l"llnii' IIIJ!. w:~y . 

r; _ " 
'!. 1'111 o ' \I ~~ i ' () 

(:!) II ·r; u (rc,)l ~ ( '11 11~1"1' Ill . I IIIII r :~ I- '{,lJ (n,f. llllll'rii'IM' 

(I>) jf 11 : j - ()" /' >'1/ o111cl f; IJ (n,f i~ 11111 <'0 11~1 " 1' ' 111 , 1111'11 {, ._1 

'f ;t Jli • ()"-.()'", If f101 1111111 • ll, ""' hal t; 1 1:0. r•• ll I lt ' lll , "1\J!'I\\'In• 

(r) 1fn _ i- ()" {' ,,,la ud 't ;tJ{n,fl 11 111 C'll ll ~ls l <' lll , 1\wu / , 1 

r ;u (·, -{)"-. /' ,·-t'lf. lor.d· 
1

,>-tollloll r;.,,l""'""' l•lll,olh<r\l'lnt 

(d) r;+,- t; 
:1 r ~ u,·t; 
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Evr>ry T; is a consis tent set. It, is easy to see that , if T; is oht.a.in ed by the rules , 
2.a , 2.b , aud 2.d. The sa.m e holds for th e other rules as well. Suppose~ that there 
is no formul a. O"-. om {3 so that Ti- l u {0"-. 0 111 13} is consistent , then: 

I. f-- -.((/\T; - 1) 1\ ('y ~ 0 11 P?. I ;1 )), by hypoth esis 
2. f-- -.((1\T; _I ) 1\ ('y ~ O"-. 0"' /3 )) , fo r every 111 > 0 
:3. f-- (/\T;-1 ) ~-.(I' ~ O"P?_I /3), from L. 
4 . f-- (1\Ti-1) ~ -.(r ~ 0"-, Om !1 ), [rom:!.. , for every m > 0 
fi. f-- (1\Ti - 1)----;- (r ~-. 0"-. Om/]), frorn 4. , for every m > 0 
(). f-- (/\Ti-1) ----;- (r -+ 0" 0 '" {3), frotn f) by th e axiont :!. , for every m > 0 
7. f-- (( /\7i -t) 1\ r l ~ 0" 0"' ;1, frntn () .. for cw~ry m > 0 
H. f-- ((1\Ti - 1) 1\r)- OnP;;_t fi , front7. by t.b e in ference rul e :3 
0. f-- (1\'f; _ l)- (r - 0" P ?. 1/i) , fr om 8. 

LO. f-- -.(/\Ti- 1) from :3. a nd 9. 

a contra diction. Th e similar llo lds for 2.c. Finally, if Tis not consistent., then' is 
a finit e T' C T so t.ha.t f-- -.( 1\T'). B11t , then th ere is at leas t aT; :::) T' that. is 
i:l.lso inconsis tent.. 

T is a. maxirnal se~ t. Por an arbitrary fonnula j}, either f}, or -. ;3 is in T. 
l.f it. do e~s not bold , supp ose-' (1 = ~~m . (3 = rtn, and k = nw.:r {m, n}. Then 
f-- -.(( 1\Tk) 1\ {J) and f-- -.(( 1\T;;) 1\ --.(3). But , then f-- -.(1\'fk), a contradict.ion . For 
eve-' ry n 0--,q, 1\ ... 1\ on-l'(/n 1\ 0" !fn 1\ 0" p?.I'Cfn belo ngs to T. Jt fo llows 
from 

f-- (1\T;) ~ (0-.q,, 1\ ... I\ 0 "-: 1'!fn 1\ O" 'ln 1\ 0" P?.l 'qn ), for sorne 'i 
f-- -.(1\T;) , by the inferen ce rule 5 

Similarly, it can be shown tha.t. T contains eVPry theorem , and if 0"-F\s _l.. /3 E T , 
tlwn 0" P> ,f3 E T. - " 

Now, w~, will de~ fi.n e t.be c<ttlO nical rnodel !\11 = (W,V , JI.). W = {w0 , w1 , ... f, 
Wu = T , llli+l = {13: 0 /i E w; } , P(w)(J.i) = Tiff )J E ·w , Jl(lu)( {w + i: i > 0, fiE 
111 + i}) = Slt]J,. { P?. ,. f3 E w} . Eve ry wE W is consistent. Otherwise, we have the 
srn<t.I!Ps t. k so that Wk is not. w nsistent : 

f-- -.(1\ ;(1; ), { /h ,/h , ... } C WJ,; 

f-- O-.( 1\;/3;) 
f---.( /\; 0 /3;) 

and Wk-l is not consistent, a eontradi ction. Every w E W is maximal , as well . 
Otherwise, then' are the smallest k and (3 so that {3, -.p t/:. w~,;. But , then 0 !3, -. 0 
(3 t/:. w;:_ 1, a nd ·w!:- l is not a maximal set .. 

The axioms and rules p;uarantee that p. is a finitely additive probabilis tic 
measure, that J.t(w)( w + i) > 0, and that M is a mod el. For exampl e, from th e 
axio m 4 , it follows t.bi:\.t 11 is a nonnegative ma.pping. Iff-- f'J is a theorem , then 
by the infen~nce rnl es 2, f-- 0!3, f-- 0 2(3 , ... . By the infere nce rules :) we have 
f-- P> 1 f] . Then , by the construction of the set T and the definition of the m easure 
p., l~(w )( {w + i , i > 0}) = 1. The other properti es of ft follows simil arly. From 
the construction of th e set T we conclude that for every i there is a prirnitivP. 
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IH<J iln,.; il. in ll d<' IIOI.<·d 11; , ,.;o th ;ll, '/ i E "'" + i. ;wd 'I tf:_ w0 + j , [or j # i . By i. h<' 

<1:\ i() llf ,.; I I ; I li d I '2. i t fo ll ow,.; l. h ;tl , f()f' I'V<'I'.Y 1ll E w Jl(w)(w + i) > 0 . 
l•' i iJ;Ji ly. WI' can prnv1' hy 1. 111' indll r l.ioll on Llw C0 111p ll"xiLy o f Llw forn 1u l <1,.; 

i.l~rll. d E 11 1 ilf IIIII- rl, i:tlld p;HI.i r llli:tr ly Lha.l. (J j ~ ,.;;d,is1·iab lc. Po r l.h l" pri tn i tiv l" 

pn• p n,.; il. io n,.; , il. fo ll ow,.; fro 111 l.lw cnll,.;l.n~rl. i o ll . I f 11 = •), we haw wJI- /3 iff' i t. 

i ,.; fll)l wll - 1 i ll' 1 tf:_ 111 . I f d = 1 1\ h, W<' hav<' wll- !i if!' 111ll- 1 a.nd wll- h i ff' 

i E II ' i lll<l h E Ill ifr 'Y 1\ h E Ill. If ,, = 0 1. \V( ' h;wp wJI- /J i1f Ill+ lll - l 
if f' i E II ' + I i l l' ;I E 111. I f t1 = f'?_.<) , l r> l. wll- 11. 'l' lw u s117J,. {1'?_ .-/ E w} = 
Jt( 11 •)( l 11 • + i i > 0, fl E II>+ if) ~ s. l"rn111 1. 11!' CO II,.; i.r· tt ct. io n of I. h e ,.;rl. 7' , 
;1 11 d hv I ll<' ;l).:in111 G, W<' cn11clttdl' fl E II' . 011 t.lw ol. l tn lt alld, if ;i E u1, 1. 11!' 11 

-' 11/11-{ f'?_ .-/ E 11 •f = /1(111)({111 + i : i > 0 ,!1 E w+ if) 2: s , rliHI wll- /-1. 

.5 Some conunents 

I 11 l l 1i ,.; ll" IH' r WI' cil'l ll il.lld l.li<JI. fr"11 1 <' VI ' I' .Y wor ld <' V<' r y i t.,.; ,.; 11 crc,.;so r li as ;1 po,.; i­

l.i w . h11l ;u-hil.r;H y 1111 ' <~ >' 111'1 '. 'vV< ' 1'<~ 11 p, i v1 ' cn 111p ll' l.l ' <~XiOIIiill.i~. nl.iun o f l o~ics wil.l1 

;111"l.lll'r rl'qllirr•llwnl.,.; , fn r <' Xil 111pl1' : Jt(u •)(ll• + i) r;, fo r illl arhil . r<~ry ,.;c' qii <' II CI ' 

( 1· 1, r· ., ... . f. "" 111;\1 2::, 1'1 = I , ' '~' I' V< ' II ,.; i.ro tl)!;l ' l' 11( u>)( 11 1 + i) - j. . 
011r l' ll"i r• ' ,,f l .v 1w 11 f llw ll ll'ii,., ll\ '1 '" i111p ly 1. 1 1<~1 l.l ' llifl"r;d " IH' ralm (,' Ci\ 11 

l 11 · d 1•lill< 'd "" I' . 1. 011 11 11' 11 ll w r l~<111d . lVI ' 1'<1 11 iilllllv" di!f'l' l'l ' lll. ,.; il.u ;il.io n , wh<'rf' 

fl ( ii ' )( ll ·+i) ('; Ill lw 0 . 'f'lll'll , (; j,._ <I ll ill<fl ' l)(' ll<f l ' llf ll l ll ' l'i\1.1)(' ;111<f lVI ' liii VI ' l.o CIJ ill\ )!;1 ' 

1111 • <~X \ 11 111 s.v :-> 1<' 111 ! 11 " hl. ;1i11 i\ Cl1 111pl1' 1<' ii X io ll~<ll.i t.ii l io n . i"n r <'X<1 111pl1', IV< ' l1 aV1' l o 

;f<ld I II < f'n llowi ng iiXiiJ III : 

fr<~lll rl -- ()"·I '" n fnr illl <~rhil r ;1r.\ 11 ;111d <' VI ' I'Y 111 

ll udk ii i ,.,U)) \ I \u •l XIIIIllilfll ,tliull of ti ll II IIIJlUiid lu!-\1!' wilf< ( :.1 1>1>.1\ ll \1 

""'II ,())d ~ 1111 I oV<I 1111 1f ·al 111111Ji11 I' lu11111•tf uf lo!-\ 11' <tlld lfliiiJliiLlfiOII , 2 ( l 1l 1Hl) 

.! l .t f.; lll , f< , lf.tfp< I 't o~ud \1• ·!-\ iddu, N ( I !IXK), \ lu!-\1! lo1 11 il'<l lllll !-\ ,fiHJIII IHoh· 

.dlll i tll ''• lllf ll JIIJ .Iflll ll ·IIIII ( IJ IIIJIIII.lflllll H7 ( 1'1 ' 111) .~ 1.!1' 

l '.q.: i11 , I< , ll.dp• ·J, I . Y , fl ,,, 11 11111 !-\ ' " "" " I\ Huwl 1·d !-\ ' aud l'ruh;d11lit _v, Jo11111 <d of 
tlw ,\C ' \1 , 2 ( 1'1!11 ) .1111 !hi 

() !-\ lll ;lllll\11', '!. .. f( ,,;. kll \11 \I \ luL;i< \\'Ill< 1<1 !-\' 1 u 11l l'1 p1uh.duhlw' l'uhli<;Jtiull d• · 

1' 1" ' '''"' ,\1.111< (,'S) ' "I GO (i l ) ( l ' t% ) I I 
'•. lt . 1 ~ k u\· l <', \1 .. ( 'l ;l ,si<.d lu'" l< wi th 11 11 11" pruh .1lllhl \ " I" r .lf <II S, l'uhlir.lliou d<· 

l ' lu tilul \I ,,, I, ( 'S) \111 ;,:1 { l;i) ( 1'1'11) I I 

ll11 ' ,IJi i< l•· wa Jll ll''" •d 11 ' 111!-\ tf< t• 1 ~ 11 :-\ 111 ·11111 p .~< k . t L; < ' will< J. I .. ' C'Ssl\1• 





I 'twr: tmn tN<:s nF TTIE V Ill < 'nNFJ:: tmNr:E oN 

LcH: tc · ANn < 'o~ JI ' L ITEH ~<' IJ,Nr'E (/Rif 97 
N11VJ ~.In , \' crc:os LAVIA, ~EPT J :: I\ J ilEH I 4. I!J~I, 1' 1'. IR:! JR!l 

Generating the products, candidates for 
dividing the polynomial expressions 

l·'acull.y uf Sc ic •ur .. ~. Ins I il.ul t u f M :tLitt' llla t. i r~. 

Tq.; i) u~i i Pj;c Ohr.11luvih •1, 2 1!lllll Nov i S:u l , Y ugos lavia 

Ah><t.ract .. Dividing I hi' pu ly no rni al c·xp r css i o n ~ iul o Lh (' product s is a 

h:tsic pari. of !.111· aJg"ril.htcl fo r n ,du r iu g l hl' nucnlw r of ca lcc tl al in l!, !J IH'r­

.cliun ~ ill I i ll' <lJI ,cl ,Yi ic. ilc ·X pi'I'Ss iOII s o J t il l' nml.it t' illill.i caJ IIIOcl t ls o f dif ­

l c• f t' Ul sys i.t' lll s. On ll11 · ha ~ i s u l lilt' tll at hc· nc:di c·:d lmckg ru und t. l ~t · cbtl;t 

~ IIU C ' IUI C '~ autl li lt' .cl gu tilillll Jo e di vidin g tie l' pui ,V Uullli ;cl t 'XI)IC'SSIOIIs IS 

d t·vc· lo pt ·d . T lw c •·nlr al l o pi c ol p.cpt ·r i~ l.ht· <tl l!,u rit hr11 fo r gt• nt•r:t l.ing all 
pit >< lu t I s whiclc "" lie <' ca ndid . cl c ·~ In c dividin g. 

1 Int.rodudion 

J\ J:cill<' lll ili ir:d III Od l' liill )!, o J' IJIC' I'<I IIIJilc •X S,YS f.< ' III S )!,I' IIC'J'i li i'S f Jw ii ii Hl)'f inil I ' X 

Jli'"""""l" WII h grc •al ra lr cd :Ji Ill )!, l'll lllJil•·xily w hi r h ,.. iJ ,n dd lw rl'citlrt •d 111 "rdc•r lo 

c>hlall l tilt ' dlir' lt ' llf IIIIHll'l 'I'll< ' J>l't>l'l'"" ••fn•diJC'III).( ralrll laf lll )!, ro 111 p lr x1I,Y of llw 

"":liyllr:d "'fll'' '"" lllll" 1" IIIII ' .. r 1 "' h :J,.,IC' pn11· c · s~•·" 111 1 lw J!.' ' lll'rat 11111 "r rn111pil'l, . 

lll.illL>III:Jilriillllllci< •J Ill [J] I!Jc C'IIIIIJil>lc Jll'l>l'l 'cilll'< ' fnr )!, I' IIC ' I'illill)!, I he S\IIJill,jj ,· 

111"d' I .,f llw '" 11 :11>1ics .. r c·•HIIJll•· \ 1"1'"' " tlll r h ;JIII""' s 1s d P;.cnh· ·d a11d i11 [:l] 
1: )!,I\< 11 tlw " ' J'lll'lllral sy~ l• 111 an :dy ,.. ls rd I Jt ,. rc •rlnnng caknlat Ill)!, ' "'"pl c·x il y 

IHfH I 'S:"-

\II .. r llw :I!JalyiJral r'Xfll' '""l"li" "I>LIIIII'd i11 [ 1] arr • i11 pnlvtH>IIIIal fnrt11 

rr J'; r ( I ) 

I I 

II l!l'r<' . 

\ ' IS lilt' \.' illlilhlr In !11 • r: d r ulaic ·rl , 

~· 1 i,.. a ' '"ll " l .tllf cnr lhcic •IJI t..!ail'll lct t lw i-t It o~ddr • 11d , 

; 1 - ' " .. u. • ,,f lit• · 1, , , ~ ,, . \ illtaldc :.; .,f lit •• r"l'"'' '' ,..y~ 1•1lt "'""'''' i''' <' 11 1• cl h) 
i t!' llillll• ' (•f ·'f ,;i . lll<f , l'r•S<f , wit• If' <fi!' J>l' • lll :o tlw dr ~ tr ·<' 11 f lrrr• tlr1111 ) l nr <HI' it 

.tcldc 1111 ffll' :< illll< !'lf'l< ' ll l' l ' 11l \.lrJ:ti>Jr :; J 1 , j - f , ... , /, I ~ II I d . 

I' I :1 
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~:;1 - the exponent of the l-th variable of the i-th addend . T he algorithm 
for forming the matlwmatical rnodel ensures that each of th e exponents is a 
non1wp;a.tive intep;er number. 

The main task is to forrn tlH' ca.lrulat ion grap h for th e chosen analytical 
expn-~ss i ons of the typ e (1) , with t he least number of mathematical operations . 
To obtain a. maximal reduction in the number of mathematical operations m 
[ 1-5] is proposed the eli vi ding of th e expressions in the following form 

w 

'V = 2_:_)Ywl · r~u2) + Yw+t (2) 
w= I 

where Y,11 1 , Y,u2 , w = I , ... , J;ll an d Yw + 1 are also the expressions of the typ e ( 1). 
The expressions Y11 , Yi2 , l = 1, ... , W have two addends at least , and are 

determined in a. way which maximises reduction of the numb er of mathematical 
operations. Yw + 1 represe nts th e remainder of the expression Y which can not b e 
divid e into products any llJOre. After dividing th e expressions into the product,s 
the nwnmrual extraction algorithm is applied which forms the calculating graph 
for chosen expressions [ 1]. 

This paper gives matherna.tical basis for developing the algorithm for dividing 
the expressions into the products. The data st.ru ctures and the algorithm for 
generating all possibl e products , ca ndidates for dividing are described too . 

i.From a ll candidates for dividing, these produc:t.s ;.u·p chosen which give thP 
larges t. reduction in th e numb er of calwl ating operations. Then , th e dividing on 
chosPn products is perform ed. This part. of expressions dividing process is not 
the topic of this papPr. 

2 Mathematical Background 

The concept of structural matrices was introduced m [6] to represent the a.na­
lytica.l expressions of the rob oti-:- quanti ties. 

Structural matrix ,')' of the expression Y 1s represented with the vector of 

coefficients /{ 5 = [k·r· , ... ,kf]T , the vector of variables Xs = [d· , ... ,:.~: IJT an d 
thP matrix of expon ents 

Th e problem of dividing some expression into thP products is analogous to the 
problem of finding the structura l matrices A and B which satisfy the equation 

A·B = C 

for givPn structural matrix C. This problem can be written by equations 

(4) 
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w h c•rc · {;'.1 , E11 i Ec· ill'<' l.lw <'X jl OIH' III IIJal.ricc's nf l.lw sl. ru cl.ura l 111a.tr i cC's A, 
11 <~ li d ( ', <~Lid !.hrir dillt<' ll sinns are' I x /,, J x L <t llci M x L (M = ! · ./) 
n·s pc•c l.ivc• ly. {,·A, ,,.H ;uHI l\1 : an' I.Jw V<'cl.ors o f cor.f li c irnl.s o f i.h e strucl.ura l 

ll iitl.rict•s . ~ . Ra nd (' , ;l tHI I.hc' ir di11wnsinm: ell'<' I , J ;1nd M r<>S J)('ci.ivP ly. 'T'Iw 

llli\.l.ri x /~1 • I'<' Jli'<'Sc' n i.s l.ilt' c'x pntwlll.s n f i.hP PX Jl i'C'ss iOII n l' i.hr l.ypc' ( I ) which we• 

wa 1J I. l.o wr il.c' i11 !.h r fol'lll of prod11C'I nf i. lw exp rc•ss icllls nf l.lw Sil. lll f' l.yp P. T he 

lll <li.ricc•;; P-,1 ;u1d /'.;n ;Jn' i. lw llllkiiOwns in i.hi s c'q ll al.iotl. If l.lw so lul.io n o f i.lw 

s.v;;l.<' lll .-xis l.s. i. lwn l.lw lltal.ri rc',.; F;A a11d En which s;tl. is fy l.lw c'qllat.ion w ill 

r< ' JH<'S<' III. I.Jl!' <'XJlOnPnl. lllill.ri x il tHJ Vc'(' l.ors f\A ;uJd /\' {1 w iJJ I'!' J)I'!'::;r' til, I,Jw Vf'Ci.Or 

o f rof'f l ici<'nl.s of i. l tc• c•xpn•ss ions which for11 1 l. lw prod1tcl. . 

Lc•ills d c• twl.c•vc'rt.o rs [r j11 .... , r ;~JT , [r?1 ..... r?1JT i llld [<,;,, ... ,f':,;L]T (rows 

111' 1lw ""'!.rice's /~ ;1 , 1 ~ 11 :1nd /•,', ·) wil.h ' f' , ,.f :J11d ,.;.; r<'S JH' ri.ivc' ly. Now , i.hP 

c'qll : ll.ic)!J;; ( 11) ran he• wril.l.c•n as i.lw sys l.<' lll i11 il Vc'cl.o r fon11 

~ ·~ ~ + 1, /1 _ ,~ · . v i . 1..11 _ 1,.1' 
I .J - fll' ' 1 'J - ' HI (5) 

111 = (i - l ) - J !-). i = l . .. , l ; j = I , ... , J , 

wJwrc • i.Jw :ldciil.illll 111' J.ltc• Vc 'C illl'" is clc ·Jitll'ci ill !. Ill' IISII :d IV :Jy. 

l 11 [ I . 11] liiiS hc 'c' ll s ltc iiVII i.liill Sill isfy i111!, <'qllill in ti " ((i) J'or all dill'c•rPnl 111! , 

111'2 . 111:1 . 111-1 (: {I , ... , 1\1) ).;ivc •s I ill' ttc •rc •ssary <~lid Sllfli cic •lll c·o llclil.ioll for <'X isl.i ll t; 

I ill' Sllillltoll llf IJw sy;;IC'III u·J) . 

,. ( ' ( ' (' k:,; I 1.-:, ; ~ 
(ii) 

t "'I I 1/l:i - I 11!:! - I 
111·1 !,.I ' !. · ;,;~ ,, =~ 

\\ ' he ' ll i.lw C!l tlcliltoll ;; (ri) an · clc •rllc 'cliwo rows l'ro11t i.ltc• llt al.rix /~'A and / ~' 11 , 

t.•· I \I'll c•lc ' llt< ' lll " ol' llw vc •c l"r" /1 1 illld /1/1 . arc• r ll<lS<' II Al so, hy choosing fo11r 

I'll\\' " J'r!l llt ll w lll i \II'IX /, . lc>tll llc •lltc ' lll s "f llw Vl'cf.o r /1 1 · :w• c iiC•S~' II Tlt1s 

lltc 'i!IIS llt:ll il!('sc• f'n111 ; tclclc tiel ,., frllltt lite c•x prc•ss ion dPscrihc· cl hy I II< ' t'X JH! II t' tlf 

llt<Jill\ I 1 • .ttlll lite vc•rl11 t ,,J C'lll'[ li r·ic•tlh 1\ 1 ill'l 11hla lttc'd hj lllitllipl y lll )!, IW11 

•'\JII·c·s,.,tlliiS <'ill' h <'flliliitlllll)!, 11\'CI ;tc lclc ncl wl11rh :~rc cJc.sc rtiH'cl l•y Ill<' cltiiSI'II p:trf.s 

Ill tit• 11t:1l ri"' '" I 1 :111cl 1:.: 11 a11d ''' '"~' "' ,,. 1 ancl /\ 11 • Thtt" t•v••ry ro nclttintJ ()r 
tltc I\ JIC (!i) I' <' Jll't 'SI' III ,, ''2 X '2" JII'CIIil!rl 

I f 111 llw It tal fiX /•'1 i itld 111 I ltc I< rl"t "f I'CII'[ Ii ric•ttls 

( (. (. ) I (I ( I ( . ) ~ ll 'I } ,,. 
, u l' t "J ' flit< "'u' ,.,.,. "' ' Ill 11 '.! • •• ' II 

fc.llnl\'111)!, I'<Jiiiilt() II S ii,JcJ 

k' ~.r 
I ' ( I ( t I, ., 

-· (' r I' - '·· '·· = t \', 
( 

'"J 1.r' ~,.r ·· _, _, 
I' 

., _, 

rj iSt' 

/1'1 t'Xtsl \' rtli iJllt ·s 

!' I'SJll CfiV< J_\, :tl\tJ I J\1 

L• • lu s l ilkl• ilwtw" prnclu r l :.ll' llltdtttl•' ll ~i" n s'2 N 1 a t1cl'2 x,V~rc JH r lill' l) , 

wllldilllt' d< 'l'r'li i,..J hy llw r·crl!alinns :tlllli".l!."ll ' l () (7) Hy I itt., '2 X N 1 ,.Jr•tu••nls 

HII .-J,.,~, 11 111 til<' It loll rix /,',. and iu t ltc ''riot /\,. i11 I h1 fir. I ra ,. and '2 x 

,\''! 'l~·tat•'IIIJ' 111 I II• •. 1 ~'~lltd r>;t •• ' J h• :-• ,.J, 111• Ills rc prt•:.1 111 lit " adtkuds of I Jt, 
'xp t••.stll ll g tl • nl1y llw slr tl rlltr,d ltiialrix ( '. ' lit • 1'11' " f'alltnd PX<':-< luloug,ing, lo 
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the lit· ~t. ekll tPUI.s in the couples of the first and the second product. are clenot.ecl 
hy 

J'e,.;pect.i vely. The i nt.ersect.inn of t . bcsr~ twn :-wt.s is ca.lcula.tecl. 

f i ,N' n I1 .N" = f1 ,N = {n1ln = 1, .. , IV} 

T IH~ ~ef·.s of t.lwse i !Hie;.;:es , lw lonp;ing i.o the >wcnnd e lern cnt.,.; in the crli!ples of 
prnd11cts , wltich conTS JHl lld l.o t he first. elements wlwse indexes an:' in set. ft .N 
a.re dr-•n ob~d by 

r···spect.ivroJy. If /'!.,IV' .fl.,, n lc ,N' ,I, ,, = 0 it i,o; po,o;c;ihle trJ construct the IWW 

prnd\lcl'. wit.h clintr>lJsiou :{ x N hy _joining t.oget.her corresponding elernent.s of 
t.wn r•xi,o;Li11g JHr•dnct.s. Thro new prod11ct. is described by the N orden~ d triples 

(r;,·,.r<,:·" ,c;,',), and (k;:;·,,/.: ;,·, .I.:~:J wh ere 'II. J E l1,N, n2 E /2 ,1V',h.v and n:; E 
r'.!,N<t, . .v- T he prodttd.,.; wit·.h greater dinHcllsions are constructed in Uw ana.lo­
gons way. 

'T' his ntat.lwrlla.l.ic: d :tualysi;.; ~erve::; as basis for construct.iug t.he algo rit.lmJ 
I'm p;<clwraJing t.lw prnclncl.,.;, c.a. tHiiclatc~;.; for dividing t.be exprc~ssicllls . T he hrst. 
,.;l.ep i:-; to repn-~ ::;r~ Lli . i Lie r-'xpressinn hy the structural rnai.ri.x. Thr-c next step i::: 
g<' l1<'r;t.t.ing i.lw equar.ions of t.h e form (7) for ddlen~ nt. cornhinat.ions of t.lw acl­
deucl,; (IJld fot' N p;n'ai. <ts possible. Every equation represents i-.lw 2 x N product .. 
On i.lw basis of sia.rt inp; prnrltl<t.s, we t.lw11 consl.rncl. a. ll possihlr-~ products wit.b 
gn·<.IL<-'r di11wnsicms. By this JH<, cerl ure all prodnct.s. r.artclicla.t.es for dividiug arr-' 
ge.J1eraLPd. 

3 Generat ing the P roducts, Candidates for Dividing 

J\ fl r-'r t· e pn~s e nt . ing i.lw c-·xpre,.;,.;ion. which ltave to be divide into t.be prnducl.s. 
by t. he sf'.t·uc i.Hral IIJ<.tl.rix , we need t.o ronstrllcl. a.U possible products , canclidat.es 
fm dividing. T lw ba.sic id e:t of Uw procr-~dure for generating i.he ca.nclicla.t.Ps is 
in fuliowinp;. The couple of aclclends is chosen, for which the clilference between 
tlw · ~xpouent.s and t.hr-~ qunt.ir-~nt. hei.ween t.he const.a.nt. coefficients are calculat.ed. 
Then , for all oi.lwr co11pks of :tdclr ~ nds tlwse qua11tities are checked ancl if bot. h 
rll'<-' t it<-' satn<-' (equation (7)) t.hi,.; cuup lr·~ is added i11 tbe prochtct. which a.lre;t dy 
cnnta i11 s Llw ~i.art. ittg co11ple. '"~lwn we• r·lteck the con ditions for a.ll co uples. the 
l!C'W prr,rJnci. is r·ornwcl if it. conta ins i.he two couples at. least.. This procedure 
~ ~ rqwa.t.ed for q.ll pnssihle couples of aclcleuds. '"'c~ do not forrn the product. for 
tlwse cm1ples whic.b a.re already rnernber of smne other product because the t.ran­
~it: ivii.y law for equa.l. i<)ll tells us that the same product. is to be generated . vVhen 
we repr-c at. the procedurr' for all couples. all possible products with clirnension 
2 x N fm difFerent. vahtes N 2 :2 rtre g<'tJerat.ed and stored in the~ lis!. of prnd­
llc.t~. T he data stnJci . ll.n-~ for representing t.he product. is given in the psr-•udocode . 
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p:3 = ( ,'r. nh·o(J!l , p2 , m.) ; fnsh ·o(pl rn , I/.7T]! ]J, dap) ; } 
p2 = p'2- > w ::dpr; ·} ) 

pi = p l - > mr;efpr·; } 

Join Lis( li spro , rt7T]J)J, rl11p) ; 

Tlw id Pi'l. of the procedure is to 1n a.l.ch t.lw ddle rent. pro ducts , an d if it. ';; 
po:-;sihiP th1-' uPw prodmt. is cons t.rnctPd by j oinin g the two rn atch ed produ cts. 

T his tJPW produc1. is ~ torecl in tlte li s t of pro du cts on th e con esp oncling pla.ce. 
Tbe pointer pl pass1-~s throu g h tbe s t a rting list. of producJ.s, wh i! P the pointer 

p2 bes id e t hro ugh t.lw sta.r1 .ing li st p a.ss~~s t.hrougb a.ll LH~w gene r a.tt~ d pro du cts. 
By t.his proct,dure, finding and 1w rfo n1tin g a ll possible prn d11ds j o ining is pro­
vicl~-~ d . T lw procPdurc NntMr~ 111. (]Jl ,p'2 ) che:·c ks if i.hP prod11c1. pi is tlH,, m emlw r 

of 1.1w prod11 ci. )JL if tlw pL. i ~ >'O IJJ P of t.l11' IJPW g(·' JWrated prodnc!.s. T he prOCI'­
dur(' ( .'nnPoss(ld . )!'2.) clwcks whe11 is possible t.o j o in these two products a.ud 

prn r.Pdnre ( :r·n PnJ(]J I , p'2, m) pe rforrns t.lw _joining if it's possi ble. Tb t~ _joining is 
]Wrfo rrn ed hy applying IHU('. (~chlre d Psc rilw d in secl.i ou 2. Tbf> va ri able m rd11rn s 
tlw numbe r of rows iu the m a.t.rix of a dd e nds fo r 1-.lw newly-formed product.. T he 
pmredure lnsPro(]J:l, 111 , mT)J).J, rlap) in serts t.bf' ll f'w ly-forrn ed pro duct. p:5 i11 t.b e 

li st. of produ cts on which p o int:; t.h e C.O ITf'S ponding point.r~r frorn th f' a.rray II. 'IT)J)J , 

cl epeuding u n tlw va.lue m . If p :3 is tlw r-Lrst pro du ct for this value of m , the 1ww 
po int.1'r is fo rmed in the array mTpp which po ints on tbf' new list o f products. 
T lw diuw ns io11 of 1·.1w array. dnp is incrf' IIWUtecl 1·.oo . W lwn we pass t-.luon gh a Ll 
prod11c1. fror11 tlw st.n.r1 .inp; li ~1. it. i" ll l~ r~~ssa.ry t n _join t.ugetlwr all li s t of prod­

uct:;, poilll.l-' ll hy pninl.l-' 1'>' fl'OIII tlw (1.7'1']'!].! , in l'.lw Oll f' li st or pro dn ets 1-i sp?·o . Th e 

pointe rs fro 1n t.lw a rra.y rt.7T)J)J st ill poinl. on tlw s<t.nte prod net:; as befo re j oining. 
T hi s joining is pe rfo rllH'd by 1-.l:w pro cedure Joinl,is(li spro, mTpp, dap). In thi s 
way a.ll products, ca.n(lida.tes for dividing th e ex pression an~ stored in the li st o f 
pro ducts li.'qJ7,o. 

4 Conclusion 

T he reducti o n of calculating complexity of the analytical ~'Xpressions, participa t ­

ing in t.lw m a.tb f' nHtl.i caJ m o de l of system , is necessary J)art. of the mathematical 

mod Plling procf'ss in sy rnb o li c fonn. T he a im of reducing tlw model calculating 
co rnpkxit.y is the nt,ed for calculating lllltllerical va.lues of the model quanti t iPs 

in t he rea l- time ncgime. 
[n this papt>r, t.br; fi.rs t pa r t of th e a lgorithm for dividing p oly nomial ex­

prt>ssions into t.lJ e prod u cts i::; cl escribPd, which is consisted of generating a.ll the 

pro d.ticl.s , candid a tes for dividing th e ~~x press ions. The generating proceclurf' is 
o bta ined o n t.lw b as is of dPtail m athe m atica l a na lysis which g ives the n ecessary 

a.ucl s uHi cient conditions for dividing tlw expressions into the produ cts . 

The ba.s ir characteristic of tb e genera ting procedure is that instPad of search­

ing an 1o ng th e pro duct.s and dwrking th e conditions for all product s, this pro­

cedun' irnplnn ents giwn mat. hr~rnatical a na lysis in the two-step a lgor ithm. First. 

step comprises genera.t.i11g a.U prnrh1 d.s with di1T1ensi on 2 x n , while the second 
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sl.ep jll't·fonu s Uw con:;l. rll cl". ill g o f i.ll<' llC' W prn clllrl.s hy j o inin g n f !.h e ex isl.ing 

OIJ<'" - l11 l.bi,.; wn.y, 1-.iJ P a.lgor ith111 i,.; o hi.;J.iJwd w hi ch ha ,.; pracl.ic;J.I va l ll<' fo r co Jltp iRx 

n naly i.i c;Ji <'X IH< ',.;s io iiS l.no. 
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A Characterization of Ellipses by Discrete 
Moments 

Na.t.asa Sla doj P 

U nive rs i~y of Nov i S;td , Pacu l ty o f l~ n g in cc rin g, 

Trg D. 0 br <tdov ib . li, ·2 1 1100 N ov i S;ul , Y ugu:-.lav ia 

Ab,.;tra(;t,. lu l . hi ~ p;tper we prov" t ha t. fo ur inl.ege r~ ;uc· eno ugh fo r 

t. he uniqu e co din l!, o f ellipses with iLX< 's pamllel to coo rdin ate axes. T his 

c llk icnl and c·n.s il y co n1 pu t.;Li>le rcprvse nt.a.ti o n II CI:'d ~ a.n a~y 111 pto ti call y 

Inini111 a. l 1111111hcr u f hits and t' ll iLh lcs a co usl. ilnt Lilli e itppruxillliLte rcco n­

sl.r ll c l.iun o f di l!,i l.a.l l' ll ipscs . II. is slwwn 1 . !1 a~ the t" I"I"Ors i11 <'S ~ illl a~ in g ~h e 

hall -itX<'s a 11 d 1.1, ,. cc ll l.t· l position ul di !!,i l.i \\Pd ell ipse l.<!lld to ze ro w hil l' 

I ht> 11nmhcr of p i x(' l ~ P< ' l" nn il l.l! nds t.o infi ni ty, w l1i ch co rrc·~ po nd l'> l.o t he• 

sit.n;LI.ion w l1 eu i.he digital pict.11n· rvsollll.ioll incr e<Lsc·~. 

1 Introduction 

A 111 0 II )!, t. IH' tt!Osl. i111porl.;u1l. proh lc•111 s ro ll s idNt' d in CO II!Jlltl.t' r VISIOII iLIId illt<tp;t' 
pn1re•ssi11p, r<' lai.Pcl to dip;it.al pi cl ttrc•s illlal ys is, tlu•re• arc• rc•co)!,llil.ioll nf l,hc s l lld ­
IC'd ohje•rl, its dlirtrltt l"f'Jll"<'st' lli.ltt )!, n11cl findill )!, t.lw alp;orit h111 for n•covt>rill)!, t lw 
"h.Jt•c l fro111 ti s rc•prrs<'lltation . J)l p; ltal shapPs w hi ch iiJliH'ar !.he> lltOst ofl.t'll ill 
prilclll"" itr<' dig;ital st mip;hl lin< 'S a11d co niC sc•rt in11s (in t l11• l ·~ llrlid <'a ll plane•) a nd 
sn-ra JJ, •d sllrfan•s or tlw se ("()ltd ordl'l" (in t he• l ~ uclidC'illl spare•) Sillrc' t lw !Past 
sqnare·s lllt'lhod . wl11rh J.!.IVt"l'<'flirltlll n ·pn ·s<' lltatloll:-> for cll)!,llal slra1p;ht illlf 'se).!, 
111<'111~ (['2]) , dt)!;lt;;l Jlilfii iHlJ;t l't').!,lllt'llts ([:!]) a11d dip;1t;d pla11t ' Sl')!, lll l'llts ([1]) , is 
nnl iiJlJlrllJlfi;lit• for I"I'Jlrt'SC'III ill).!; PllipsPS, WJIC'I"I ' Jl JPads Ill IIOililllPitf proh Je•111S 
WlilriJ I"I '!JIIIr<' CO IIIJli PX IIIIIIIC ' rir;d tc>riiiiiCJIIl 'S fnr thl' soJII II Oil, Ill this Jlii.Jll'f WC' 
.J, w lop t IIC' ldt •a nf ""Jlarat Ill )!, s<'is for proVIII).!, nllt'· to elll<' rorre•spO IHi c> nrt' be•. 
lwt·tn di).!,ilal shaJl"" ancllhtll rt ' lll"< "'ntal1nt1s hy a ronstnnt 11111111wr of lllte ·g .. rs , 

i 11 t rod 11 n·d 111 [ I] 
In SPrl1n11 '2 WI' g;iv,• <Ill as)lltplntlrally opt1111al rc pn·sPntat.ion of di).!,ltal Pi· 

hp»•·s •·orrt·spondill)l, 1nth• •llip"'" "f lh• • lnr111 (~ 1 ;!)., i (1"frhf $ I. ,1, IJ E= /( 

1 1s till 1111111ill'r of pix•· I p1 r 1111il (i <'. r• 'N• illllllll ), hy four llllf"j.~l'r~'> 

1\11 1 fliri• ·nt <'slilllilllnn ofth• mi)!,illal ••llip!'l' half-;1xr·s, ils \\1 II a · tht' coordi­
ltal•·,., of 1b r<'llt 1•r. i. )!,I \"I'll 111 '-i<'rl 11111 :1 It 1 ~ ~hnwn that ••rrors of I hat t·st i Ill ill iou 
l1 •nd to Zl'rn wh••11 tl11• r, .... ,Jilllnll of di)!,itaiJll r tun• illrrt·a,.,<:; . 

1'-1 !II 
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The numerical data (Table 1.) strongly confirm the theoretical results. For the 
ellipse (at random position) with the half-axis exceeding 1000, relative deviation 
in estimating the half-axes and the center position is less then 0.0003%. 

2 Representation of Digital Ellipses 

Consider an ellipse E in the Euclidean plane, defined by ('";;,.a) 2 + ( 7;/!-) 2 
::=; 1. 

The ellipse E can be digitized by using digitizing method in which all the digital 
points (points with integer coordinates) in the ellipse are taken. In this way, we 
get the set of digital points, defined by D(E) = {(i , .i) I B 2 (i-a) 2 +A 2 (.i -b) 2 ::=; 
A 2 B 2 r· 2 , i,.i are integers}, which will be considered as digital ellipse. D(E) can 
be etliciently coded by four integer parameters: 

- the number of points of D( E), denoted by R( E); 
- the sum of :.~: - coordinates of the points of D(E), denoted by X(E); 
- the sum of y-coordinates of the points of D( E), denoted by Y (E); 
- the sum of squares of the :~:-coordinates of the points of D(E) , denoted by 

XX( E) . 

These paran1d.ers can easily be computed for any t>llipse. Very important 
property of this code is that it provides one-to-one correspondence between the 
set of digital ellipses and the set of their representations. That is the main result 
of the paper and it is presented by the following statement: 

Theoreml. Let D(El) and D(E2 ) be two digital ellipses and let (R(E1) , X(El) , 
Y(E 1), XX(E1 )) and (R(E2 ),X(E2),Y(Ez) , XX(E2)) be their representations, 
r·espectwely. Then 

is equivalent to 
D(E1 ) = D(Ez). 

Proof. It is obvious that all the parameters R(E) , X(E) , Y(E), XX(E) are 
uniquely determined for a certain ellipse E, so (D(Et) = D(Ez)) => R(Et) = 
R(E2 ) A X(E1 ) = X(E2 ) A Y(El) = Y(E2) A X X(Et) =X X(E2) follows from 
the definitions . 

The opposite direction of the statement will be proved by a contradiction. 
Let's assume that the relations D(El) =/= D(E2) and R(EJ) = R(E2), X(Et) = 
X(E2 ), Y(E 1 ) = Y(E2 ), XX(Et) = XX(E2) are satisfied. Then we have 
#(D(EJ) \ D(E2)) = #(D(E2) \ D(Et)) =/= 0, and 

2: :.z· - 2: x, (1) 
(x ,y)ED(Et)\D(E2) (x ,y)ED(E2)\D(EI) 

2: y= 2: y , (2) 
(x,y)ED(Et)\D(E2) (x,y)ED(E2)\D(E,) 

2: x2 = 2: x2. (3) 
(x,y)ED(E!)\D(E2) (x,y)ED(E2)\D(E,) 
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Two elli pses, ,.;al. isfy ing #(D(EI) \ D( E2 )) = #(D( E~ ) \ D( E 1 )) -::/:- 0 , r au have 
zc, ro , one, lwo, three o r four inl.ersecLio 11 po in l s. If th ey have Jess t hen four 

int.e~ rse rt. in g points, th e :;e t,s D( E 1 )\ JJ( E~ ) and D( E2 ) \ D( E 1) can besepa.raLecl 

by th e straight. line a:L: + by = c, in such way th at. 

aJ' + by < r fo r ( .r:, y) E TJ( £ 1) \ TJ( E'2 ) and 

o. ~: +by > r· fo r (.r:, .r; ) E D( E~ ) \ TJ( E1 ) 

is :;al i ~ li ed . Thi s p; i vc>s: 

(' 

(.r,y)E !)( EJ , )\D (B 2 ) 

> " C.,IEO~JI O<B,,.•) +b ( 2.: .'/) 
(.r,y)E D ( /3 1 )\ D (E2 ) 

=, · C.,)E 0~)\016,·) +b ( 2.: .'/) 
(.•·,y)E D (f:J,)\ 0 (£ 1 ) 

> r· = r· · #( JJ ( t·;~) \ /J(/~ 1 )). 

(.r ,y )E0( /,;~)\0( /;,) 

'l'l wro 1rl radi rl. io n c·#(/J( /~r)\ IJ ( /;'~ )) > c·#( f) ( /~~)\ f) ( /~ 1 )) fini shPs i.h l' proo f 

in I Iri s rase'. 
Ll' l 11 s snpp osc• l.lr a l /~' 1 CI IHI ~~~ h;wP fom iniNsc•c· l.io ll poirrl.s. O hv io 11 sly , fo r 

I. W(J c•llipsl's /~' 1 <llld /~'.l. gi ve' ll hy i.lr l' <'<Jii rtl. io ns /•,'1 (J·, .r;) = 0 <wd /~'2 (J·, .r; ) = 0 
rPs;H•rl. i vl' ly, i. lr l' sf' l o f ;til ro rri cs I">. (J· , .r;), A ( N, ro lll.ai ninp; a ll Lir e• in l<' r:·wr l.i on 

poin l s of /~ 1 a lid /~''.l is ddi rwd hy t Ir e• e' q ll at.inn 

/~ 1 (J·, y) 1- )., fj'~ (.r , y) fiJ''.l + l1y'.l + ('J' + dy+ r· = 0. 

If parallH' I<'r )., 1s chose 11 i rr smh 1\'il) I hal llw rol'liric•nl of !1 '1. 111 t lw Pqnat ion 

1\( J·, y) ()Is allllllllc •d , (ill!' c•xrslanrc• of fcll l r intl'rsl'rlroll pornls i111p l ic •s lhal 

l lw coP iirwnl of J''.l Wlllllnl he· an ll li ii Pd lhe· rr ) , W<' )!;<' I. 

if lr orr;t,onlal ax<'s of F 1 <111d />2 he lo ll )!, to di lrc' r<'llt. slr;u~ht lin e's, t ir e• c•qualion 

of I II<' fnrlll F >, (J' y) (IJ'~ -1 ('J' I rly I , 0, whirh IS the !' (i ll ill 1011 or 
parabola wll h I he axis paraiiPI In y aXI S ' I ll<' far! I hal a11y I wo ron irs lliity 

liit'vl a.l lliOS( four IIIII r~t ·r f IIlii pnllris (111 of her Worth IIOIIC ' nf I ht • I'XJ;.t 1111!, 

fn111 intnsc ·r tro11 pn1111sranl11 lh•• pclllll ofrnntarl of/). a11d 1:-t. or /•>- and 

/''~). l111pl1cs th;d / \ sPparatc•s tl11 sl'ls /}(fo'l) \ f)(f'··) and /J(V_,) \ f)(I~'J) 
' I Jt, rn11rl11sllliiS follow ;uraln~nllsl; '"' 111 I h• case wiJt 11 ilrP ;,c jMrator for I lw 
::-•·h [)( / 1) \ /J(/• ., ) a11cl /J(/ ·•) \ /}(/ '1) is a st ra1~ht lillr '. 

'2. if horrznulal axr•s of /,'I ollld I . IH ·Innp, Ill llr•· Si\ 1111 st raip,lrl Iilli' , ilrl' l'ljll}d IIJil 

t~fllrr for111 / ~( J ·,y) = riJ· 2 +r'J '= 0, whirh 1. th• •·qllall<lll oftwn~lrai~lrl 
li111 . n f tlw forr11 J' = J· 1 and J' = J''J Siun• tl ws•• liuc s sl'parat• · Pis IJ(L',) \ 

/)( ~~~) aud /J( /,'2) \ /J( L'1 ) i11 sllrh wa~ that tlw rl'lation rtJ''J + rr ' < 0 is 

~a li li•d forllwpnint s frolll llllr ofllwstls fJ(/ '1)\ f)(f:2)a llcl f)(f:.,!)\ f)(f<J,), 
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while the relation a;c" + c::r + e > 0 is satisfi ed for the points from ano th er , 
the concl11sions follow as iu the previous case . 

Obviou::;ly, YY( E ) can be used instead of XX(E) for the representation of 
tlw ellipse E, w her(~ YY (E) d (~ notes the sum of squares of y-coorclinates of the 
points of D( E). 

For convenieur.P and without loss of genera lity, in the rest of the paper it will 
bP assumed that all the digital point.s that appear have positive coord inates . 

3 Estimation of the Original Ellipse from its Code 

? ( . ) 2 An irnportant question is bow efficiently a n ellipse E : ('";,." t + 7i:/!- :::; I can 

be recovt'recl from (R(E) , X(E), Y(E) , XX(E))-c.ode of its digitization D(E). 
In this sect ion it will be shown that the prop osed coding scheme enables <Lll 

approxirna.tc~ rcx.onstruction of the pa.rarneters a. , b, A · r· and B · 1' with errors 
tending to zero whil e 1' ___, ( X) . 

A (k , I)-moment., denoted by rnk ,l(S') for a continuous shape .S', in 2D-spa.ce 
is defined by: 

m., ,i (S') = jj JJ~/ rl:J.= dy. 

" 
If S' is a con t.inuous ell i psP E , given by the inequality ( xAra) 2 + ( Y;;}) 2 

:::; 1, then 

mo ,o (E) = 1r · 1·
2 ·A· B, ml ,o(E) = 1r ·a ·1·

2 ·A · B , 

mo,l(E) = 1r · b ·1· 2 · A· B and m 2,0 (E) =A · B ·1·
2 

·11" ( A
2

4

1
. '2 + a2

) . 

Thus, if the moments of the cont inuous ellipse E are known , E can be recon­
structed easily. Namely, 

m1 o(E) , __ mo ,J( E) 
a - ' and u while 
· - mn ,o(E) ' - mo,o(E) ' 

A · r = 2 
· /m2 ,0(E) · mo ,o(E) - (m1,o(E))2 and 

mo .o (E) V 
( mo ,o( E) )2 

B·1· = ~--~r=~~====~~~r=~~~ 
2 · 1r · jm2,o(E) · mo ,o(E)- (m1 ,o(E)) 2 

Four integers , R(E) , X(E) , Y(E) and X X(E) , appearing in the proposed 
characterization of digital ellipse D( E ), can be understood as discrete moments 
of that discrete sh ape. So , it. is natural to expect. that the cligitiza.tion of the 
ellipse, defined by 

'I ( ) 2 
" X(E) - Y(E) 
;]. - R(E) + y - R[E) < 1 

_2__ . X X E . R E - X" E 2 (R(£))2 - ' 
( R( R) J ( ) ( ) (, ( ) ) ) ' • y'XX(E) R(E)-(X (E))' 
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ra tJ he" p;oo d a pproxilll al. ion f"o r i. IH' represP ntf' cl di p;il. a] f' llipse D (E ). 
In ordf' r l.o PSt inml.f' Lh P ba lf-axPS a nd Lhf' Cf' LltPr pos ition of Lh e original 

Pliips<' , IV<' Jl!'f' cl asy111p tol. ical cxprc>ss ions [or R( E), X( E), Y (E) and X X (E) : 

Tlwormu2. Lrt lh e d igi lol ellipse n( E ) be lh r digit i;; al io11 of an cll'i]I .SC E' ., 
r;illc'" hy lht rqu atio 11 ("~-,'.' ) " + (7.Ffr:::; I , where a ~ A · 1· and b > B · 1· is 

sa t-is.fi• d. T /1( 11 th e f ollowin g OS!J111Jil otiml c1:presiou.s hold: 

Fl(E) =A · /1 ·1·
2 

· 1r + 0(1·); 

X( E)= rt · ,1 · H · r 2 
· 1r + O(u · r); 

'y' ( l~ ) = b · ;\ · II · r 2 
· 1r + 0( b · 1·); 

XX(}!;)=;\ · /1 ·1·2 · 1r · ('1 ~ 4 r~ + 112) + O( a ~ · r) . 

f',.no.f. For 1. 111' <l S.Y IIIJll.o l.i ca l t'X Jll't's io n (!i), WI' IHW<' 

lH*J(A •·) 2 -(i-«)"J 

2: 
(•d) 

I·~; )~+(~).4 ~ 1 

- '2 
,1 
I J 

luI A •·J 
L i J( :\ r) " ·- (i 

1 [•t \ rl 

lu-I A r J 
11)"-f L O(i) 

•=[u A rl 

IJ 
- '2 . 

\ 
{'" ' ,. ;· J( ,\ . ,.)"- (J· - t~fl rl(l.rJ) + 0 ( l"I:rJ i) 
, ' ' 1 ,. i [<~ A r·l 

- II . J \ • IJ ,.".! 11' -j (')((I I') 

' Ill<' n•lalu•n:- (•I ), (()) and (7) can ], . prov< ·d analo,f.!;o\lsly. 

( 4) 

(5) 

(()) 

(7) 

Tlu opl1111aht y of (hi' propost·d rod!' is a ronst·qll<'ll!'! ' of' l,]w <Jhovl' t h< •Ort' l ll : 

Comllary :3. 1/u pmpu" rl ( /(( /' ') \ (I ) ) ( /•' ) , \ .\ (1 ' ))-mdt 11 'flll!l' 1111 II'IJIII 

!liutll'aliiJ opt111111l (1111711111111} 1111111ht1 of /111' 

l'nmf lludt•r tlw a:-:-.lllll]'linll ~ .,f'Titt ·nrt 'lll <! , I Itt • lllllilli<·r of' hils rPqllin·d for llw 
IIIIJIJI"•r:-; /(( 1 ~ ) . X(/~ ) . ) ' (I>' ) aut! X X( J;) i:-. 

( lu tlw ot lwr l' id<', a I rivial lowt •J l~tllilld o11 lit• JllltiiiH'r of difi'Pr< 'lll di~11 al 
, llip:-•. whirlt l'illl '"' in scrilwd iulo 1111 iut• g• •r grid of . izP (n + i l · r·) X (b+ If · I' ) 

t:< ( t1 1\ 1·) (It + II r) . So , llw IIIIJILIH r of hil s, rt'Cjlllrt'd fort Itt Lllliqll• ' rod in,~~; 
fi r di~Jtal r • lltp ~o • ·~. IS at IP01 t ln!-\((rl t 1\ r·) (/t · II · r·)) : (J(Ing(Jna ,·{, , /,})) . 
Sinn Ill•' low• r hn1111d i. n•adwd , tlw pr"P"!i"d rcul• • IS npt 1111al 
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Now , we can givP an upper bound on the precision in 1~stirnating the half-a.xes 
an d the center of an original ellipse from its code. 

Theorem 4. Let the digital r. llipsr D( E) be the digilization of an ellipse E, given 

by the equation ('";;,a) 2 + ( 7f!-) 2 
:=::; l. Then the .following error estimations hold: 

X(E) 

R(E) - [ = 0 (~) , 
((. 1' 

Y(E) 

R(E) - 1 = 0 (~) ' 
b 1' 

~ · jXX(E) · R(E)- (X(E))2 _ l = O (-
7

1.), 
A· 7' · 

(R(E)) 2 

2 rr ,jx X(E)R(E)-(X(E))2 

B·r 

(8) 

(g) 

Proof. The first two relations follow by applying Theorem 2. For proving the 
relations (8) and (9) , let's not ice that the proposed approximate value for the 
length of corresponding half-axes of E end E', where E' is obtained by trans­
lating E for - Mx(E) in horizontal direction and Mx(E) denotes the minimal 
abscissa of the points belonging to D( E) , is the same. N arn ely, 

R(E) = R(E1
) , X( E)= Ia- A· 1·l · R(E') + X(E') 

and XX(E) = (Ia - A· 1·l? · R(E') + 2 · Ia- A· r·l · X(E') + XX(E'), 

which implies that the equalities 

2 2 
R(E) · )XX(E) · R(E)- (.X(E))2 = R(E') · )XX(E'). R(E')- (X(E'))" 

and 

(R(E)) 2 (R(E')) 2 

2 · 1r · jXX(E) · R(E)- (X(E))2 2 · 1r · jXX(E') · R(E')- (X(E'))2 

are satisfied. So, we can assume that (A · r - 1) < a :=::; A · 7' . By applying 
Theorem 2, the relations (8) and (9) follow. 

The previous theorem shows that the errors in estimating the half-axes and 
the center position of the original ellipse from the corresponding digital data 
tend to zero while r -+ oo . The experimental results are in accordance with 
~he theoretical result. ; ~·ors in ~timating the coordinat<"s of the center, ii and 
b, and the half-axes, Ar and Br , reconstructed from the co de of the ellipse 

x-a 2 (~)2 , . . . (AT) + B r :=::; 1, are p1esented 111 Table l. 
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7.!l 
n. ri Hl. 8 0.0050508 0.01066 2.5 0.0002302 0.00 3.5 037 

46 .5 
77:3:3.7 19!!.9 11 . 00 1 6J~H 0.0 107781 0.0000il51 0.000 1901 

:l7.8 
73:37 (Hl.fi O.Ollil i 91 'L n.o011011 0.0000414 0.00004 Y4 

77:3:37.3 1991. 1 0.001Jt12(rl 0 00117779 0.000000 I 0.0000066 

'27.7 
:3:38!3.8 91. 1 11.000 12fi3 0.0004362 0.00001)77 0.0001 822 

411!i.G 
3888.:l 99 '1. 1 0.000i fi:32 O.fl004 !l98 0.00011116 11.001101611 

' ) ' ) ... - RR8:U 91Ul 0.0000 l.'i4 il .llOOO:l11!i o.nu11110 11 O.OIHJU044 
~~f. f 

8883:)8.~ II!J!J~Ul II.OOOO:l 8fl 0.0000288 11 .000000 I 0.00011003 

77'.!..7 
!HfH.:l li 81i. li 1Uli11HliU7 O.illl011il8fi 11.11illlll00.5 0.000003 1 

litl !i!i. 4 
:lS:l i-18.8 9 I 19.1 II .OOOOO I G ll .OOfl00.31i 0.000000:! ().0000003 

'272'L . 2 
!J ;J H~J.:l 1)888.8 0.011011110 1 O.OO!Hl0 12 ().(1000002 O.OOOIJO J I 

:l~ ID9:U GR8illi.li 11.000(10(} 1 0.1100001)7 0. IHIOOOO 1 0.0001100 1 

I . .>.' (!') 
W l CI'l' II = fl{") 

- \'(B) 
h = II(")' 

Xr = 111
2

, .;1 · J XX(F;) · /l(/~)- (X(/~)) 2, fir = (H(B)) o . 

2·71' J X X( B)· Fl( F·:)-( X( "))2 

4 Comments and Conclusion 

lrr i.l1i ,; p ;qll' r <l lll' sl. rrdi< '>' an' fort l>'r'd n n LIH' di p; il.al r llip,;c•s illld pmhi PtiiS of 
i.lt l' ir n·pr<'sr' rrl. ;ll.iorl ;urd rr'<'O II >' l nr rl.im1. In I !11' pre>vious ,;rc l.i o n,; r<' prr'>'<' lll.al.iorr 

h.) ro lr sl.ant lllllrrlw r nf inlr 'J,!;<' rs, r<•quirr' ill )!, o pl.ilrralnullril!'r of hil.s, is prPS<' Iri <'d. 

Onl'- l o <lllr ro rn'spnrrd<' II C<' IH•I.wr'r'll t.l11' dip; ital <' ilips!'s and t.Jw ir iHopos!'d rod<'s 

1:-- llrovt •d . Thai c'rlah ll's an approX!IIIal<', ro 11 :-t.a rrt Ioiii I< ' l'< 'ro rr~t.rllrl io11 of' I lw 
di)!,ll al t• llrp>'<' f'rrllll lis proposr•cl ('()(1<- . Tlw d li rii' II \Y or t.lw l'f'C'OIISI.riiC'I lOll 1:­

illl;dys• d illlcl 11 1s :-- IHl\1' 11 llrat I lw t• rr"rs in <'sl llllal Ill!!, I l w h ;1lf ilX<'s of I lw <'I I ipse' 

airel I ill' ('O(l !d!ll illl'~ or it .:; ('1' 111 <'1' i<'llcl to Zl'l'(l wlrrlr• ill!' IIIIIIIH'r of pix<'ls P<'J' llllil 

(1 < f!>-<drlilllll) lt'!tds to inlinit_\ Til!' illrr-.tr;tlion hy tlr< < X.JH'I'IIIll'llial rl'strlls is 

)!,1\TII 

R<:>fcrenc s 

H I\ I< I 11 SltJfiiH IIOVH' .111d I Zunrr, "A ll.llilllll'irrz;tl lon of d1~rt.d pl•11r•· h\· 
It .tsl squan• f11s and~~ 111 ralrt;tllorls l.'mphrnr/ ,\!mit J., rrw/ '""''!' l'rw···~'""l vol 
"•~. 1111 .! pp . 211!i IIIII I 'I'Hi 

.! I{ \ .\l• •ll< •r, I Slojrrunm·H ;rnd I. Zn11ir, ",\ II<'W ch.tro~~ l<' rl/alion o f da~ilid lirll'~ 

hy J, asl ~qu.an· frl.,", /'crllt "' /lt""l"'''"" I tll11 .•, vol. 1•1, pp . 1\.1-1!!1, 1'1'1.!. 
I Zuni! .tud I 1\oplowilz , M,\ r• pro ·~• liLt lion of dr~it.Li p..r.thoLts h~ J, ·,tsl ~quar• 

h11-". S/'11: !'rot·., vol. .!.!~Ho, pp. it-il:!. 1'1'1 t. 

I h:~ IIIII< le w.ts pitH, . "d 11'111)4 l hr I \'1 1.)\ lllill ro )l.l< k.tJ.\' wil h (,J., 'I 'S I) J, 
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Algorithm for reducing the calculating 
complexity of the polynomial expressions 

D11s;tn S11rla a 11d Milos Ra.rkovir 

l ~a.c ult.y of Sc: i. ~ n c:<·~. ln st. il.nl.c of M;tt.hcm ;tt.i cs 
T r!!, I )usil.cja Ohradovi {:a ~, 2 1000 N ov i Sad, Yui!,os lav ia 

A b stract .. l)i vi din ~-; tht · polynotnial <'xp ressions into t. hc prod ncl.s is a 
h ;L~ ic pa rt. of tlw al ~?,o rit.hm for r <'dn ci n ~-; thv 1111ntber of ca.lcul at.i uf!, opcr­
;tl.iutl ,., i11 t it <' a naly ti ca l ~'X Pr• ·~sions of t. hc rubot.ic: mec hauism,., mod els. 
011 tit<· h ;~.~ is of t.lll · lliilt.li< •tnalica l hack!!,r011nd l. l11· rl a.t.a st.rucl11res a nd 
th ,• a l ~?,or il htn for di vidi 11 1-; ll 1<· polynottti ;d •·xpn·ssions i~ dc·v•· lo pvd. Tit<• 
c <' ttl r;tl l.opic of p;tp<·r i,., I It ,· ;tl!!,oril h 111 lor choosing t h<· prod11ct.s whi ch 
!!, iv• · ~ I It t· IM!!,< ' ~I rcd11 r lion itt tlw llllllliH'r of ra lnrlat.i11g op<' rillions . Tit<· 
ohtai n,·d n·,., uJt ,., ;u·,, s how n iu I h<' iiJii ,.,l.l'iltiv< · <'XiUHpl< ·. 

Introduction 

hH'IIIIIIJ.!. t lw t11at lwtttal iral tltwl<'ls of I it t' rohnt ir lltPrlianisttts ill sy 11thn li r fnr111 

ts ntli' I'XiUIIpiP for llw lli!Hi<'iillt).!, of rnlltpl<·x syst <'fits . Til<' a11alyt teal f'XJ>r<'ssiOlls 
ll'htrh t•xisls in llw tllod<•l haw ~r<'al ralrlllal inp, rtllltpiPxity which should h<' 

r••difn •d i11 ordn of ohla t11i11 g llw dlirwnl lltndt•ls In [ I] , llw ro tllpif'I.P procc' 

diil't ' !In· ).!,<'llt ' raltng lilt syllthnltr lltnd< Is nf I ill' dy11at11irs of l'lliiiJliPX robot tc 

tll• 'challistll,.. j,., d•·,.;rrtlu d ;utd 111 [:.!] 1 )!.tV< 11 t lw ,.; IIIICI tlf,ti ,.;ysl•' tll ;utalysts oft Jt, 
n ·dtll ' lll).!, ralntlalllt).!, rol ttplt•xlly prctr• ·ss 

Tlw llttult ·l ana lyt 11 a l ••xprr ·:o.si!Jtls whtrlt ar•• 111 I ht · Jl"l:vnolltli\l fort II 

) . 

~ ltt~llld ill • I ransfnrlllt'd Ill lilt' fort II 

II 

II J ' '' 
I 

1:1 

) ' L()'ul ' ) ~,2 ) + )"11 ' +1 

( l ) 

1\ lto •ro- ) ~ut, ) ~, 2• " ' -= I , ., \\' and ) '11' ·1 1 ar• • als11 t II•• • .' pr• ssitliiS nf lilt' IYJH' 

( I ) ' II II ,.. t!< Mit!•'' ,~ ,J [,~ dividin~ lit< ••xpr• •• inll !< iut ~ · il~t • prnclncf [ 1-:i] . l'ir t 

I' 1!1!1 
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part of the procedure for dividing the expressions comprises the generating of 
all products , caudiclates for dividing , and its description is given in [f"l]. 

This paper gives tlw rna1.hernatiral basis for dividing the expre.;sions into 
tbe products. Pa]Wr also descr ib es the data strnctnres and the algorithms for 
choosing these products which gives the '' maximal " reduction in the number of 
calcnlating operations, a.ncl for dividing into th e chosen products . The cornpletP 
procedure is tested on the illustrat.i ve example. 

2 Background 

The problem of dividing some expression into the products is analogous to the 
probl ern of finding the structural matrices A and B which satisfy the equation 

A ·B= C: 

for given strnctnral rnatrix C' , ancl can be represented by th e foll owing system 
of equations 

A+ B _ C . 1 .• A kB kC e; ej - em , "·; · "j = ",;, (4) 

m=(i-1)·J+j, i=1 , ... ,1;j=1 , ... ,J. 

Ln [ 1, 4] has been shown that satisfying equations (5) for all cliJferent. m 1. 
m'2 , m:3 , m4 E {1, ... , N!} gives th e necessary and suHicit-~nt condition for P.Xisting 
the solution of t.he system ( 4) . 

(5) 

This claim was proved by deriving one solution which satisfies the system 
( 4) . This proof is used for developing thP. algoritbrn which effectively divides the 
expression into the given products. The idea. of the algorithm follows. 

For ef we obtain each of the components so that ef1 = min( eft, ... , e<j1) for 
l = 1, ... , L. From J equations in which ef participates we have that 

B C A 
e.i = ej - e 1 ; j = 1, ... , J. (6) 

Now for each ef, i ::/- l remains J equations from which follows that 

A C C: A C C A 
f; = em, - e1 + e1 = ... = em

1 
- e1 + e1 (7) 

rn .. i = (i- 1) · J + j ; i = 2, ... , I. 

The analogous procedure is applied for the vector of coe:ffici('mts. For kj1 we 
take the value J .00. Frorn J equations in which kf participates we have that 

B C · k.i = k.i ; J = 1, ... , J. 

Now , for each kf, i ::J:- 1 remains J equations from which follows that 

kc ,..c 
k!' == n-1. 1 '7nJ ' ----c - ... - kc 

kl ·; 

(8) 

(9) 
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11/j =(i- 1)·./+.i; i =:2, .. . , 1. 

Th;Jt. sn i1J t.in11, dl'rived hy lhis a lgo ril h111 , sat.isli Ps t.h e sys i.PJII (4) has b PP ll shown 
ill [ 1. 1). 

l\ c• J't>l' l ' di v idi11 !!, t.ll<' t'X Ill'I 'SS it>II S. J.l1c ' jlJ't)diJ Ci s ll' l1i rh g i ve•,.; t.Jw " III<IX iiiiHJ" I'P­

diJ CJ.i cl ll i11 t.lw llllllrl l<'r ,,f c;ilc·I JI ;Jl.ill ).\ o pr•J·;JI ,ioJJ s sl llll ild lw chosc' ll. Tlw quotation 

lll i ll'k" is 11 sc• d ht•r al lsl' for thi s r iJni rc' t.lw sJJhupl.illlal ;il p;o ri l. hill IS appli ed . TllP 

idc•a nf 1.11<' algorit.h111 J'o ll ow~. 

iYrc>I JI :ill hc' IH'I' :Jt r·d prndlil'ls t IJ<il 0111' is chosc•n which g i ve's lllilXilll ill r l'­

<111 •' 1 i1111 i11 J.lw lllllllh •• r nf <l iH'I'i ll i1111 S. 'I'IJ c' ll l'ro 111 all n t hc•r prodiJC'Is , t.l~r • \ hosc> JI 

addc •Jifi " il l' l' c· lillliii ;Jit'd i llllill~r · Sill ll l ' jll'lll' l'dlll'l' i" I'I ' IW;Ji.c• d . Tlw procc>diii'P sl.ops 

ll'ih ' l l illt'rc' i " Il l> prnd11cl lt-l't Ill lw ciJ oosc'. It is ohv iu 11 s t.hat. t.hi s p; n ' c' d y a lp;o­

rit !1111 whi ch i11 t' \'I' I' ,V sl.Pp t.akc•s l.lw lws l so llll ion dcH's no t !!, llaranl.c'l' th e p;lohall y 

he '" ' " "111111111 . Still , thi s n iJ.!,nr it li111 ra 11 lw dlicic•JJI.I y illlpl c' lll l' llt.Pd and p;ivi'S sal.­

isi':Jrl"r.l r c's lllt s i11 li lt' prnrli ra l npplir;ilio JJ s. 

:~ Choice of the Procluds 

,\II pr• ~t lll r l » c·a JJdid :llc•s l'c>r di1 idi 11 J.!, Ill<' <'Xjl l't'ss icliiS 11'1 ' 1'1' gc' lll' l' al.c•d hy ;Jigo rit.hlll 

d<',..I'I' JI H•d in [(i) . 'l'h l',..c' jli'<IIIIICi s art' ston•d i11 th l' li s!. of prod11rl.s li s]l1'0. Tl1i s 

I" i1 JJ ,._ I cd' ~ ~ l'll t'll ll' t'S ll' lll t' IJ l'l'pl't 'S<' III S I Jw jll'lldll c l s. '\'lie• d ata s(,l'li C' iiii'P whi cJJ 

,J, .,..t' I'IIH '"' llllf ' l l i' <H ill t' l IS ).\ IV<' II i11 I i ll' jl :->t' lldnrc•dc• 

Sll'l ll'l /ll 'n rfuf'i { i11l Ill , II , llllli11rfrf[111)[11], sll'lll'l /11'0,/1/('/ I IIIJ ' i/JI '; l 

I )iJIII'IISillll rd' t h• · prt~dli l' l is l'< ' jll'< ':-><' li ic'd wil h 111 il lld II and l ' (jliiil ~ 7il X 11 . 

I' ll• lllillri x 11111iru/ri [111J[11] r• prr ·sr 111 1111i< \<':-> nl' tile :tdd c• illl s ll'lt11·1i for111 :-> lilt' 

J.!,i l• ' ll l'''"lllrl . l11 1/t .rltll ' lite • 1">1111•1 1111 tile 111 \I jll'lldllll 111 the li st. o f prodlil'ls 

I" l!llt II \11 <111'<1~ ,,j' jlllllllt'ls tll ' l'/'/' \Iilli dilllt IISlllll tfll/1 IS lllll'lldl i ('l'd, WliPrt ' t'V 

''' ·' 1111 11tl" r ,f 1 hi s a1r.1~ p~>illls ""I h• In I"''''"' nt 111 t h" li st "f l"'"dllrts winch 

""" ,., , r• "1"'''"'"!-\ \'ahw f,r 111 ; lr"'" 1 h· · li sl .. r prndnrts /1.'/l"''' t l~t l'ltoJr< "r 
1h"·"' 1''""''~'"- ll'lt1clt J.!,IV•·s tl1• lllii.\IIIJ :d r• •diirlion i11llw llllllliH rofr ,llrulatrn).\ 

"I" r:tllttlls Is l "' li'<ll' lll< '< l. l l11 prttc'l'dlll< ' ( 'hull• ,lf 1
1'r> is ).\ 1\'c 11 Ill I lw ps<'lldorodc 

'hu ff, ,, /f'rn(/1 .' /'l 'n, tl/'1'1'/'• .!rtt•) 

I' I r ·' !JI'" : 
1\hil· (/•! '\ 1' 1.1.){ 

II' lid· (/•1 11/'1' /'l' [rlllf• - I ]) I' ,, _ > /II J ,,,. : 

\f,ufJint(t•) /' :1 - /i'r rt~11 / 1 1'"( /t .'/11'11,f'·'"'l' /'/' • dll/•) , 
,,,,,,, 11 1'11( 111/'/'1'1) ,.:1) , IJti/ 11'11/,1., (/1:1,11 .\Jtl'll,l/11/'l'fiJI tftiJt) ; 

,. '1 ·'1''"· I 
fi.,/1/'11 111i'-JII'I1 ,} 

' I h· fir"l :.1• I' nf thi ... prnrc dur• 1 I i ll' pn.lli<llllll~ fd tlw \'ilriahl• Jl 1111 th< 

111:.1 l<i"dllrl \\ilh IJJO llldXIIII•d \idll< 1•<1 111 . ' J iJJs I. Iii• p111dllcl J'llilll<•d J,y lh< 

\'"1111• 1 tll'l'/'/'["•'1' I ] I h• 11 ollll"ll~ lh• pr<ttlllrt ... \\'Jih I lit :till•' v:du·~ lnr 111 , 
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t-.lw variahi P p ts posit.i oJwd. hy t:lw procedure M a:~ : Dim(p) , 0 11 t.h,tl·. prudn ct. 
which ha.-; rnaxi rnal clilll e ll:>i()J J w . x u . T his produ ct. is e lim inated fr orn t.lw lis t. 
of i'.IH-~ products lis]J1'0 by t he proced ure R.r.conPro(lis]YI' O, p, rl1'1']Jp , rlap) , which 
rPconn ect.s t.hP list and if it 's necessary rnodiJi.es the array of pointe rs an-pp 
a nd its dinwnsion rlap. T hPn t.hP chosen product p:3 ( om~ with the maximal 
clinwnsion) is inserted in t.h1~ new list. of products nli sp1·o by t.be procedure 
[ ns Lis P1·o( nlispro , p:)). ln thi s new list those products arP sto red , which are 
chosPn for dividing the express io n. 

T he next st·. ~-~p is rn ocl ifyi ng a ll the products t·.hat remain in thf:' list li spro . 
wh ich is achieved by a pplying t.he procNiurP Dr.IPr·oLis(p:3, lispr·o , mTpp , dnp). 
By 1'.11is procednn-~ t.hmw addends which participates in the chosen produ ct p:3 
a rt' Plirnin at.ecl frolll a ll ot her products, her.ause in Uw procPSS of dividing t.lw 
r~x press io n every expressio n a.dd eud can lw W3Pd on ly on es . in th is way some of 
the J.ll'orhJcts a re co111p letdy elimina.ted frorn the lis t. of prodncts and sonw of 
t he m haw the new , srna.Jl er diwens ion. lu the case of eliminating th e product. 
fr otn the list , the nwclifying of a. rr ay of pointers a1T]JJ1 and its clirnension dap 
is pPrformecl if it 's ndtessa.ry. ln t he case of ch angin g Uw clinwnsion, t he va. lrw 
fo r m can be srua.llet t . h~~ n bef'or r' a nd the product. nuts!'. lw l.nmsfern~ d to t.lr e 

I 

w rresponcling pl ace in tlw li st lis]!ro. T hen t.b1, va.ri a.hl e ]J is agaiJJ positiuu ed on 
t.lw beginning of th.i> list 1-is]WO , a.nd i.h P sa.rne procPdure is repeat1ccl wh ile the 
list o f products li s7b1'0 is n 't r~ mpty. On tJw end , t he poin ter is set on the new lis t. 
nlis]!1'0 in which a.'ll tlw chosen products are s1,orPd. 

4 Dividing the Expression into the Chosen Products 

W lwn a ll the pro du cts for di viding are chosen, the effect ively dividing the ex­
prPssion into the chos1cn candidates is pPrfonnecl on the basis of a lgori thm 
described in the section 2. The dividing is perform ed by applying the procP­
dure DivEa:pP1·o(Y, lisp1·o, /Ill , mT]n'oY, 1·em r:xpY) which cliviclPs t he exprPssion 
Y into th e products from t.lw li s t. li spro . T he a rray of couples of the expressions 
arTproY with dirrHcnsion M , a nd t he re1uainder expr<->ss ion rcmr:1:pY represent. 
tlw resnlt. of dividing a.ccnrding t.o equation 

M 

Y = _L) rt1TJfi' O Y [I][ J] · arrpro Y [1][2]) + 1'c m c:czN 
1=1 

The procedure DivEJ:pP 1·o i;. given in the pseud ocode. 

DivE:r. pPro(Y, lispro , M , a1T]Hui , 1'CmcJ:pY) { 
for (I= l;l:S M ;l++) DivPro(Y, lispro, l , mT]J1'oY[l]); 
TPmcxpY = FindRcm(Y, M,aTT']JToY); } 

(lO) 

The procedure DivP1·o(Y, li spro, l , mTproY [l]) genera tes the express ions an­
p·,·oY [/][1] and arrp1·oY[Z][2] for l-t.h m ember of the list of products lispTo ac­
cording to algorithm for deriving the solution describ ed in t he sec tion 2. The 
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PI'O('<' dlll'(' Pi11rl Hr111(}' , /\11 , 111'1']11'0 ) ' ) nhLtill s t.lw pari. or t 'X pn-·s~ i o n y w hi ch l' C'­

III n ins wlw11 ;dl t.h l' arldt' IHis p<HI.i cipal.iii J.!; in cl1 os<' 11 prud11cl.s <tl'<' <' liiiiiiPII.< ·d. 

This <' xp r<>ss in ll 1'r 11u.r:7') · is t.lw <'X Jll'<'s>< i<lll whic h ra 11 11 0 1 lw di v idt•d inl.o t,lll' 

prnd11rls ;111 .\' 111 <> 1'<'. rly I hi,.. llw ;d g"ril.li111 f'n r dividi11g t.l11' <'XJll'<'ss io ii S inl.o i.l11 · 

prt~diiCI . ,; is rtt lllpl t'l.t •d ;111tl !. Ill' III IJiltJIIIi ;d t•xl. ra cl. i()ll algoril.h111 ( 1] , w hi ch i ,.; l.lw 

11 1·xl sl.t•p i11 Ill<' l't'd11ri11g 1.111' r ;d r lllnl.ill )!; colllp lt•x il.y IJfl.lw ;111<tly t.ic"l <'X J)I'<'ss io iJ S, 

t';JII lw ;lppli<'d. 

5 Example 

Till ' ;dgn rii.l1111 is iiiiJll <' llll' lll.<'d i11 1.111' p rog rr~IIIIJiiii )!; IHug uag<' (' 1111d t' l' i.lw SC '() 
11N I X o pt•rnl.i ll g sys t.<' lll . i\lgmil .l1111 f'm di v idi11g l.lw <'X press io ll i1d.o 1.111· pro d11 r l. ,.. 

is <~pp li <' d 0 11 i.lw <'X Jm 'ssioll ) ', whirl 1 is rt ' Jli'< 'St' lllt•d hy i.lw sl.rll cl.llral 111 <1l ri x 

,'-,' = ( l1 s, Xs, 1•.\ ) givt' ll ill Ill< ' 'l'nh lt• I . 

i {, · 
I ·''I ·~''..! .J ':~ .t' 1 .1·;, .1' (; ·' 'i ·''x ,1'~1 ·' ' I o .1' II .1· I ~ .1' I :1 ·1' 11 .1' l!i 

0 0 . 1 :,7 I I I I 0 () () () () 0 () () () u () () 

I . tl .ll l OG I () I i ·o ~ ~ ~ 'o () () () () () () 

~ - - 10 10 "() ():l:l()(i () I I () I () () () () () () () 
1-

0 '() 0 :I (J.:I:l()(i () I () () () I I (J () () () () 
1- 1- - 1-1- - -

I o .o:l i G () I I I) II () () I () () () () () () () 

ll.O, I:LK ~ -- T lo - -;) () () () () () () () () () () () () 
- II -- -~ - 1- 1- lo (i 0.()07!1 () () () () () () () () I () () () () 

-

o.o(i'W · I- 10 :iT 10 'o "() - 1 - (-) 'o 7 I 0 () () () () () 
- - "() K () ()1:1!) I () I () () () () () () (J () () () () 

!I oo:w1 I () () () () () () () () () f--il I () () () 
I-- - -- -- ·- -- - 1--- 'o -I() 0 OI:I:L I () () () () () () () (} () () I () () 

'JI -0 o I G7 I 1-
~ () () () () () () () () () () () I () 

- t--r-I :! 0 07SI {) I () () () () () () () () () () () () 

1:1 -0 O:L<J1 () (I I () I (I () (I () () () (I () 
1--

() () 

·o 1 ri:,:l 
-

1,1 () () () () I () () () () () () I () () () 

I~ O.w, ~,:l ~ 0 r !1 "() liT ~~~ -· I 
. 

() () () () () () () 

~In ~ -I-~ "() - T "() 'o 'o 0.:! 11 () (J () () () I () () I) 
- -- - !-

IT IJ .IJ:I!l ·l () II () () () (} () I () I () () () () () 

IS .() lli:I:L () () () () () () () I (J () I 0 () 0 0 
- ll OO:LS 0 () f-1 1!1 () () II () I () () () () () () () 

--- -

:LO ll IH17!1 (J (J () II (J II () I () () II I II II () ... 
(J ll i) - 1- 0 :LI .(1 (Jfl:.!li II II II (I I II () II I II () 

--- ~~~-!JK7 
- - -- l 1o ~ -- 0 :.!:2 (J () () II () I () (J () (J () 

-~-1-- - - ·-:L:I o.o:Ln () () () () II I I () () II () () II () (J 
·-

il ,,-') 0 :.!I II lli:i:l () () (I () () (J I () () II () 

y .. :TI ,;:,~.:1 ll (J II () () I () 
1---· 

() () () I () () II () 

f:Jr _, II (HI "j":j II II () II 0 u () il -~~ II (J ii II I () 

(I ()IIi- · -· -- · 
f-tl 

1ll (I '(I - ~() :.!7 II II II (J () () II () (I I 
~ - - -
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'T' Iw rows nopn-~s<o nt. tlw < ldd c~ nds, colutnns rep rese nt t he variahks , and iu t he 
iu tc'rsec.f'.ion of" l.lw l'<lW a ncl tlw column is the exponent of 1Jw corrc~s p o nding 

va.ri a.blc· in the corn~sp on ding addend. l:ly applying th<, algorithm dc'scrihed in 
[6] t he 1 J prod ud.s ).! 1 , ... , p.,, )J t 1 wc>re gen P. ra t.ed , whi ch i:l.l' f' shown hy Uw 11.-tu pies 
of indc'x<>s of t he cbosett adckncl s pn.rti cipabng in th e JHOcln c.ts. 

7' ' = w).7J , ( I li, IK) , ( :22 , :2 !)JJ )J" = [(\GL(l(i, n) ,(22.24)J 

l':t = [Ul , IU ),{ 14 , 1!) ).{2U,2J)] ; p,1 = [(Hi , 22) , (17 , 24) , (18 ,:25)] 

7':. = [(fi. 7), ( 17 , 1K), (24, :25)] ; p,; = [(-'S , 22), (6, :24), {I, 2!'!)] 

p-; = [(5 Iii), {fi , 17) , (/ , I K)] ; /'f!. = [(U , 4). (8 . 1!:!) . {0 , :2U) . ( 10. :2 I)] 

P!> = [( O. K) .(2.I:n , (:l,Ll) , (4,J!-J) , {ll , 2(i) , (IL , :27)] 

}'Ill = [(rl. 7, ()) , ( ](i, 18, 17 ), (:2:2, :2 5,2Li)] ; /.!II= [(fi, 2:2, 16) , (6, 24 , 17) , (7 , 25 , IX)] 

T lw f-ir st. 9 pro du c1.::; a.re ohta im•cl by ge11 eratinp; t he all 2 x N products . a.ncl 
Uw r<-' nJ a inin g two i\.1'1, o hl·.a it wd hy consl.n1c.tinp; t. hr~ produ cts of t.h e greater 
dinll'll>'i o ns [(i]. 

1-ly applyi11g 1.!1<' jHuccdltr e ( .' /wBPst F'1'n :~ prnclu cts which gives Uw " IIJ il.Xi­
rn a.l'' rc •durtiou in Llw JJIIrnl w r of ra.lculal.i11g exp rc··ssion s a.re ch os<-~n. ln Llti~ c a ~e 

t. hi ,; i,; Hw i\.Ct. llill IWJ.x imal redu ction. Th c-~se ar<" tlw products ]Ji 1 , Pn a.nd p;1 . By 
>1.ppl y i11 g t.lw proceclt1re DivE.~:pP1·o dividing of t.b cc expression Y is perfonn ecl 
axc.o rding to 

;; 

V = L(Yc·w-1 · y·:J . .., ) + y·, (II) 
111= 1 

whe t·e l'.l1e <'Xpres~i o 11" Y1 ... , )"7 an-• represPHt. ed by tbe st. r11 ct.ura lumtri ces .'->'1, ... . '-,'7 

g i v<~ ll in Tab le :2. 

6 Conclusion 

T lw rc-•ducl.ion of c.a.lc. tdat.ing co rnplexity of tbP analytical exp ressions, p <:Lrticipa.l.­
inp; i11 t.he 1'11a.t bemi\t'.ical 1nndel of system , is necessa.ry part of the mathemat ical 
mod elling process in ~ytnholic. forrn. T hr, a im of reducing th e modPl calcnlat.i ng 
co ruplc~xity is th e nec-'d fo r calcu lating tturnerical values of t.he tn odel quant.it.it~s 
in t.lw r<'a.l-tirne reg irne. 

111 t.bis paper , t.h<" ,c;e co nd part of tlw a.lgoritlun for dividing th e p olyno­
rnia.l c~xpress i o n ~ inr.o t.be p roduct.~ is desc ribed . T his part of a lgorithm contains 
cboosin).'; of the pro d11cts which gives th<~ " rnaxirnal" reduction in the nmrd)P.l' 
of ca.lcula.tinp; opera ti ons and effectively div iding the expression into the chosen 
produ ct. Fo r t lw choice, t lw suboptimal a lgorithm is a pplied , which in effi cient 
fashi on det.ermin es which procl r1 cts arcc to be choose . T llf' cornplet.e algorithm 
is implemented and t.he resu.lts an' shown on tb e example which illustrates t.he 
<"Jfect.iveness of t.h e algorithm. 
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:-; A:, .I'J .l' :! ,/';i , ., , .l' fi .l' li ,/ '7 .r x .l' !) · ~' Ill ,I'JJ .l:J :.! .I' J:I .r 14 J ' 15 

,c,· , I .D I () () u () () () () [) () () 0 () () () 

!).0 () {) () () {) () {) I 0 ll {) () () () () 

i I .0 () () () 0 () I () 0 () () () {) 0 () () 

·'':.~ 0 011iX 0 () () () () II () 0 I () () () () () () 

() 007~1 () 0 () II () () () 0 () I () () () () () 

-o.oo:.w () () () () () () () () () 0 I () () I) () 

,'->':1 I .0 () I () () () () () [) II () [) [) [) () () 

-0 OKK11 () () () II () () () () () () () () 0 () {) 

s, 0. I :J711 I (J I II 0 () () () () () 0 0 II () () 

o.:ntHi II 0 I II I () () II 0 II () () 0 II () 

-II. o:11 'i () () I () 0 () 0 I () () II [) II 0 () 

-IJ.:I:HHi () 0 () () () I I 0 0 () () () () II () 

-0. 0 I G7 () () () 0 () () II () II () () () () I () 

-0 .0/X/ () II () () () () II () () () () 0 () () I 

s~ I .II ll II () () ~~~Ht~o II I () () 0 

IJ.:I:IIG () () () () 0 0 II ll II ll () () I {) I) 

.">',; () () :1! 11 I (I II II II 0 0 () 0 0 II 0 () () () 
- - - 1-· 7!" T '() ~ '() 0 . I l i~!:l II II () ll II () ll ll () ll 
~ 

ll .lllll!l T r-o· 0 0 7 () 0 II 0 II II ll ll () () 
--· 

lSJ.Il.OI OGI I IOi l ilillilliOIOIOIII II ll 0 () () 
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Abstract 
!'Iu s papc1 p1esenls ;1 11e11 algoJJtlllll 1(>1 ''Jltlllll/111!! <Jhstr;11.:t Si·(' i ) 1llw.:h u1c 
cudc 'I he algoJiUml lws t11 o "-e} lcatures the mo1 e dh:ctll·e usage of the tc lJl 
of the stac"- S ami the lwndhng uf constant JeclaratJOilS The optun llal Jon 
techniqucs a1 e sunpk sli ;nghlli>lll ;u d <111d based un ;1 <..:clllllllon scns~· 

'lherd(ll<.:, thcymel'aS\ toundeJstand nnplcmcnt and jHlll h1othe1 ahst1:11.:t 
mach n1es Tile opllllll /a lJ on techniques ar...: nnpkmcnt..:d 1 1a a no\'cl set c>l 
mstnJ<..:tJons that aJ<..: built 111to a SI~Cf) to Modui:J-2 tJ ans latoJ It 1s siHJ\\11 
that h1 opl1llll / lll [! th ...: nhstract Sl·'l'l) nwehmc: cudc: uswllh a 2'1"'" \')"'" 
speedup can he ach1e1·ed 

Introduction 

I ilc stand:u d 11 ay to tmplcnlc:nt fum:tlllltal languages Js 

a I to II ans lllllll the l11gheJ lel'cl ILiltCltonal lall).!llage to an llllcllllcdwte langtHigc 
\l) to compile tlus llllt:IJilcdtut<..: langtlilgc mto a mach111c languagl.' oi' all\ oi' thc "-nnl\11 

ahst1 act ma...:hutcs Ullll CJthcJ 
e1 J tc, simulutc the chmcn ilhstl ,Jet lll<l~hllll' ou :1 1 c::d 111;1l hnll.' , 111 

e l ) hl ll:lllSf:tlc the language of the cflosell ah .' lJ:!Cl lll:Jt:hllll.' IIllO a language oJ' a real 
ma...:h111e 

llll'; IS calkd thc '' llnpknll.:llllllJon ..:h :n11 :ual 1.!\1.!1} ni' Jts tltll.'l.! sl..:ps llJ,IJlslnrmalJnll 
l.!lllllflil.lli<H1 SllllllflllUIJl/ltHJI'ii:Jtlllll) o!ll:J::> a lunad . p..:ctJlllll nJ' 1HlSSIIHftlJes to llllflkiiK'IIl 
oplllllii.:Jtlon < >ptlllll/ltlloll ..:a11 alS\> ht• 1111flklllt:llh:d 1111 ·..:l..:tall..:lc:f-; 
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on the original functional language, 
on the intennediate functional language, 
on the language of the abstract machine, 
on the language or the real machine. 

As 1ve move down alung the nnplementation cham, the optimi;.atiun become nwre generaL 
because they all'ect everything wh ich is ·' up the chain ... hn e;-.;ample, by implem..:nting an 
optimization techniqu..: on the level of an intem1..:diak language, it is immediately available to 
every higher level functional language, which is implemented via transl(n1nation to the 
intermediate langLtage. 

In this paper twu optimization techniques l(>r the ab,;tract SECD machine an; 
considered. Every program, written in any of th~.: known functional languages, which are 
unplemented via the SECD machine could use the benetits uf these optimization techniques. It 
is alsu shown. that by using these optimization techniques, the e;o.;ecutiun dliciency Df the code 
can be increased by about 25% - 39%. The both technique,; are simple and ,;traightforward yet 
effective and d'ficient. They can easilv be applied to every ab,;tract sta~.:k based machine. 

The rest of the paper is urganizeJ as t<.>llows. Section two gives a ,;horloverview of 
the SECD machine. ln the third and tix1rth section the two new optimization techniques are 
introduced. The tilth section presents some test results. The lasl section concludes the paper. 

2 SECD Machine 

The SECD machine r3J was the tirst abstract machine designed t<.>r implementation uffunctiomd 
programming languages. lt IS a machine for evaluating A.-e:-.;pressions or program,; of those 
prugramming languages that are based on A.-calculus. The SECD machine comists of t(Hlr 
stacks: 

the stackS (Stack)- which IS used to store the results obtained during the eva luation , 
the stack E (Envirum11ent) - which is used to store identitiers and their values, 
the stack C (Control)- which contains the SECD machine code, 
the stack D (Dump) - vvhich is used to store the contents of the other three stacks. 
when necessary. 

As all other automata, the SECD machine's operation can be represented by a set of states and 
transition rules. In the initial state, register s contain,; the program arguments, register C 

contains the SECD machine code, and the other two registers are empty. All four registers 
(stacks) can be represented as s-express10ns (a data structure best known t)·om LISP and LISP­
like hmguages.) The empty stack is denoted by NIL (a special, atomic ;-;-expression that denote,; 
an empty s-expression.) The stack X(_,'( E ( S, E, C, D:) with its top elements x,. i= I, ... , n ts 
denoted as (x, x2 ... x, . X). 

The SECD machine has a set of commands. A program of the machine consists of a 
sequence of SECD machine commands. Every cmm11aml conun can be described with an 
appropriate transitionmle of the fom1: 

COII/II!: s E c D - > s I E I c I D I 
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11 hc'I"<.: S. E. C. and D arc register contents bd(lre e:-.ecution ui' the COi llii i<i lld cul l/Ill . and S 1
• E 1 

c 1 and D 1 arc register contents alter the e:-.ccutH ln o!' cu ll /I ll /\ lkr the· 11 IHlk Jl l"ll!,!l~ III I 1s 

c\ccutcd. the result <li'a pm!:(ranl (i .c .. the result oi' <III el ·alu ~ ItH ll l e;uricd <lUI h1 a IIWchiiic) 1s 

11n the lup"l. rc:!:( ister (stack ) S. 

I lc:ndc:rsun · s vcrsiunul' thc Sl ~ L'I) nwchi Ill: has <I has1c sc:t o l' 2 I cu!III I!ands 121. It ca 11 

be .::-. tended by nc11 eonmwnds tu suppurt !lei\ ! 'unc:ti unalit~ ul· :1 III ~ I chiiic Ill J\s an ill ustrati on 
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11 as dL'\\;lupcd 141 Bv translating the. SFCD progr:lll1 into Modula-2. a directly cwcutahk cock 
is nwdc 11om <lll) functional program implemented via the SH.'J) machine. The c:-.:ccution 
dliciency of those prugrams were signiiicantiy improved (20°/r, - 2g'%). The translator also 
erwblcd the better understanding uf the operation uf the SECD machine and upened a door for 
possible optimization kclmiques. The following two techmqucs are nu\V n regulnr part of the 
translator 

3 The Handling of Constants 

Th..: Jirst of the twu teclmiques deals with preddined program constants The SECD machine 
does not make any difference between constants and identiJiers representing functions or other 
valw~:-; . Every time a constant is used, its value is .Just pLrshcd un to the stackS , t(n· e:-.:ample, ldc 

1. ldc NIL, etc. 
Since all values (including constants) in SECD machine are '' bo:-.:ed'· , every time a 

cons tant is used: 

a) a new space IS created in the main computer storage, 
h) the constant vnlue is packed into it (i e .. "boxed''). and 
c) pushed onto the stackS. 

Lkcause the creation and bo:-.:ing uses space and time, it would be better if we could create in 
advance a list of all constants used in the program. They could be then just taken J]·om the list 
of prepared constants \Vhen needed. Of course, this li st Imrst be mitialized before the cvaluntiun 
of the main function takes pl ace. 

Our lirst optimization teclmique does just tha t. When the translator m its first pass 
scans theprogrmn lookingfor:hmctions [4], it gathers all program constants, create Dmemon· 
space for them, box them into that space, and puts them into an nnay. Nuw the constants are 
ready-made and can be used without any additional overheads. 

4 An Effective Usage of the Top of the Stack s 

The second optimization that is discussed, involve::; the more elkctive usage of the top of the 
stack S. Many SE CD machine commands take their arguments ti·om the Lop of the stack S and 
leave their result there. Based on this observation we cnn divide the SECD commands into four 
groups: 

comm<mds that take their arguments fi·om the top ofthe stack S, but do not leave any 
result behind (ap, rap, sel, rtn, etc.,) 
commands that leave their result on the top of the stack S, hut need nu argnments ( l d, 
ldc, ldf , etc.,) 
commands that take at least one argument t]·om the top of the stacks and leave their 
result also on the top of S (car. cdr, eq, add, mul, len, s in, neg. etc. ,) 
conummds that do nut have any arguments (join. dum, stop, etc.) 

ln cases when a conunand that leave its result on the top of the stack s IS followed by a 
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command that takes its argument from S, an optimization can be applied. The first command's 
result will not be pushed onto S at all, but just passed to the second command via the 
intetmediate register Topofs. This way a one push and one pop operation is avoided. 

To implement this optimization, a new set of SECD commands has been developed. 
They can be recognized by their suffix, which is: 

''In"- the command takes its arguments from the TopOfS, but either leaves nothing 
behind or leaves its result on the top of s . 
''out"- U1c command leaves its result in the TopOfS , but either needs no arguments 
or takes its argwnents from s. 
" InOut"- U1e command takes its arguments from the TopOfS and leaves its result 
also in TopOfS. 
none- U1e command does not usc TopOfS . 

The algorithm U1at generates the optimized SECD code fi·om U1e original one is fairly simple 
and will not be discussed here. To demonstrate the proposed optimization, observe the 
following SECD code translated into equivalent Modula-2 code (taken from the factorial 
function 14 1,) without optimization. 

PROCEDURE Func tion2 ; 
BEGIN 

DoLDC ( 0); 
Do LD ( 0, 0); 
DoEQ; 
dummy : = Top( S ); Pop( S ); 
IF I s Tr u e (dummy) THEN 

DoLDC(l) ; 
( * JO~ned * ) 

ELSE 
DoLD (0 , 0) ; 

DoLDC(NIL); 
DoLDC(l); 
DoLD(O , 0) ; 
Do SUB; 
DoCONS ; 
DoLD ( l , 0 ); 
DoAP ; 
(* load procedure var~able 
Fun; 
DoMUL ; 
( • JO~ned *) 

END ; 
DoRTN ; 

END Function2 ; 

( * ldc 0 * ) 
( * ld ( 0 
( * eq * ) 

( * sel * ) 
( * ldc l * ) 
( * join *) 

( * ld ( 0 
(. ldc nil 
(. ldc 1 *) 

( * ld (0 
( * sub * ) 

( * cons *) 

( * ld ( 1 

Fun - prepare 
( * ap *) 

(* mul *) 

(' Join *) 

( .. rtn •) 

0) * ) 

0) *) 
*) 

0) *) 

0) .. ) 

application *) 

The optirni;c.:J \"C.:tsion is as f{J IJo\\ s (the array Constants conlums (HC.:\tousl · tntt talt;c.:d 
constants:) 
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PROCEDURE Function2; 
BEGIN 

TopOfS .- Constants[6]; 
DoLDC; 

DoLDOut(O,O); 
DoEQinOut; 
IF IsTrue (TopOfS) THEN 

( * 0 *) 

TopOfS : = Constants[S]; (* 1 *) 
DoLDC; 
( * joined *) 

ELSE 
ELSE 

SECDcommands.DoLD(O,O); 
TopOfS Constants [4]; (* NIL *) 
DoLDC; 
TopOfS .- Constants[S]; (* 1 *) 
DoLDC; 
DoLDOut(O,O); 
DoSUBinOut; 
DoCONSin; 
DoLDOut(1,0); 
DoAPin ; 
Fun; 
DoMUL; 
(* joined *) 

END; 
DoRTN; 

END Function2; 

Note that after a command with an Out suffix there is always a command with an In suffix, and 
vice versa. Before a command with an In suffix there is always a. command with an out suffix. 
The commands with the I n Out suffix can play the role of commands with In or out suffixes. 

5 Results 

The execution efficiency of seven benchmark programs were measured on the SECD machine 
translator. The benchmark programs were divided into two groups: 

programs involving arithmetics (Fibonacci numbers in two different ways, matrix 
operations and the Takeuchi function), 
programs involving symbolic computation and no numerical operations (eight queens 
on a chessboard, and two manipulations with lists). 

The results are displayed in the following two tables, where the speedup ratio of optimized 
programs with respect to programs that are not optimized is given. The first table presents the 
measurements tor the programs with arithmetic operations, while the second table shows the 
results for the programs with symbolic computations. 
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ll ' rugram I Sp<:<:Ju11 r<lli u I 
Fibonacci numbers- I J2%- 34% 

l;ibunacci numbcrs- 2 3 I'X, - 34% 

Matrix operations 2~%-] 1% 

Tak<:uchi fun ct ion 25%-26% 

I Program I Sp<:eJup ra ti o I 
~ Quc<:ns 3(1%- 39'% 

l.i st - I 25% -16'% 

l.isl - 2 2(1%- 32% 

!\s <:x p<:c tcJ . the <:xccut ion cll ic icncy is signi licanll v un prowJ Note. thatthcn: 1s vcrv lillie 
Jilk rcncc betwccn the spccJup rat io ol" programs Wllh o1 1\ 1thout 1\lllllCI ical co1npulalluns 

6 Conclusion 

In th1 s papcr two opt11111/at10n l<:chlllqucs l(l! the abst1 act SFl'D machmc arc pmposcJ Tl1~· 

lllt.:l!l!oncd opl!mvat1on tcchmqucs (the lwnulmg or constant dcclm at1on and the mon.: clll.:ct1 1 ~· 

usagc ol" the top ol" the stac}.. S) have been hudl!nlo lh<: Sl·(.'!) to Modula 2 llanslatm I he 
1t.:sults. ohtalllcd hv mcastU"IIl!:( the t.:'\t.:Cllllon cllic1enc\ ol" sc1en hcnt..:lunml pmgrams shu\\ that 
1l1s \\O!lh 1111pkmcnl1ng thcsc tcchmqucs The spceJup ratio 1s 2'i% l'J"ru 

'I he papc1 ulso sho\\s ho\\ l\\O sm1plc uml slnug)lll<li\\<JIU techmques can s1gmli~.;anth 
llll)llll\'C the ellil:lenC) or ICsultmg p10gmms I hcse [\\() lcchnlqucs can he apphcd to en.:n 
stac}..-buseJ ahstraelmachmc 111 a sundaJ 11 H\ c1cn 11 1thout dccp uuJerstanJmg or machml' s 
LlllUt.:l h 1ng st1 LICllll e. 
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C" lllllll 'C"ii l) ll hc ·IWII II I let · 11) 1/ .. 1' l<ia l io ll w ill1 p;llllll)l;cl pro p c· rli t·s and 1l s 

c ri s p lt ·v t•l (<1)1) rc ·l.tli tl ll s, .11 11 1 I<> in vt·s li i-!, ill c· lil t· plllp t• JIIc ·s lliill ,Jn · il) 

ll<'ril. c·d 111 til<' I'""''" u lii1 C' i1 d c·ctJ IIIJ ll>s lll <> ll .tile! sy nll 11·s is. 1\ lii XU I) IJ III .\' 

s \ s l c• II J lo 1 !11 1/\,l t l. t l iCJII" IS alsu p 1C1 pusc·cl 

I n1. rod uct ion 

,\ <' 1'1 " 1' ,., I:Jil <ll l rc• prc·stllls i ll< prc·sc'IIC'c• <11' OJ ! lS<' Ii C"f' c1f' a,;sllci:dill ll , illlc•ra!'ti<lll CJI' 

llllc'l'l'CJ II II<'<' I c cli l<'ss J ... twc-1'11 ill<' c lc "'''Ill>< ,f' II-''" Ill' JIICJI'f' ..,,.1,., [I] Til<' <'flllc·c·pt 

"I h1 1Zy rc• lat i" 11 is 1111 r t~cl11•·· cl lloillii.d ly. ""' ).!.l'lll'l'·diz:d i1111 "I • ri><p n I.Jii"li" 11 1 

luny "1' 1 thc•t~ry [ I I] It IJI•ult•ls -.1111:Jti"11:- 1\'hc It' llll••r:IC'IICJII' ltc lwc t'll c•l• lllt'lll>< 

;cr• 111••r• •1 r ltsssll••ll)!.. ('risj> rcl,dit>ll •illl tl111s I" \if'\\'t·cl """"lll'<lill,n•slnrtt•cl 

··:1s< .,('!l iZ/\ r•·I:Jii"il 

(l n l l ll il ry f'11ny rl• I:Jil"ll" (lld\111).!.1111' 111111 illttn:d [II. I] !~>1 11s _~·:d11:Jii"ll s•·l) 

t'il ll ' "' l'X It ll dt d I " 1.· f11n.\' l't 1.1111111 (wli~>sf' \';dllilliCJII st•l is i1 I:Jt I 11'1'), ill lilt' 

'" " ~~' 1\':t.\ " "rdliiill,\' IIIII,\' '"Is :n•· • xl• nd··d '"I, f'111Z~ IWis [:.!] 
1 11[!~1~ t.:lf)t•IJ)!. i \t'sclt'Jjiilllllll'ollf'llit folllf'ICIIJtllidi,YJII'IIJII'IIItsllll'o)ailfliiSIII 

I"' hill\ I" It II· Xl\'11) 'IIIII-.~ II Jill• I I\ ') 111111• I 1',\ illld I 1'.!11"11 i\'11,\, oi1ld Jll'll\'1 .· 

I IJ, ""'"IIIJl""ili"ll .tlld s~ niiiC'siS I li«•l• Ill Ill I lit '·'"' 11! iiiZZ} rt lat IIIIlS, fiiZl) 

'''Jill\ ill• 11•·• (sllilllillll\) ,JIId III!.Z) tllclo 1111~:- ' I h"~c· I h•'IIIC'IIIS ~1\'t I h•• ('1111111 fl io11 

lu t "'' •'II 1 h·· 1'11Z1.-' rc•l.tt IIlii a11cl 11s <'Ills, wh1<·h n'JH• l->1'111 rnsp r••lall•>lls 

\ 'alll;tldo• .tii<IIIJ>Is ill< als11 IJI:Jdc Ill clo·lillt 11thc•1 f'li/Z) Hllotlll).!.ll<. leo till' do IJ 
1111111111- <lf'hJII'rlal It l:tllllll Jli'OJlt l'lltS \ )tJhlll!llit•lll II)' (q 111akt j.!,< II< rlillZHIIIIIIS 

I"·'' will Ctllllf icl· II it h I II< ( rt p. \It II l,llo\1'11 prnpc rlj drfinlt lOllS wh· 11 olppl11 d 
toil <"lisp r•IHiltlll 
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Onr int.Pntion is t.n (-'x1.<'~tHI Uw t'Xisting theory considering the dPcornposi tion 

and syntlwsis to binary latticf-vahifd fuzzy rdat.ion:s with alternat.ivdy cldinfd 
,;pecia.l properties. The pa.pn clt'als with the thPorelTIS of clecornposition and 
synt.hesi,; of S(~VPra.! ty [)<"S of L-f11zzy relations, consicl ering alterna.ti ve cl efini tions 

of reflexivity fouucl in [:3, I :3], a.nt.isyrnrnet.ry [.5, 11], transitivity in t.he 1nin-rnax 
case, a.ud few others. 

The paper is organiz,-~c[ Ill i.he following uJanner. In Section 2 WP. give tlw 
s t.an da.rcl definit ions of '~lewenta.ry properties of relations, as well as th e dProrn­
posit.irm a.ncl syutlw,;i~ Uwnrmt1 a,; in [15]. [u sect.iou :1 clefi11it.ions of a.lel'.rna. ti ve 
IHopc•rt.i,~s are stated , n.ncl a taxonomy systPtU for those relation is proposed . 

ln t.lw following srcctim1 th P decornposition ancl syntlwsis of f1tzzy relation,; w it h 
alternative prop r~rt.y(ies) are investigated . ln the la.Olt. SPction we conclnciP o nr 

wnrk. 

2 Preliminaries 

Zadeh defines fuzzy bina.ry rPiat.i on Y-} of the non-en1pty set.s X and Y to be a. 
mapping frotn the Cartesian product.;'( x )/to Lh'" rea.lltHit inU~rv a.l [0, I] ([ 14]) , 
as a geueralizat.iou of the notion of a c.ba.ract.er isl. ic. function of re lation, observed 

a;.; set. (;ogucn [2] C!J I I~idt'!'ed L-valned fmzy s''t.s, replac iug the [0, l] iut.erval by 
a ,.;et. of partic.Jilar ,.;1-i'IJCI'.ltre (e.g. !attire, group structure etc.). 

\t'v'e ,;hall he cunsiderin)S L-va lu ecl fuzzy rPiat.ion,.; as mappings S': X x X - L , 
whe.re [. = (L,I\, V) is cowplete lattice ([7]) with the least element 0 ancl the 

)Srea.t".t:st elenwnt. I [I 1,1 :U :1]. 
F'o r e very /J E [, , p-ent. of-::; [6] is t.be rna.ppill)S ::;, X 2 

- {0 , l L such that 

l'or .r: , y E X, :c;'1,(:r, y) = I iff Y-}(:1 , y) ~ p. It is obvious that :c;'r represents cl. c risp 

rd:1.t.ion for eve ry p E L. 
We denote t.lw p-ru ts fan tilly of a L-fuzzy relationS by S L, i - '~- .'-)j_ = (S7' [p E 

L). It i,; well klluwn t.IFt1 all the p-cuts synthesize the relatiou [2:3], for :e , y E ,\, 

:c;'(:r , y)= V p·S'p(l:, y) , 

1'EL 

when~ V is the :o;upremmn in L. and is clefi.necl with p · 0 = 0 and p · 1 = p. 

The usual dd1nit.ions of deruentary properties (reflexivity , symmetry, a n ti­

sytumdry, and tra.nsit.ivity) <lf fuzzy relation,; an~ as given be low [1]. 

Tbe L-h1zzy relation /I : .Y" ~ L is 

I . ref-lexiv<' if::;'( :r:, .l') = I, for all :1: EX; 
2. ,.,_vnunetric if:c;'(:r, y) = :c;'(y, .r:) , for a ll J:, 11 EX; 
:L a nt.isynt ru et ric if :c;'(:~:, y) 1\ S(y, J:) = 0, for all :r: , y EX such !.bat :r # y; 
4. t.ransi ti w if S( :1:, y) 1\ S( y , .:-) ::; S(:r:, .:-), for all a:, y,: E X. 

\tVe d<~llok S E SR. I.-::; E S , -::; E SA1, and,'-,' E Tma:r-min. respectively in t he 
ca.:o;es 1-4 of the previollS cletinitinn. 
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Tlw rehl.i o tt ,<...,' ts rp ];ti .i<l l l "f' l'tt iiZ.Y <'t Jlti v;ll e tH't' (sit11ilaril.y r e lal. io n) if~ E 

SR.J n S nTIJI<I.I'-IIli11· If ~ E S'f~ I n SAt nT/11<1.1'-111111' I.IIPII Lit <' rc' lat io u r c·prc·sc• tJI.s 

f'tt lll\,\' t))'( l c•r iii ,L!;. T hl' l.t' rl ll f'm.zy qt l ;tsi -s ittlil ar it.y is 1\ St'd when~ E s n T,,,!.l'-llli/1' 

ilild ('Cl )IIJlill.ihilil y l'l ' lal.int l (i.ol<'l'ill\('(' relal. io ll) w lwn ~ E S'f<.t ns. ~ i s pn·nrder 

(qtta,;i - o rd <' rinl!, ,.,, lnl.irt tt) . if' ~ E SR 1 nT,,.,,I·- 111 ;,. 

II r; tn lw n"l.i r<'d Lit a!. 1.]"• a hove· dt•linit in ti " ;tr<' on l.v llillttrill •·xl.< ' tlsintt,; "f' 

Llw rt~ rr t•,; p n nditt ,L!; delill il.in tl >' in I.]J(' l.lt~ ·o ry of' n isp n ' lal.i()ll >'. ;\ pp li <'d l.n Cl'lsp 

t·c• l a l.intt s, v ic•wc •d as spc·r ial r;tsc•s o f' f'm.~y rc• lal.iott,.. , we' 1!,<' 1 cnrr<'s pottdin g t'l'tsp 

rc' l al in ti S. O tiC' 111\J St lwrt' II ClLire ! I tal llw,v arc• 11 01. t.IJ( • only c•x tc ·nsions or Il l<' crisp 

d t•l j II j I ioti S. 

'J'I w ithll\'C' li sl d" It o ! ittl. c' t!CI l.ll ill' ••x lt ;ttt s l.ivc• li sl in g of' rc •l a t.i(IIIS pnsc•ss 

i11g Y; ll'iiltJi s 11f' c•]t' lllt ' lll.ili'y prllpc•rli l',;, ,; jil t'<' if. C'ill l l!,<' l Oil lt ' ll j!; l.lt h,Y c·x t c•tt ditt g 

d~ · littil.i o tt s f'r111 11 !.Itt• n i" l' In !.Ill' l'tt ZZ.\ ras<'. 

Proposit.iou 1. ( !.J. Jl} \/11/IC Jl -c uf., 11/11 ' "llillll'lllf n·lo/iu/1 ,o..,· 1111 (urdi!ICIIIf) 

1 Ifill I'll/, 111' / '1/ri/rull ., IJ/1 .\ 

0 

\\ ',, 1\' jjj g i \'<' i]lf' priHif'llJ't]\1' J'llllll\\111/!, lll'll lliiSJI\1111 SIIIC'I ils 1'<1\!('<'i>J" 1\ti]JI< 

1\ ,.dttl i11 Jll 'c oVill /1, Sil l II <' <>J' fJIC' !'I"II< IS IJ \Ill\" '"' 'Ill\ (i lt l'llri' II IS 11 J S,V iJIJ\I's ls) 

T'l'oposil.ioH2. { I !} /,r/ .!' lf1 1 11 < il lu 11 (111111i1J oj' U fll /1 11111 1/Cr nllliloll' 

11u \ . f'iu,ul 11111!1 1 111/1 nl( 111111, 1 fl/1 11111111/lj \ ., l•l rd"1 / , /u (I /r11111 1 I/ IIIII'" 

11/III 'JI!IIr 11'11/J (F. ( ) ll '1 dr /ill r l/11 /1/11111111 S \ ., • /,, ~~~ lh11f foi ' 11'1111 

I !I ( \' 

S(.r !/) Vi f', j(.~ II) r /'• l 
II '""' v 1.' 'll f /11 11111111 Ill /. (llillf.,rr·//1111 Ill .f), 1/llr/ f/Jt 111/Tf'JIII/11/11/1/ ,f, /1111/h 

'".! '""'I 1111 dtu"t"l'd' llluu/1'1 ,\11 11 ', S ,, 11 ''""''"I''' n/ufw11 "" \ . • r "11 

/IIIII iii! .,,,~.,I' I llf, 111/d /IIIII III/ 1/, ",., I'•· '"' I 1'1 /If if I 

,], ill\<'" 

ll w llli'i'\ r•·lal t<>Jt .., 1:-. \\I II,], lttt ·d ,,,.. a l'ldJ'Jllltp; t Ita I ts 1'"1 .1 11 1 \'. d11• 
1\)JI' )'"I'I Iiiii\ ,.,.,,.,11'1' )1\ 'II JII '\ 1~ . tit• l'iiiiJil~ :,•,1(.1 !I) I /'·l )-. lll!ill\11111111 lj 

I t 1 ... .,JJ\illl\,.. tlt.tl ...,. I" I (l.olill'l') \ooll\1,] 111/i'.\ r··l;ot)ll\\ \\'ltal ,.,I I Jill\' \\<1\\ 

1 .. I lt .il ,; I) 1'\ I 1' ,\ i ( I I'• ...... I • 

1.• I .1 .11 f .\' J'Jt< 'll ( ,/ tf} ~ ,.., 1,, 

til 8( .1. !II I'• (I•• <".It t:-•· of I I~< ' ,j, lttttl 11111 "( I' c ttl) . 

til VJolf•1 1(·' .'1) E ,,,l ,., (1'•11 -.otdt , ... tit• d· lttttltnlt "' ,..,) 

til n
1
e1 {,·.H·'·!d ,.~~~ ,., (l .. l·.otl .... r~"~ .OIIIIISII\IIIIII•hl.lll) 

til (J !f) t ,., 

\\· lt;J\1 J'l'll\1 II till), !hal .I I" lit• rdlllti) I r I' !"Ills fnl ..... , h• dt hllllt~ 

1 •(II dtl lot S J.;l\1 s I It• I• ,,]Ill 11111 1 '(\J,Iitt) f.,r II 

I t .... "·•") ttll\1 '" l'i"\1 1 hat ,.., '" sttntlaril) rPial toll 111 X [l 

l'ntpw<i lilllt :1. {1 1
, 'i} , \1/ (/,, !'"'"'~ 11/ n /'11""11 ''"'"'"'/ ,,[11/loll ..... fol 1' f 0 

"'' (""''"'"'!} ,,,·tfrriiHJ' "" \ •11trl 8, y·• 
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Proof Straighforwarcl. D 

Proposition4. {1 3} Let :F = {p;li E I} he a family of unfering rela twns on .X, 
clos ed under· arb-itrar·y inl ers ectirm. (.'o nsidcr :F U {.X 2 } and Let L be a lattice 
o.n lilsomorphic with (.F U { X 2

}, ~) . Define th e relation S : X 2 
---i- L , so that for 

:~:,yEX 

whrrc V is srtprnnwn in L (int r·rser:i ion in :F U {X"}) , and !.h e corrcspo·ndinlj 
clnnrnl.s in FU{X 2

} o.ruf L are deno ted t.rlnliimfh;. Now, S 'l-" a padw.lly ord er·ed 
fn .:: .:?f n ·latwr1 on X , :F U { X 2

} is a family of its p-rnts, and, ·nwreo ·nrr. Sp = p. 
for eve riJ p E :FU {X"}. 

Proof T he proof if' siruilar to the one of Proposition 2. D 

3 Some Alternative Definitions 

3 .1 (Anti)reflexivity 

T lw L- fn zzy relat ionS : X 2 ____,. L is 

l. c Rdlex ive [21] (S E SR, ) if 

S(.c , .~:) 2: c, J: E X,c: E L , E > 0. 

Note that for E = 1 W<c get. the nsual definition of reflc,xivity in fuz;z;y relations. 
ami that tb a.t definition ap pli ed to crisp rela t ions, for E > 0, give the usual 
cletinitiou of reflexivity in cri c;p r<'lations. 

2. c;_ Reiiexi ve [:3] (S E GR.) if 
(a.) 5( :~: , 1:) > o, 
(b) S(:t, y) ~/\eELS(::: , .::) , J:, y EX, 1: "# y, 1\zEL ,)'(z, ::: ) > 0. 

:1 W•"akly ref~ ex i w (:<;' E WR.) if S(:.r: , a: ) 2: S( x, y) , 1:, )J E)\.'. 
Lf we apply t. lw cl etin iti o n nfweak refl exivity in th1c case when L = {0 , 1} , we 
can oht.ain "weak ref~<"xivity" when ordinary (crisp) relations are consid ered. 
T hus, we can say t.bat a rela.tiou rv ~ X 2 is weakly reflexive iff 

(:r, y) En: =? (:1:, 1:) E cv , for· rt. ll x, y E X. 

4. Ant.ireiiexive [6] (S E AR.u) ifS(:c ,:t) = 0 , :rEX . 
!5 E-Antireiiexive (S E ARc ) if S(:1:, :t:) < E, :1: E X, E E L . 

lt. is obvi ous that. 4. is special case of 5, and that wb en appliEd t.o cr isp 
relations , for E < l , we gd the defi n ition of sta.ncla.rcl (crisp) a.ntireiiexi ve 
"'"la.tion. 

6. Weak ly a.ntirdlexive (S E WAR.) if S(x , x) ~ S(a:, y), :1:, y EX. 

Note here that AR.u ~ W AR . 
T he a bove pro]wrt.i es together with the sta.ncla.rcl reflexivity given in the 

previous section will be refereed as t o REF- type of properties of fuzzy relation. 
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3.2 Autisynnuetry 

L <' l II >' rons id<'r I he• L -fn zz_v rc•\at.i o 11 Y::: X" - L. We· say t.\mt. it. is 

I . Wc ·;dd~· •tllt.i:-;_v lllll l!'t.ric [ I ] (Y:: E )/\'AS) , if fm .r , .11 E .\', s 11 ch l. l iill. .r :f y o111' 

,fill<' \", J\Imv inp; rasc •s l1olds : Y::(. t·, !J) :f Y::(y, .r) , or Y::(.r , y) = Y::(y , .r) = () 
:!. ( 'olll .r;tsVIIIIIIC' t.rir [1 11] , (Y:: E CS) . i[' fm .r , 1J E X, .r :f y , and Y::(.r, y) :f () :f 

Y:: ( y . . r). i I h <1 I rl s t.lw t. Y:: ( .r , .11) :f Y:: ( y , .r). 
:l. - ,\11t.i sy llllll t't.r i r ( ·· E /,J '- ll) Y:: E SAS,, if' fm a ll .r , y E ,\ -.. r :f y , 

<1111 ' of 1.l11• f'ollowilli!, casc•s holds: Y::(.r , y) 2 c, Y::(y, .r) < c, ur Y::(y, .r) .> E, 

:c;'(.r . y) < '-· 

Till' <~ho ve• prop< ' l'l il's lclp,< ' illl'r wil h 1.\w s l<111dard sy 1111111' t.r.v ;11HI ill l t.is_vlllllll'-

11'_1' J.!,iVt ' ll i11 ll1<' pn•vio11 :-< :-<<•c· l i1111 1'1!1 1:-< i :-< 1 1.l11 · SYM - I.y p• • n f' Jli'OJll'rt. ic•,.; of' f'u zz_v 

n·\ ; ili<>ll . 

:l.:3 l'rausitivit.y 

'1'111' I , 1'11 n_1 r• · lali<lll :-; ,\ .,- I 1s n.f, •r •·•· d as 1<1 111111 III<I X lr<ill:-<iliv<' n •lalion 

[I I ] .':;c T""" ,,,._,. d ' l'or ;i\\ .r, y ,.: E /,, 11 l111ld s llutl 

,<,'( .1',:) < :c;'(.r. y) V S( y,: ). 

1\l111 III<~ X a11d 111 •1x 1ui 11 lr<~ll s itlvil .\ r<ll ls is l 1111' THt\ - l .v p•· "r Jll'() l)( ' rli l's "r 
fli ZZ,I r •• \al io11 s 

Tax()ll()lllY 

,\111 //\ r•· lall<lll :-i ''llllll <'11aral'l•rl/<d In t lr • lnp\•1 ( I !~ I ). w\11 ' 1"< I! 1s 1\1, 

"·' ""'"J,,r I ill' I! 1·' 1' L11111h 111 whlf'lr ... ; lu·I"IIJ.!.>' (111 1 if 11• I• 1;1111) •111d S <~11.\ I 

tr• 1\1• 1 rii\J,J,; •11' 1 h• '-,' \I 111d 1' 1! A f':t111ili,., 1• '" 1" I' ill• \1 .. r 1 if irro•\o•\:u!l l ·'" r 

•'Xili!IJII' If I \io • I'IIIZ.) I< \;II 11111 1:-. ;l::.SIJ!.II< d 1\11' I np\ ••1 (S f( I ,<,', ), J\1<111 II IS a fnnj 

'""'i'"ld1d11) ro · l<~illlll (1•·lali"11 •d' 1"\' ra11n •) [ri]. a11d 11· 11 1;; """iJ.!.II"d 1\w lnp\.-1 

((if~ 1 '/ ,, 11 11 .u). \\'o' ,J, •, d 1\ll\1 :1 (: r•·ll••.\1\• 111111 111<1.\ llilllstll\• ' i''' '" id< ' l 

·1 SolllC' DPCOlllpos it ion a11cl Synt.lwsis TIH•on•m s 

l't<ljHI ,.. ifitlll ;, , . \1/!t -• uf, uj {S R 

fur I' 

; ') '' ltllturr ''" un/rrrrrr 1111./l• ,,., n /rr/trtll' 

{',,,, Sll<~l)!,hlf"rward, fi•JIIl lh• ,j, hllillllll .. r p <'Ill .. r a r• \a1i1111 a11d ~ r• fl· ·x 
11i11 11\ I'IIZI) J••la1i1111" 1\ial ar• \.Jiliro• \ahwd. 0 

l'tupu-. ilillllfi. 1'/u f1-111f~uf 

"I "I" ,,f, "" Hf,,l,,,," /"' I' 

r•f/,,", ,,,,,,,,,,,n/,,1,""' ''l"'""f,,-t{,,,,_ 
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f'mof. The JHnperties of t.bt' p-cuts rep;ardiug t-- r etJexivity are con::;idered in 
Proposition :'i. The proof of syrnru et.ry and transitivity in the st.a.nclarcl stense ( a.s 
well as of st.aucla.rcl ref·lexivity a.nd a.at~isy mmPt. 1·y) can lw found in [1 , G, JLI. L:l] 
ill t he proofs of Pro positions J a.ncl :). 0 

Proposition 7. Ld :F = { p; li E T} lw o. fr1mzly of cquivalrnr f relations and 
qu.as-i-eqm ·na. lennr.s closP.d und c1· inlcrsr.cl.ion , and containing X 2 and a/ lens! 
unc t't['ll.i ·nalFnr·e ·rda.twn rli.tfrTenl.fi·mn X". [,e/ a./so L he a. la.t.iicc a.11.!iisowrnph.ic 

wilh (:F, r;;;;). Wr dr·.fin r 1./u rr /nlwn ~:X'"- L. su 1./wl fo1· r:vcr11 ;c, y EX 

~ ( ./'. !I) = v { f! i I ( :1 : , !I) E p;} . 

Th ru !.here e:nsls rt.n E E L. such lh.at ,C,' is an c. -· r-cjl eTzvc szmilarily r-rlalwn u·,, 

)\, (i.e. (S'R.2 , S. T,n 0""_, 11.i 11 ) rdal.wn) .F is o faw.i ll! of i t.> p-ru.l.s., anr( Wllrr ·o ·llfT, 

Y::,., = f' i . for f" llrTtj i E I. 

1 'roof Ld. ns chno,.;e 

~::· := V {p,: ll'i 1s an l:rJivu.lrnn: relu.lion in .F}. 

T lw following huld~ 

S(.t:,.t:) = v /'i 2 E, 

(:r:,.r )E/ 1 i 

hy t.be cbnic<' o f' E . The rest. or 1 . 11<· ~ pruof is t.bP sa.rne a.s Lhe proof of Pro pnsit.iuu 
L. 0 

Proposition 8. Thr !H~ uls of (W'T~ .. . ;c *) relation arc weak: rc.fle:cn :c n ·is p 'I'C­

/ations. 

Pruof. Let. 7' E L. Le t. :t:, y E };' , and ( :r:, y) E .':>'1, for p E L, t.hat is by clr"tin iLion 
()r p-ciiL , ~(.1: , y) 2 I'· By l.lw dei·init.ion Df' W<cak rdit:'xivity, we ha.ve S(:~: , :r) 2 
~(.t:, y). and by the a,.;siUUpt.ioll , ~(.c , y) 2 p. T hus , Y::(:l:, :r:) 2 p , i. e. (.c , :t: ) E ,'-,'7, . 

D 

Proposition 9. Lei F = {p; li E l} he a fa11i.ily of eris71 r:rrni1;a.lence Teln.lious 

and wea.kly 'l·rJlc.?:ivc qu.rls-i-tq·ni])(t.lrnr" lf'-' dosed nndrT inicnr:clion , nnd coJJ.f(l'i11'inq 

X~. Lrt alsu L he rt. /al.lirr antiisommphic with (.F. r;;;;). Wr rif/inr th r r-r.latio11 
S: X"~ L. so l/w.l for r·,r·r·y .r: , .11 EX 

~(:t: , y) := v{p;l( :~: , y) E Pi}. 

Then. s· i.S a Wl:(l.k:/y --rrfln:I.'I/C simi/a:rii.Jt rdal:irm 01/. .. v: , (i.r. (vV'R. , S. T m. .v·-w.in ) 
·rr:lrt.lion) .F rs a faw.ily of its jl-r •u.ls. rl1!d. '1/I.Uf'I 'O'ii!T. ~1), =Pi, frn f'ii!TIJ i E I . 

Pnmf. Bec;ws<-~ of t.]w proofs p;iven abCJY<-\ it. retna.in s to provr~ that S is weak ly 
reHexive. Let. :rEX. Then 

S' ( .t:, .t:) = V p; > V (I; = S ( :r, :y), y E X. 

0 
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Tl11 ' pron r~ o r t.il< ' f'o llmv in ;; prn p n~ it.i n u :;; arc' o hvio11 ~. chw t. o Uw ddi11it . i o n ~ 

f'r<llll ~c ·c ti<IJJ :1. 

Propositioulll. !(~ /8 (/ r:-n j/c .1'/ 1/( fu :::: y nlrt.i?OII , !h an II (' 1/./ .'i (/ / '( n f/ r .1'//1( 

{u r 

/1 ~ 1\ :c7( ~ . .:. ). 
E /. 

Proposit:iou 11. '/ 'hr f l-l ' lli s of ( '. SAS-'. ~} 1'r lolu111 ., ru ·r r'l'i8 ]1 Olll i8 .1J1111111 ! 1·u · 

I '< I 11 I i o // ., {u I' 1' '2: ., . 

()II <' C' i\/1 l ' i l ~ il .V C'II JI SI 1' 11 (' 1 'I ll <' XillllJl ic- J,JJ it l w ill ill' s Jif!i r ic' lll {.() JH OV<' I.J i<' 

f'~> ll c >w in ).!; prc >p ns i t. io n . 

Pt·upw;itiuul2 . T h r ]1-r·uf., 11 { 1111 ok/ 11 o n!/Sif111111i l'l'l.l ' /, fiL ::::y l 'l'irt l io ns on 11 11 / 

o/11 '(/'1-' r' ' '' -' fl ll ni l ." f"'"/ r lrt r· n l o l w n., . 'f 'h r fl -r ·u/8 uf ( ~. T 'R A,,;,_ ,,~.,. . ~ ) ,., l o­

l u•! l ' Ill '< u u l o /11 ' 111/ ~ i! 'II II SI / Ifl< 111 1/u ,., .18]1 sr u r·r . 

!) Concl11 s ion 

J11 IJJ is Jl ii! H' I' 11'1 ' Ji rs J SII I'\I '_Y <' " Jl< ' l'l III Il S 11' 11 1' 1\s i 11 J. JJ<' Jji' Jci n f' cic •rn iiiJ IIISil i11 11 

.I J>< i Sl llll w s Js ,,f' l:ll l in • v:d ll c' d lll 'l.Z.I r c• l : ll i~>JI ,.. l 11 i ll<' s <' <Jlit ' l W<' SIII'V <'.V<' cl ,;c> IIJ < 

.dlt 1' 11 '11 1\ 't ' cl c•lin JI i<~I J S 11 f' I JIC' 11>111<11 1,., 11 f' l' >' il c•x ivil .\ , ill II is.I' IIJI Jil' i l'_'v 'I li d ll' iiii SJIIIII ,\ 

:111d III " Jl"" ' ' " :1 I 'I X>li i<I III .V l rip lt•l l~> r f'II ZZ •. \ rc •l:l il<tll ,.., l11 llt c• f'cJIJ I'II J " ' ' ri.J<JIJ . II' <' 

)!,i ll !' Jli' >> III >,., II J<liJ S 1111 d c•r t> JII Jlt)" l l l>lll iJJJd s,Viii !J t•s t" <>J' f'll :.IJI ,\ r c• Jn li c> IJ S l' l' i!, il l' di lli!, 

SII IJJI ' <~ JIJI<' ).!. 11 <' 11 ;dic ' I'Ji iil l \1 ' cl c Ji1111 ill ll " <1 J' I JI!' "Jl ' r ial ll i' II JI !' fl I< '" cil'fill< ' d il'- Il l 

S<'l' il < >II :1 

ll11 I ,.,.,,., JI T !J pr• ·,.,c• JJi c· cl i11 J!J , 1'" 1" r I'I' IH' I' <'S>' Jil ,.." C'II JJir i hJJIJ<III 111 I!J >>>I'V 

cd l cJ/1 ,1 s<' l s, i! Jid c·:111 !,. '~ 1 '1' 11< cl 111 '""Ill ).!. v; JI'J II tl ,.. I' ' " ' ' ' ' Ill " :IJJcl )..!,< ll <' r:dl / 111 ).!. 

<'X J-. 1 Ill )! ,.,, J1111 11 11 s 111 "' vc· r :tl \il ll ll ll s il r< a,.,. s 11 r lt ·"' l !w" r.'r , r 1"11 zzy latl ll'<'s [ I :"1] , 
1 111' 11 1' ~ 11 ! llif;, llll ii ll<>l l [ 1:1 :.W] Ill < cil <' lll l [ I Ii I T] s llld <' ll l <'V:dii ;JIIIIII [ I X. l !lj, 
r11 l >11 l1 r [s !J, l tl], il lld 11 ll1 < r ill<'il" 11 111 n f'lit < ll il ii' " \\Ts l sc·c• p • ~> l ~> ll l' " ' '' II rc ·sc•a r r h 

1111< I< Is 

l l 1duoi" l l l' 1.11l< • II ( 1 1 1~11) lllf/\ '« I' olllcl ".''"1' ill' : ' 1111'111 ,1 .tJid ·•I' Pii< .tltto lt ,.. , \c •I 

de Jill< 11 1< '-" :-,;J JI I l ie ~II 

.!. (; .. ~lie 11 I \ ( i'lfc7) ~ 1 - lutt\ "lo.; \I.111J \ppl Jl\ l l 'o-171 

( :upt.1 (; (' ( : u pl· • J( I\ I )'l'lloJ ~ 1117/\ c IJIII\.d• 111 • 11LIIiu u Jt •do huc · d ~ hill\'"' ' " 

,,Jid ,,,,Ill'-. 7'1 .!..!.7- .!.11 

l ,lltt 1.1 II ( J'l'lhl IIIIJU<ill< 11<!11 lu Ml ' I !Jcul) olll<i \!.ollie JIJ.IIJ< ,tl 111~1< , 1 .1111111 11! 
.11 ..;(I ,\ucJ ~1.11 !J ., ~kiiJII' (111 \!.1< I duJIJ,lll) 

·, l\olllilll·lll \ ( 1'17'•) IIIIJculn< 111111 In I lie I !J, <til ttl ln111 ..;nJ. • '"· Vul 

JlltJil,ol IIJcuJtiJ<,tlllcJJI!Iil• ,\,,oclllllir 1'1•'-"· 1\cw YuJ\.; , 

luu,J,, . 
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e- m ail : d ;wi PI<<•Iurchl .bl. ac.y n 

A h s f. rac: t. l{c lat.iu n 1/ is a coeqn ali t y rc la t.i u n u n a sl't /{ w it.h ;cpartn css 

if ;u1 d o nly if i t is consiste nt , sytnm et. ri c a.nd co t.r ;Lnsi t i ve. II r is an 

•q n alii _v l <' la t. io n o n U, lh l' ll r iUid 'I ;m· co n1patihl <' if a nd onl y i f (.r,y) E 
' 1\ (tJ ,.:: ) E q => (.r ,.: ) ( 1/ I n t his C<L~<· is' ~-. If . In th <• Sl' f t. ll(·o ry 

o l c-ons trn tt.iv•· ll litll ll ' lll it l ics t l 11 ·n · is iUI i lll po l t.a nt. p rob lc n1 : I f I' is ;u1 

l'lJll al i t _v r<· l ;ttio n o n S<' l U. 1s t hl'n' a 1n ax in1 il.l CO<'<p iidit _v n •l;tl ion q on 

t.' co n1 pat.ihil' with , .. , Wt giw illl a ll innat ivt · answ<·r to t his q u<·s l ion. 

lk .s id t·s , W<' 1-!, I V<' so ll l! ' .tpp l ica ti ons o l t h.tt n~s n lt. i n co nsl.l nct Jv a ll!,l'h raic 

t. h t'O f ll'S . 

J(py Word:-; aud Phrn:-;p:-;: conslln<f l vt· lllitlht·mallcs , nH'qn;dity n '­

l.t llon , nimp;llihdit_\, cl;tss<·s ol <<wtpl.tlity rt •l,lflon , sfrc)IJI!,Iy •·x tc•nsiona l 

snhsi'I. ln.IXIIllill IIJI'<Jllillif .l' f( l.tliiJn 

Introduction and prPliminaries 

'l'hts IIIV<·strp,aiiOII '"in rnn~>frllct , iv .. llliltht·IJJ,llll's [1. ·1, H, II . 12] 
< 'o1d< .d "r mlltlllllt.tt 1v•· nit)!; /( = ( U. f- 1-. 0, ·, I) with apart 11• ·ss w•·n• 

firs t ddinl'd ,tfld sllld!l'd hy W . Hnit <' lthur~ i11 I!JH2 [I I] . ,\fiN that l'llldt•als 

(anti l·l<'als) 1\'< '1"1' s111d1•·d l•y ,\ . S ' lr<H'Islra and 1>. va11 l l :1l<-11 in ti1Pir III!JiliJ · 

p,raph [ 12] 'J'Iw ant lt11r pr11wd , Ill hi s pap<'r u·,j, if .'·1 is a coidt al of a rill)!;/( , I lw11 

t lw r• ·l;tt l"il 'I " " /( tl.-lirwd l•y (;,!I) 'I <=> J y ,...,·, :-;al i::;fi•·s t lw folln\\' IIIP, 

1'~'~'1" rt l<~s 
{II(VJ N)( ( l , J) r/.ql 
('.!) (VJ, IfF U)((r, If) E 'I --> (11, 1) •J) 
('I ) ( V 1 , If, .: E /() (( r . .: ) t= '/ => ( 1 , If ) 'I V ( If, .: I 1/) 
( t )('IJ IJ,II,H(R)((r tu lff-7•)(•f.>(I,IJ)€'1V(u,1')€•J) 

(f.)(VJ , If,u , r•EN)((~u , yr•) '/~(,,y) •tV(u,.r) •/) 

(mu~isl<'lll ( t)) 
(S_\'IIIIIIcl ric) 

(cotr.u1 itivc [1)1 
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A relation q on R which satisfies properties (1 )- (5) is called cocongr'Uence on 
R [5). A relation q on a set (R, =,f.) which satisfies (1)-(:3), i.e. which is consis­
tent, symmetric and cotransiti ve , is called coeq'Uality relation on R [8). Coequality 
relations were first defined and studied by M. Bozic and D. A. Romano (198.5). 
After that, coequality relations were studied by the author in several papers 
(see for example [.5 , 6, 7, 8)). Let J be an ideal and S' be a coideal of the ring 
H. W. Ruitenburg in his dissertation ([11), page 33) first stated a demand that. 
J ~ •S. This condition is equivalellt to the followig condition: 

('ih:, y E R)(:r: E J 1\ y E ,)' =* :r: + y E 8). 

In this case we say that J and S are compatible [5). W. Ruitenburg, in his dis­
sertation , first stated a question of existence of a coideal compatible with given 
ideal J. If e is a congruence on R which is determined by J, and if q is a co­
congruence on R which is determined by S', then J and S are compatible if and 
only if 

(6) (\i:r:, y, z E R)((x, y) E e 1\ (y , z) E q =* (:e, z) E q) . 

In general, if e is an equality relation and if q is a mequality relation on a set R 
we say that they are compatible if and only if they satisfy the condition (6). If 
q is a coequality relation on T-L , then •q is an equality relation on R compatible 
with q such that=~ •q [11). Opposite , we have a question: 

If c is an equality relation on a set R with apartness, does there exist a 
maximal coequa.ltiy relation q on R compatible with e? 

Tt. is clear that 0 is a. coequality relation on R complatible with e. 
Let f and g be relations on a set R = (R , =,f.). By g * f we denote the filled 

product [7 , 8, 9) off and g defined by 

g * f = { (:r:, z) E R x R: (\iy E R)((:r: , y) E .f V (y, z) E g)}. 

This product is nonempty if and only if D(g) U R(f) = R. The filled product is 
associative. For n 2: 2 by ".f we denote the n-th filled pawed of f. Put 1 f = .f. 
The next theorems are main results of this notion. 

Theorem 1. [7), [8, Theorem 2.4) Let f be a relation on a set R. Then the 
relation c(.f) = n nEN ".f is o. r.otmnsitive relation on R. 

Thus follows the main result on construction of coequali ty relation: 

Theorem2. [7) , [8, Corollary 2.4.1) Let .f be a relation on a set R with 
apar-iness. Then the relation q(f) = c( (.f U .r-l )n f.) is a coeq'Uality relation 
on R. 

Now we have a partial a.nswer to the above question of the existance of 
coequality relation compatible with the given C<;Jequality relation e on a set R 
with apartness: 
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Thcorem3. [8, Corollary 2.4.2] Let r he a11 r q1tality relation on a set R with 

a]1ar·l11rs8. T hl'n th e relation q(r) is a coequa lity relation 011 R compatibl e. with c. 

In t.hi s short. not.e wf' ::; hall g ive an answt>r t.o t.hf' a.bovf' quE'st ion. For undefiJwcl 
11 0 l.i o ns and notat io ns we refr r t.o hoo ks [I , :2, 4, 11 , 12] a.ucl pa pers [:3 , 5, 8]. 

1 A construction of maximal coequality relation 

For o ur answN we nr<'d SO III<' l<' lllllHls: 

L<mnua4. [8, Theormu 1.1] Lrt iJ he a cocq ualily r·rlation on a set R un lh 

IIJIII1'/nts.~. Thcu th r1-r n·is /s th r sub.fa1111.ly V(R,q) = {J'If: J: E R} o.f'P(R) such 
that : 

(Vy E N)( 3'r'' E V(R, q))(.v (j. Y), 
(V/5 E V( H, q))( 3z E l()(z (j. /5), 

(V) ·, /5 E V(H , q))(V ::f /5 => r· U Z = /<) . 

Corollary 5. IA·I iJ hr n ror·qual7ty rrlntio11 011 a sri N wt lh a]Jarfnrss r111d let 

11 E: /(. f '/,11 lhr sri lllf = {.1· F N : (o , .t·) E q} 1s n slrouq /y rJ· / r11szona l subu t of 
U '>lli 'h that 11 (j. illf . 

f'nwj. II. is <-1<-ar that o (/ IIIJ . L<•l .1' E rut , i.<' . 1<'1 (o , .r) E: q and ]Pl. y lw ;uJ 

;1rhit l'aly <'1< ' 111< ' 111 of fl ' l 'ht' ll (11, y) E- '/ Ill' (y, .r) E= If . Thus ,11 ( fiiJ V ,11 ::f J'. So , 

I h<' s<'l r/1/ is slro np, ly <'XI <'llsiona l stthsl'l. of /( 

L<·mma 6. [6] . [8, Tht•on•ut 2.2] /,r I 1 a11d 11 hr a11 rqua lti!J a1ul a rorquafzly 

rrlalwns 011 r1 -;r/ It ( /{ , , #) 1111d [r/ A( X , r) {J'I : J' E: N} a11rf V( U, if) 

(!/IJ !I fC- N} br {illllliu-; of da .,sl ., of 1 1111d iJ , 1 'r .~wrtn>tltJ . l'lu1t r nnd IJ it1t 

1/IIIIJIIlftf>fr 1} 1111d Ollf/J tf 

(V J', !1 E U)(; i !1 /\ ; r n !IIJ ::f 0 => u C !IIJ) 

L<'Ulllla 7. [6], [8. Th<'Ol'<'lll 2.3] /1/1/1 attd IJ '! hi lt11o nllqtwltty n lalwn'> 1111 

11 "' h' and Ill V(/{.1/J) and V(U . rJ·• ) h< 1!1111 jrw11lu .'> of rlll .'i .'it .'> , n~71trlll • dtt . 

'/'111 11 1/ 1 C IJ ~ 1 f t111 d rnli 11 1 f 

(V)' V(U qJ))( -3 )" V(N 'h))()' C. }' ") 

For :111 <'1< ' 111< nl 11 nf a <·I II :t11d for 11 f' N W< ' 1111 rndnn t lw follcm Ill)!; nnl all on 
1l, (u) - {J' E I< : (u J) ( "1}, 1l(u) = {J· r_ I< : (u , J' ) f q(l)} l!y tl11 follm\111)!; 

ro ·s1dt s II'< ' w i ll pn·~" lll n 111<' hasi r dwrH<' I• 'rl st In; of llw:,;•• ~l'l s 

Tlll'lll"l'lll8. /,t/ 11 /i, till ,[, 111111/ of 11 ''I /( tl!ld It/ II ( 

( ,, I ) • I d fl ) - { J ' E /( : ( fl I J ' ) (/. I } . 

{ I• .J) A, .,J( u ) C. ..l, (u ), 
{li.Y) , I,+J( u ). {; r /( · /( - , \ ,( <I )U.r\J{ ; ·) } , 

(ti {) , l (u)- n I ,( u ), 

f'/i II ." 



P-228 DANIEL ABRAHAM ROMANO 

(6 .5) The set A(a) is a m.aximal strongly extensional subset of R such that 
at/:. A(a). 

Proof. (2) Let J.: E An+l(a) i.e. let (a, J.:) E nHe. Then (Vs E R)((a, .s) E n-e V 
(s, x) E e). Thus (a, :r) E "e because (x, x) t/:. e. So, x E An(a). 

(3) J.: E An+1(a) {::} (a,x) E n+le {::} (Vs E R)((a,.s) E "eV (s ,x) E e){::} 
(Vs E R)(s E An(a) V s E A1 (x)) {::} R = An(a) U A1(:r). 

( 5) Let x E A( a) i.e. let (a, x) E q( e) and let y be an arbitrary element. of R. 
Then a f- J.: and (a, y) E q(e) or (y, :~:) E q(e). Thus yEA( a) or y f-a:. So , the 
set A( a) is strongly extensional subset of R such that at/:. A( a). 

Let T be a strongly extensional subset of R such that a t/:. T. Let t E T and 
let ( u, v) be an arbitrary element of e. Then t f- v V v E T . Thus t f- v V v f- a , 
i.e. (a, t) f- (u, v) E e V (a, t) f- (v, u) E e. So, t E A1 (a). Therefore, T t;;; A\( a). 
Assume that T t;;; An( a). Lett be an arbitrary element ofT, let z be an arbitrary 
elemtcnt of Rand let ( u , v) be arbitrary element of e. Then 1: f- z V z E T. If t f- z 
then t f- u V u f- z i .e. (t, z) f- (u, v) E e V (t, z) f- (v, u) E e. Therefore we have 
that z E A1(t) V z E T . So, S = A1(t) UAn(a) i .e. t E An+l(a). This means that 
T t;;; A,+ 1 (a). Thus, by induction, we obtain that An (a) 2 T for every n E N. 
Whence A(a) 2 T . Hence, A(a) is a maximal strongly extensional subset of R 
such that at/:. A(a). 

We shall conclude the section with the following result: 

Theorem 9. Let e be an equality relation on a set R with apartness. Then the 
relation q(e) = nnEN 71 f is a maximal coequality relation on R compatible with e. 

Proof. Let e be an equality relation on a set R with apartness . Then q(e) is a 
coequality relation on R compatible with e, by theorem :3 . Let q be a coequality 
relation on R compatible with c and let a be an arbitrary element of R . Then 
by corollary 5, aq is a strongly extensional subset of R such that a t/:. aq . Thus 
aq t;;; A(a) because A(a) is a maximal strongly extensional subset of R such 
that a t/:. A( a) . By lemma 7 we have that q t;;; q( e). Therefore q( e) is maximal 
coequality relation on R compatible with given equality relation c. 

2 Applications 

1. Let G = (G , = , f-, +, 0) be an Abelian group with apartness where the group 
operation is strongly extensional in the next sense: 

('Va, b, x, y E G)(a + x f- b + y =>a f- b V x f- y). 

Firstly we have : 

Theorem 10. Let q be a coequality relation on an Abelian group G with apart­
ness. Then the relation q* = {(a:,y) E G x G: (::l a E G)((x+a,y+a) E q)} zs a 
cocongntence relation on G which is a minimal extenswn of q. 
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A~ an app li cation of t.beorem 9 we have: 

Theoremll. Lei X be a subg1'0 1t71 of(,'. Thcu lh c7'C rJ:isls a 111axiwal ro.subgnm71 
,<,'(X) rmtlpaliblr with X. 

['moi Lt>t, X be a. ~ubgror rp of(,'. Then t.IH' rela.Lion ron(; defined by (a:, y) E 

1 {::} .r - y E .X is a cong;n rence o n (.'. Thrr s, by theorent 9, t.he relat.ion q(e) i s 

a trr <tXilllal corq ua. lit.y o n (,' rornpat.ihlr with r . On t.h e ot her hand , Lhe rrla.ti on 

q(r )* i :-< a roco ngnt f' nct> o n(,' wbirh is ex t.rnsion o f q(r). Hen ce q(c)* = q(l'). So , 

t.lw sl'l. ,<.,'(X) = { .r E (,' : ( .r , 0) E q(r)} is a nt cuc i mal cosu hgroup of(; com pa.t.i hiP 

wit.h X . 

2. Lc> t. N = (r{ ,=,#, + ,O,·, I) lw a cot tttrrut.aLivf' rrng wiLh apart.n ess (0 # l) 

wiH' r<' LIH' rinp; opf'ntt. i o n~ ar<' ~t.rongly <'X I. P nsi o nr~l in t.lw n rxt. sens<'s: 

( V a , b, .r , y E ( ,') (a + .r # b + JJ =} 11 # b V .1' # y) , 
(Va , h, J' , y E (,')(IIJ' # by =} a # b V .r # y) . 

lrr t.lrc• rw x t two t.lwor<' trrs W<' will !!,iVc' a ro n~t.riJ('t , i o n o f rnaxinral coidc>al o f a 
('()JJIIIJiilat.ivc· ring N ro rrrpat.ih!P witlr g;ivc' JI idc•a l ./ . 

Th!'Ol'<!llll2. [7] /,r/ 'I br 11 corqunltly r'linlum 1111 /{. Thr11 lhr rrlnlw11 r( 
{(.r , .r) f /{ X /(: (3u , /1 E U)((11.1' I b, 11,11 -l h) E q)} '"a rorougntC!II'I 1111 /{ s urh 
!hal 11 C r( If s 1 .~ 11 1'11111 11 ff1' 11 1 11 1'1 1111 /( ,,urh /hal 11 ~ s lh c11 q* ~'I · 

Tht•on'Illl3. /,c/ ./ //1 1111 11i1al uf a 1'1111111111/rtiiiH' 1'111[/ unlh IL]Jil1 '/71rss . 'l'hc11 
/he,., 1 us/ .~ a IIIIIJ' I1111ll 1'111dco/ S( ./) 1111111'11/tb/r 1111/h J . 

/'nwf. I.P t ./ lw au rclc ·a l of U. '1'111 ' 11 t lw rPiat 1011 1 - {(;· , y) E /{ >< /( .r - ,11 E: ./I 
is :r C'llll).!,lllt nr• · 011 /{ llt11s t !11 n !at IIlli IJ{<) 1~ a JII:IXIIJJal r<H'qllaltty n·lat 1011 

1111 I< C'llltlpatrlllt wit it' S11. IJ(t)' IJ(I) llwrPiilrt • tlr<' ~· t ,<.,'(.}) = {11 E /{ 
(11 . tl) •J(T') I 1" a lll:tXIIII:tl mrdt •,li of /{ f'llllljl:lt th!P Wit It ./ 
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1 Int.ro<iuction 

J ' , · rii :~ ps t.i l!' llll>sl. i111port.atd <'X<t111pi<' of rc' J>I' I.it.i v<' :tppli ra t.i o ns o f f1tn r l io n a! 

;if 'J.!. IIIII <' nl is I Jt ,. so· ra ll c• d f1111 CI io n 111appinp; . 

,\! so. WI' ill V<'s li p,:il<' rr ' p l' l.ili v<' :~ppli r ali o 11 s o f an a r)!, IIIJI<' Iti o f l y p<' f llll r ll on 

' " p ;trl s o f !i si s or t'X pr<'ss io ns: a ppli r; li in ti s I n sp <'r ili c·d o r 1111 k n()w n pari s. a 11 tl 

:~ p p l tr; lt to ll s I n sp<•c· ili ,·d i<'v<' ls o f ilw <'Xprr•ss io tl o t· !J sl 

11 11 II <'Xi rasl' is tl <• r at l VI' appli ra ll o ns o f a f lln ri Jo ll ;Js ar).!, lllll t i l l de I<'JJllill''d 

hy" )!, l \1' 11 sca la r a rp, 1111 1Pnf , and h ;ls<'d 0 11 tl w li x<• tl po 11il sfy l<' o f Cfl ll lp ltf atic'n 

\l " n ·•lV<' r . 1111plint r< ' JWI iti vl' r alls o f a M' i<'r f l'd fllll !' llo ll , f . P, IVI' Il as a l')!, lllll <' i ll , 

i,., i!SSIIII JI' tl in 111 akin p; tahl c·s o f vahws cl J Th t il l' ).'; lllll <' nl s to t i ll' I'IIJJ <f ll >l l f 
ra 11 lu s11ppl1 •'d 11 n Jll :t ll ) dilrnc·nt wa_vs . a 11d r< "s lllilli P, ar rays an· of ddl'o n nf 

l l i l llf ' ll ~ J I>JIS 

Ho·dllrlillll 11f .1 \Pr f n r b) .1 11 op1 r.I It n ll ts In a pp ly fi ll' npo ralll>ll " arrnss" 

tlw \t 'r l n r ' I IJ , n·d1J rl.io 11 npnalnr r<' JII'<tiPrl ly ap pl w;:; dyadtr ft ll lCIJnll which 

I" rf" i lll" I ll • n·dll r ll tl ll. 

() l! r lll :t lll ;tJJJits t o ro ·v1st dill • rc• JJ I apprnar lll'.'< In I'I' Jll ' li l i\·,. app!Jr;lltnJJ~ nfa 

flllll ' fl•• l l , ).;1\'t tl ,(,.. ar~ IIJJ II JJI I n illl .lpphraf 1\'t' np••ra t or , i 11 di l l'• rt• Jil p ropralllllllll~ 

lati•%1J!.'" · MATH ·MAll A [7J, [11] ll ll P [I :1] , [!I I I] , API [.] and II A':i KH I. 
( I \\ , <'1.1 d.\ t lw::.• ·IJ •Prnarh llsill)!. 1lo \1' adt·qllal• rrilnia. firs tly tlllrndllt'Pd 

111 1111 pap• ·r f ' llially. , t·\'f'ra l ~· II• ralizaltn!IS ar•• propos• d 
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2 Mappers 

In general , a mapping ftutr.t.ion, or a. ntapJwr for short , is a. funct.ion that has 
ability to sequentially apply <t.not.her fuuction .f to several lists of the actu al a.rgu­
tnents for f. Each a.rgurneut li st. co rresp onds to one parameter of .f. T here sho uld 
be as tnany of these lists as the fnnction argurnent .f requires . T he m apper works 
by tlw following algorithm : it picks one item from each argument , and supplies 
these items to f and somehow processes the result of tlw call. The process ing 
method is s.pec i1ic for <each particular rnapper. T he mapper then advances each 
argmnent lis t to its crl1 ·, and t lJP process repeat.s until tlw ends of a.ll argum Pnt. 
lists are reached. 

COMMON LISP [:)], [6] , [11] and WALTZ LISP [2] :mpport. two common types 
of mapping functions: elenwnt. mapp ers allCl ta il mapp ers. These mappers diJfers 
only in the way in which the arguments to the function argument are supplied. 
Elen1ent mappers pick one elenwnt a t a time fronJ each of the elPtTJent lists , 
while tlw t ail rnappcrs supp ly the entire rernaincl er of each lis t.. T lw mapping 
fun ct ions in LISP occ.ur in pairs having the Sil.rne process ing fun cti on, one being 
a n eiPment tnapper and th e oth<cr a tail mapp er. 

ln MATHEMATICA an d HASKELL are built-in only the eleruent rnapp ers. 

2.1 ElenH~nt tnappers 

LISP contains het.erogetwous ::wt·. of dement mapp ers. Elernent mapper ma.pcar 
expects at least two a.rgmnents - a funct. ion and at least one list - and it apply 
the function to ea.ch elenwnt of the list , ret.urning a list of the results. ma.pcan 
repeatedly applies a fun ction to successive elements of one or more argument. 
lists, but rather than creating a list of all the results, it des tructively app end s 
them all together using nconc. mapcaT is useful for co llec ting a list of results , 
maJxcm is useful for filtering out specific elements of a list. Sometimes, the values 
return ed by mapca.r are less in teresting than th e side-effect that transpire: th e 
mapper mapc returns the value of t he last application of the used function. 

Th e generic definiti on of element mappers is [2] 

(defun ELEMENT-MAPPER (f arg 1 . . . argN) 
(process-func 
'( (funcall f (car (nth 1 arg1)) ... (car (nth 1 argN))) 

(funcall f (car (nth k arg1)) ... (car (nth k argN)))))) 

wlwre m'gl, ... , m'gN denote arbitrary lists of the length k, which contain ar­
gum ents of the funct.ional argument .f. 

mapcaT is an element mapper with pTocess- .func =list in gen eric mapper 
definition. mapc and mapcan are the elem ent mappers with p1·ocess- .func = 
]J1' ogn a nd process- .func = nconr. , respectively. 

Although the fun ct ion subset is not a true mapp er , it uses similar m echanisms 
[2] . T he result of the expression (subset arg1) is tb e list of those elements from 
m'g 1 for which .f returned a non-ni l result. 
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SC HEME (9) prov id es t.wn Jll <tp pin g riJJJ ct. ions: map a nd jo1' -P.a.ch , appli-

(';Jhl•· i11 i.lw fo rm: (map function list) a.nd (for-each function list) 

Tlw Jll <ll l iW r 'IIIO.J! is a n <'qni v<il enl. t.o 1/lrtpca r . fr>?'- ra. ch i s lllOre nse f'nl w hen 

lll' illl i ll'\' iJJI.ent. i ,; 1.11 it.Nai.<' nv<' r a li :-;t. :Lpplyinp; ;;O J II<' fun cti o n , g i ven as argurll cnt. , 

f"r it,; ,.; id •· ef l·,, n o nl y. T i l<' r<'s liiL is # 'T HI ! E if a.ll <tpplicati o ns o r t.hi s fw1 r t.i o u 

1'< ' 1 II I' ll 11 11n- uil val ill'S, a nd 'IIi[ o t.h er w is<'. 

MATHEMATICA. 

Map[f, {a, b, .. . }J :1pp li e,.; rrr onaclic functi on I t o eac h <~ l e rn ent in a 

l i ~ l . p; i v i11 p; {f(a), f[b] , ... }. Y o 11 C<lll nse M 1t 71 0 11 a ny ex pn~ss i o n , not. just. a li st., 

lwcn ll >'<' o f n li ,; t. in MATHEMATI CA is l.r<' HL<-'d as <t par~i c ul a r express io n who,·<' 

III'<HI i ,.; /"is / . 11:-; in p; lu t1.rl[.r , y , ... ] "" <~ proLo t.y p<' nr MATHEMATI CA PXpress ion, 

Wt ' <'tlll w ri1 ,(' 

t\! r1.7J(I , luwl[.r , .If , ... )) = lu ·u.rl[f[ .t], f[.v], .. ] . 

MapThread[f, {{•t1, 11 ~, ... } , {h 1, h2 , ... }, .. . }] p; iv<' ,.; Lh <' r< '::> liiL-

iJi g li ,.; l {./'(11 1, h 1 , .. ) , f [u ~, h ~, ... ), ... }. it. i,; amd op;o 11 s t. o Llw LI SP's Jll ilp j)( ' r 

IIIII/ )('I/ I' , 

Select [list, f] ilppli <·,; I il >' il rrit.•·ri <lll t.o <' aC' h 1'11' 1111' 111. o r li s / in t.llrll , iiiHI 

k•·•·p,; " 1il .v t.IJ( JS< ' fm w hi ch Lll<' r<'>' lill is T?'ll< . l11 t.hi s ro r111 select is <'<JIJivall'nt 

Ill subset. Tlw o hj Pr l lis/ C<ln li <~V< ' a ny lwa d , not n<' r<'ssar il y /., is/ , so t.h ill 

Select [expr, f] ,_,, l ,•cL,; t.ll<' <' 1<' 1111' 11 1.,; i11 '.1'7!1' fo r w hi ch tlw f'11n <·t inn I p;iv<'s 

l 'l'llr 'I'l l<' 1'1111 r f i1111 :-,· , l r·r· / is i111 :d op;o 11 s t.o ill( ' LI SP\ riiii<'Lioll s11bsd , roJ' JIIO IIill li r 

1'11111' 1 ir •II,; . 

II ASK LL 

map f xs iljlp l i<'s I to <':tr h •• l r' JII <' Jif of .r .,: map f xs == [f xI x - xs]. It 

1 ~ •111 • <jiJJViii< ' JII nl' t h " l'1111r1Jo11 Map 111 MATHEMATIC A 

Jtl!r I ' •tjljlllt ·d to a plt 'dl ra t• · and il l_l sf rt ' lllrll s tIll ' li ~ l or t I lOS<' '''t' lll t' llf s th a t 

~il l Jsl\ tIll' prr •di r; lir •, l .t' fllter p xs == [xI x • xs, p x], Tlw <'Xjli'<'SSJ<lll 

fllte1 p l1st is <'q JJiva lt>llf to Select [list, p] 

2 .2 Tnil JllHJ>p••rs 

1' 111'11 1 ~ al:-11 a s;• f of IIJ <ljljllliJ.; fllnriJon s t I !ill apply i l r11nrt ion to t hr whol• · li :-;t 

.~ J\1 II il'" all otJ'~liiJI! 111 In f !J, ll l•tjljllll~ fUJII'f 1<111 and l fii'JI Ill Sli CC!'SSJ\'t ' f'lfr:-. ., f' 
I 111'"'1 ' <II )!,l llll t It I ~ 

' I h1 )!,< 11111 ir dt li111f 11111 o l tail 111appr •r:- 1:- [:l] 

(def1ne (TAIL-MAPPER f argl ... argN) 

(process-func 
'( (funcall f (nth argl) ... (nth argN)) 

(funcall f ( nth k argl) ... ( nth k argN))))) 
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The mapping functions iu LISP occur in pairs having the sarne processiug 
f11nct .ion , one being an fdernent. !Dapper and t.be other a tail mapper. 

In [11] the tail mappers are trc~ated as rnore primitive. However, in [l] the 
d<:'UH'nt mapper ma.pcm· is clefinRd in terrns of rn.apl-ist. 

3 Applications to parts of lists and expressiOns 

One problern with the various mapping functions is tha.t then~ is no way to stop 
them before they have ruH to completion. Sometimes wee vvant. to cumhiHe How 
of control and function mapping. ln this way, a function as argument can be 
a.ppliPcl to parts of lists and expressions. 

3ol Applieations to selected elmnents 

MATHEMATICA. The parts of listur t:'Xpression, nsecl as arguments, can he 
se leci.("d by indices. 

MapAt[f, expr, {{i 1 , j 1 , •• • } , {i'J, )2, o .. }, o .. }J applies f to parts 
of c::tp7' at. several posit.ions c;rpr[[i 1 Jr, ... ]], cJ:pr[[i2 , h, ... ]], . 

Also, the parts of list or expression, where the function is applied, can be 
specified by any property. 

Thread [f [args] , h] t ii reads .f over any objects with head h. that appear 
m m·qs. 

Thread[f [args], h, n] thrc-~ acls .f over any obj ects with head h that ap­
pear in the first n ar·us with head h. 

Thread [f [args] , h, -n] threads f over the last n m·:J-' with head h. 

Thread[f[args], h, {m,n}J tlrrea.cls f over arguments m. through 11. 

302 Applieations to sder:t<~d levels 

MATHEMATICA. Level specifications allow you to tell M ct]J to which levels of 
parts in an expression you want a. function applied: 

n 
f11}indy 
{n} 
{nr,n2} 
Heads- > T1·u.c 
Heads- > False 

levels 1 throngh n 
all levels 
level n only 
levels n1 through n2 

include heads of expressions 
do not include heads of expressions. 

Map [f, expr, level] app lies .f to parts of exp1· specified by lr.vel. T he 
default value for level is { 1 }. 

Map Thread [f, { expr1, 0 0 0}, level] applies f to the parts of cJ:p1·l, . 0 o 

specified by lev el. 
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MapAll [f, expr] n r· f I I <0 expr iipplies fIn <'V<' I' .Y sJJiwxprPssron 111 r:qll'. ·. II is <' qrriv;dPJII l.o Map[f, expr, {0, Infinity f) 
MapAll [f, expr, Heads->True] appliPs f insid<' !.Ill' IH•a ds o f the parl.s uf' 

( .I' ji'l'. 

Maplndexed[f, expr, level] ;1pply I l o parts ;11 s twrifird I<' V<' b , ).!;iv il l)!; 

I il <' li sl nf' ir1di r<'S for <'<rr h pari, :1s SJICC< 'ss i v<' S<'rorH I <11'!-';ll lll <' lil.s Lo f. 

Scan[f, expr, level] <~ppli<'s I lo p:1rls l!f' '.1' ]11 ' 011 IPv<' ls s twrili··d hy 
/1 1' 1 f . h1JI dol 'S 1101 <'<11lSLI'I ICI il 111'11' <'X t11'< ' ssio n . 

:3.:3 Applyiu~ fuudiou to nukuowu part of list or ~ ~X]H'I~SSlOU 

hllll'l illliiJI i ll').!;llllll' lil of' lflt'S< ' f'IIIICI i<>lliJis is :rpp li l'd ilS filii )!, ii S il is III' ('<'SSii/' _V lo 

dll ;o-: 11 , 

MATHFMATICA. 

Select [expr, f, n] s<' i< •c l. II II' lirsl 11 <' i<' lll< ' lils 111 1 .1'/)1 ' for w l1i r h Lil< ' f'IIII C­

I.i,lll I ).!. il '<'" / 'rur. 

liSP 1' 111 ' lllilf>IH' I' -"11111 dppii< •;; I ill' f'1111 CI io11 lc1 SIII'CI'SSiVc' c•lc•JJI< ' III S elf' I IJ, • 
li ;; t( s) IIIJidth c· f'llll r lioll 1'<' 1111'11 " 11 <111 nil . 'l'lwn 11 1' <' 1111'11" thi ,.; IIOII nil vall l<'. II 

rc •IJII'II S tllf ,lfll'riVisc• [II] . 

f ' fll' f'IIII Cii<lll I Ill 1'.1/ ;; fllflS iiS ;;cHi ll iiS OIIC ' of' 1111' f'IIII Ciioll ilpplic ;lfilliiS 1'1' 1111'11 ;; 

nil , 111 11 h1rli c: l sc' r l'r 1',1/ !'l ' llll'll s 111/ <IS il s va l II<' (II] . If' ill llw a ppli r; ll.icliJ,.; 1'< ' 1111'11 

111111 nil . r "' ry l'<' llll'llS I he• lasl II OII nil v;diJ< '. 'l'l11 • g<' llt ' l'l'' cl l' fillil ic111 of' llwsc• 

1'1111 <' 1 illll S is g i vc' ll h,v IIi <' )!,<' 11< ' 1'1 1' f'llll CI io11 f'<>r ' ' 1< ' 1111 ' 111 lliilppc •rs, will! IIIC' JII 'Of 'l ·' ·' 

Ir/111' 1/llrl f'cll ' c l'r / ' 1/ . i llld JII 'Of'r ·'·' fuur · - n r f'" r ·"'"'I [:t] 

·1 F'ixed point. style of c-omput.cttion 

i ll I Iii" c;r•" ;q qrlic rli\c ' " 1" ' 1:11<~1':-< ilf> td Y il l )!,I IIIIC'III S , f' type• f'llli<'litJII rc I" ale rll~ 

IISIII)!, 1111' f'l' \I< ill" li 'S IJII OIS di)!,IIIIJI'III. 

M/\TII[ MAriC/\ . 111, fllll <'lioJiillopc ratin11s \,_,/ :11rcl ,\' , ·., i/i ., /l ak• a IIIII !' 

111111 f ,f,nc <11).\11111< ' 111 i llld iippl 11 l< ' lll'illl dl .\ ,\1 c·;rc h 1-> ll'p , lh<'.\ li se Ill! rc •SJ dt 

of' 1111' flli ' \'I<IIIS sl< ' fl as Il l<' 11< '1\' ill)!,lllll<'lll of' f 
Ne:;t[f , expr, n] giv"" :r11 c'Xfil'''""'"'' \\'ilh I :rpplll'd niiJII<S ' ''l .t ' fll '. 

NestL1st [f, expr, n] )!,ilr•s :t li ~ l "f' Ill<' '' :-; rill s ,f applyriiJ.!. f In tl 'f'' ' 11 

IIIII<·:-

{ '•• 111p11 I all nilS whwlr r• ' i" ' " I c•dly .qqd) a hlllr'IJnll •Jr prr" f':<S I• J 11:-o nl\'11 o ut put 

1111111 II II' Ill pill ••• pl ;d" lire• ""'i"JI :trr• r·allr•cl lfr• • lixc•cl pol Ill roiii JIItlalllliiS 

FixedPoint [f, expr] ""''Is Wtl It 1 J'fll', t """ :qtpl1Ps f l<'fl• ;t l• dly 11111 rl tlw 

rr ull "'' lnllj.!,< 1 .-lliiiiJ.!.' ' 

F1xedPo1ntL1st[f, axpr] ~"'"''rl•s a II . I j:\t\111).!. lin rt1>1tl1 uf' apply11t~ I 
Jr•p• alr•clly :-<llrJIIII)!, wilfr 1 J)ll' IIIII jl I h1 • l'r. ltll till J"IIJ.!.I ' f r JJ ,III);<':< 
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FixedPoint [f, expr, SameTe s t - >comp] stop when t lw fnn ction comp ap­
plied t.n two s u cc <~ss ive r<"s ul t.s yield s Tr·uc. 

HASKELL. 

iterate f x return s a n in-fin it .<" list. of rep ei-l.ted a.pp licat.ions off to :r:: 
iterate f x == [x, f x, f (f x), ... ]. 

LISP_ [n [10] is dt-ti ned t.he proc<-~dnre imp lnnent.ing -fi_xed-poiut conJp ltt;;-,_ 
t.inu:-; in LISP.: 

(defun fixedpoint(x f) 

(sub-f ixedpoint x (f x)) 

(defun s ub-fixedpoint (x y) 

(print x) 

(if (equal x y) x (sub-fixedpoint y (f y)) ) ) 

5 Making tables of values 

MATHEMATICA. ArgunHc nts fo r given function argurrH, JIL in nm ltidirnensi o nal 
tab les are spec iJj,_, cJ us ing the stauclarcl ite t· at.or notation in MATHEMATICA. 

Array[f , n] p;eneri-l.t.es a J,, ngl.b n li st. of 1.l1 t- fo rm {f[l], ---f[n]}. 
Array [f, dims , or i g in] generate a list nsing l.lw spec ih<-ed index rwiyi11. 

Array [f , dims, or igin, h] 

of l.he a. rra,y. 

Array [f , { n 1 , n2, • . • ) ] 

111eut.s .f[[it , i"_!,- -Jl 

uses lu,acl h rather tba1 1 List, for ea.cb leve l 

Tabl e[f, { imax} J ge iJ <-' r a. t·. ,_~s a li st o l' inuu: va.lues off-

Table [f , { i , imax }J ge nerates a l.i :-;1. uf the~ values off as i run s frotn l to 
/.1JJO.:r: -

Table [f , { i ,imin , imax) J :-;tarts with i = hnin_ 

Table[f , { i ,imin ,imax,di}] uses steps di. 

Table [f, { i , imin, imax,d i }, {j , jmin, jmax ,dj} , ... ] generates a mu lti­
d irneus iuua.l tab le_ 

Inner [f, list 1 , list2, g] gen eralized inn er produ ct 

Outer [f, list 1 , list2, . .. ] generalized outer procl11cL Takes a ll pos­
sib le combi nations of e lem ents from li sti , and c.ornbines them with .f-

FoldList [f , x, {a 1, a :2 , ... }J gives { :r:, f[a:, aJ] , f[f[:r, at], u. 2J. --}-

Fold[f , x, {a 1 , a2 , ... }J gives t.hela.s l. elernent of tlw expression 
FoldList[f , ;r , {a, , rt2, --- }]-

Mapindexed [f, expr] a.pply f to the dernents of the expression e:rzJ1·, gi v­
ing the pari. spec ifi catio n of eac l1 elernent. as "'· ;;econcl a.rgurrwnt to f. 

LISP. Tabl es of values in LISP can lw forrnecl only using cornposition of 
app l ical.ivf-~ o perators [fi] . 
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6 Reduction 

H t'd II r I. ioii o r a )!;i VP II Vt' Cl ()I' by il dyad i r oper;lf ioll is l.r<tllsf 01"11 1 a Lio n oft his V!'C f,()r 

i11111 il SCilh r h.1· llll'illl>' o r f!Jj,; Oll<'l"ilfi1111. 

APL . 

-I. I I. 
Ill APL \\'!' C!l ll ,;irlr•r ''" ' r,d fmvi ll l!, lllr>ll:llli r r !'dllct.ioll o pt' l'ill.o r,;: +/. 

//. 1111t.r j. or/. unrl j. F'"'' :1 V<'C l<lr ill'~lllll< ' lll ., ir •+/ i,; app li r·tl 111 

lt 'r lnr r = ( 1•1, ... , ll 11 ) I li P r< '>' llll i ,; llw ,;ralill' [K] 

Not.<' t,h;lf. in :tppli n lf.ioll nf' :t il.\' n•d11rt.i"11 DIH'I'iilr>r 'I'/ Lfli ' l'tiii f Lioll •I' i,; i l>'>' llllll 'd . 

1,."1' a lllilt.ri x ill'l!, llllll ' llt. ''"r l1 r<JII' j,.. r <· t llrll< ' d "" :1 v<·r l.<~r , a11d tIll' 1'1'>'11 11 i ,.. tIll' 

Y<'<'l11r 111' tl11· r<'"ll lt i11 ~ v:tl11r ·:-;. 

liSP. Tl11· l'r •dii('Li<lll p< ·rrorlll< 'd l 1.v " " ';"'""f tlll' r1111 r lio11al,., rlur·, i11 COM 

MON- LI SP n·q lli1·,.,., 1111111 iplic:tl iv< ' :1ppli c: lf io11 ,; or Ll11 · 1'1111<·Lin11al :>1 ')!;11 111 <'111. 111 

' ' v: d11 :1f i<lll 11r Ll11• <'Xpn•,;sir>ll (reduce fun sequence) Ill<' f'1111 r t i1111 fun i:-; ill' 

pli"d l11 t i ll' lirst I \VII ill")!;llllll ' lil s 111' "' 'fl/1111 ' ' . II i:-; I h< ' ll iljlp li r·d In Lllf' l' t's lllt ill!!, 

\ 'i tlllt ' 'IIIII Ill<' III 'X I ill")!,lllll!' ltl . illld "" 1\ll , IIIII il :til tIll · ill")!,llllll ' lll ,; ""''' ' '" ' ' ' II 

l'iil llhill <'d h.1· fun [ II ] . 

11 /\SKC II 

/u /ill . i ippli· ·d l11 :1 hilt ill'\ () 1 H • r ; tf, 11·. ; ' s t :1 r I i 11 g \ 'i dti< '. illld i l list . r• ·d "~'' '" till ' 

li,;t IISIII)!, tf1< • i>lll i ll",v lljl< ' l".illll" rn 1111 t '" 1<'1'1 111 nglit 

foldl f z [x1, x2, ... , xn] -- ( ... ((z 'f' x1) 'f'. .. ) 'f' xn 

/~>frf{/ Is .\ \'ill"l illil I IJ;tl """ 1111 ,; I ;11'1111)!, Vii fill ' i ll')!, lllll< 'lil 

"1111/1,; ,;i 111d.tr !11 /ofrf{ f111l J'< ' lllrll :-; <I IJ s t 111' ,; II< 'I'I'SSI\< l'< 'rllll '<' cl l 'il fll< ',; fl'<llll 
I hi ,, .,, . 

scanl f z [x1,x2, ... ,xn]==[z, z 'f' xl, (z 'f' x1) 'f' x2, ... ] 

"1111ff is :-< IIIJil:ll . il)!,dlll II' II IJ1111I sl .tl'llll)!, <' f< 'lll<' lll . 

7 ('on elu s ion 

Cltll ,.,11tr:tl ta sk ' "' IIJI' :->)"'I''"' ''IIZati"'' "I' h"lll">!.''"''"lls 'i'I'~'"·"·IJ, .. , '" r' il' 11 

'"' ·'i'ldl f'.ilill ll " fir;, 1'1111<'11<111 ,,,.. lll)!,ll lll< Ill I" '' :-y:;lt'IIJ.tll/ill lioJI 1:- I" rflll'lll id 

.tppf) Ill)!, 1-1 \< r.tl II l'i'll f <l'llt'llil I IJ11111~~~ I IJ, f,,jflll''lll)!, jll!J)!,Iillllllllll)!, f,tiJ~II·I)!,• 

M/\IIIIM/\11(/\ I [U]. LISP ;t :1].[10 II ">CIIIM[- \<J:;iiJIIIII'l lSP:!I].AI'I 

[ J a11d I lASK I II I. ~~ J Sll<'h ,, kJ11d ,,r,,-.t, '"''J. ·,ti[lll '"firstly "·'·d 111 ll11 , .. , 

jot I \l ltlll <'i\SI''< <'IIII:;Jd< J< ·ri Ill 1111 1'<'\'iSIPII illt' 1\ : < f<'lllt'lll lll:tjljll'l:-< illl<f l'td 

111111'1'' '"' II ~'"i'' t it11• 11pplin•t i"n" t(l H l'·•rt "f li~I "r c'X l '" ~~-i~~n < ': fixc•d I'"'"' 
s l ) l• "' l'll llljtlllati"n . 1> . lllilklllg l,tf,j,,., ul \aiJJ!s ''"" ( , r• •dJJ<'llllll. ' ll 11 C."cd .. r 
II II!<.,, lt'JIIal i7al IIIII 1., lq Jllak1• ,.a )' 1111d ,•fftci, Ill 11'<1 11( I h1 l'l'fl''l Jl J\'1 II pfit .1 

ti""" 11f ;, 11111<'1 t••ll, ,ttpplwd 111 •'" "I" rat11r Th1-. apprnarh i \'1 r) "Ill' ol1 111 

lli\'''II~"IJIIIJII( pro~Ialllllllll~ I.IIIJ!.IIa)!.c:-< 

\l11roco\t'l \\'< IJIII\ 111 a l"'"tllllll ''' l''"l"lli'' 1 f, \\' ~· Jlf'r,dJ1allnlls 
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1. lnclud e i11 a. programrning language possibility t.o sd and rewov<~ properti es 
h o 111 t.lw cases A:~E: l.n a.uy fuucl.i o u. S11Ch a Jm:ciJa.llisnJ ca ll lw illipl<>tnPul.e cl 
1J si 11 g the selection of ri.llr-ilmlcs in MATHEMATICA or ZJT'OJle:rty list in LISP 2. 

i11 ;d l uf' i.li<-: a.hove descrilwd r<cpctiti ve a.pplicat.ious of a function f, usrccl as 
<1-l')!; llrm'nl:., nu exp licil. nwnt.i on is ruac!R of Lhe orclr' r iJJ which the <J.rg uw ents f'o r I 
are >'l lpplied , huL it. is <~ SS II lli! ' rl t·.n lw frnrn lefL l.n ri g l!i .. II. is n<-'V <c ri.l~<-' l r'ss pos"ih le 
to Slipply 1-.l w lll i11 a.nol. lwr , pn;;;; ihl y llll"j)eril"i••cl order , perba.p ;; for l.be sa.k <' of 
e+lir·ir ' JJ cy. This ord er i" nsliitii .Y IIUilll.por tanl .. lmL is crucial if t.be PV<t illn.l.iou 
illliO iv<:s s ide-effect.s . Applic a ti on off frorn tbe rigbi. to lefl. , iu L!Jl' case wh<-'ll 
th e f'nnd.io1I f is nwDaclir an d gi ven as argument. of t.he a.pp li cat iv<' operator 
1/l.a]JCa?', is cnns id ert-:cl in ( l]. Fo llow in g th is id ea, we ca.n rno cli{y t.IJE' ge neric 
defin iti on of' <-' it:' ITJP!lt. and t.ai] lfl a. pperS to he a.b]e t.n fo re<·' any order CJ J' <'Vo.Jlla.l~ i on 

nf' Mgu.nwnt.:o;. VVe sugges l·. 1-.hrP<' P/' ll era.l IJWI.bucls for· inlp! P nJ<~ llt a. t.i o n of t.hi::; idea .. 
(i) Jli<J dify t.]l!-' pr·orrss-func , ker-'p ill g t.Lw onkr of applica. t.ious off; 
(ii) urudify t. he ordr-:r· of ;tpplicaJ.ions oFf , keeping the procccss-fnnc; 
(iii) ltlOdify i.lH' urd er nr· ap pli ca.Lio ns uf f , a.s well as the pr·uccss-funr:. 

3. !)d-in e a.n uni versa.l ;tp plica.t.ive <>[Wr;J I.o r, pns:-;essing a.IJ nf t.lw prop<·' rtir::s 
co nt.a.ir1<'d in t.be GLse;; A : ~ l~ :. 
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NIS - NAFTNA INDUSTRIJA SRBIJE 
SA POTPUNOM ODGOVORNOSCU 
NOVI SAD, SUTJESKA BR. 1 

TELEFON: 021/615-144 
FAKS: 021/25-037 
TELEKS:14-196 

HMC 
H A ~ T H A 
HHJ.lYCTPHJt\ 
C P fi H J E 

Zakonom Republike Srbije osnovano je Javno preduzecc za istraiivanje, proizvodnju, prcradu 
i promet naltc i prirodnog gasa NIS - NAFTNA INDUSTRJJJ\ SRBIJE. Kapital sa kojim 
raspolazc Nallna industrija Srbije jc dr:lavna svojina Rcpublikc Srbijc. 

DI ~LJ\TNOST NAFTNE lNDUSTRJJE SRBIJE ill: 

• isl.razivanje i proizvodnja naftc, prirodnog gasa, podzcmnil1 voda i geotc1malne cncrgijc 
• Lran::;port i promet prirodnog i tc~nog gasa 
• proit.vmlnja dcrivala 
• mzcnJering u oblasti naft.nc inuustrij c 
• trgovma na vcliko 1 malo 
• spolJnotrgovmski promet 
• proJektovanje 1 i;.gradnJa objckata 
• lurr st i ~ke usluge i UI . 

lJ SJ\.STJ\ VlJ NAFTNI ~ INDUSTRIJI ~ SR!31JE SU · 

NIS NJ\FTJ\.GJ\S deo predU/cea ;.a 1strafivanjc 1 p1mzvodn]u nallc 1 pnrodnog gasa, 
powemmh voda 1 geotcrmalnc energ1JC, Nov1 Sad, Sutjcska I . 
NIS GJ\S, uco prcdU/eca 1.a transport 1 promct pm oJnog 1 le~nog gasa. Nov1 Sad 
Raum~ka 20 
NIS J·NFRCiOCIJ\S uco p1eduzcca t.a transport 1 promct pmodnog i lc~nog gasa, 
lkograd. J\utopul I I 
NIS RJ\Jo JNLRJJJ\ NJ\FTE. dco prcduzcca ;u provvodn_1u dell Vatu naJk, Pan~cvo, 

Spo i Jnostw~cvu~ku bb 
NIS RJ\I·INI · RJJJ\ NJ\1· II ~ . Jco pru.hvcca ta provvodnJU ul_1a. Beograd, Pan~cvuck1 
putX1 
NJ"i I J\BRIKJ\. MJ\I'.IVJ\ FJ\M, dco prcdtvccu za provvodnju mrvivu, Kruscvuc, 
Jaslrchu~ku 1·1, 
NIS JlJCiOI'I ~ J'ROL, cleo p1 cduzccu za promct nallc 1 nnllmh dcrivutu , 1 izvot-U\'0/, 
lkogrud, MilcnliJu Popmu:u I, 
NIS NJ\J·TJ\Ci/\S PROMET, dco prcduzccu zu promct naJlc 1 naflmh dcrinllu, 
lt.\ot.-uvot1 Nuvi Suu , Bulcvw Osloh<>djL"11ju 27, 
NI S INZENJI!RING, dco prcduzccu 1.a projckhlVWlJC 1 itgr udnju 111\'CSllciomh 
ohjckatu, No\ r Sau Bulc\·ur OslohodJCilJU 37 
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